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Whatever is born, 
animate or inanimate, 
know them to be born 
from the union of the field 
and the field knower. 


Bhagadvadgita 13.26 
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Preface 


‘The aim of this book is to deliver a comprehensive and concise introduction to the 
principles and basic theoretic concepts of electromagnetics. The selection of topics 
refers to the applications in microwave circuit and antenna design and communications 
engineering. It is intended as a resource for understanding electromagnetics required 
in current, emerging, and future broadband communications systems and high-speed 
analog and digital electronic circuits and systems. This second edition is enlarged by 
more than 300 pages. Some of the added material is of advanced character and the 
reader or the lecturer using the book may decide where to go into depth. 

‘The reader is expected to attain an understanding of the principles and skills in 
electromagnetics that will enable him or her to apply modern electromagnetic design 
tools. The book attempts to provide the background for the understanding of electro- 
magnetic wave propagation, electromagnetic interference, radio-frequency, microwave 
and optical circuits and systems, antennas, and high-speed digital circuits, The required 
mathematical framework is introduced making use of geometric concepts in the pre- 
sentation of electromagnetic theory. The visual element is crucial to the method of 
presentation. 

The book is intended to provide the framework for engineers and students to at- 
tain the necessary background in electromagnetics for solving design problems in 
microwave circuits and antennas. In particular, if electromagnetic CAD tools are used, 
the engineer needs a solid grounding in electromagnetics in order to apply the tools in a 
proper and efficient way. The book addresses students and engineers in communications 
engineering who want to acquire a working knowledge in electromagnetics for design- 
ing microwave circuits, antennas, and systems. The field of microwave engineering now 
is rapidly shifting toward commercial and consumer applications. Electromagnetic 
wave phenomena that in the past were in the domain of the microwave engineer are now 
becoming a limiting factor in digital circuit operation. As wireless communications is 
penetrating into the millimeter-wave frequencies, communications engineers need an 
improved background in microwaves. The study of electromagnetics is fundamental to 
the advancement of communications engineering and information technology to push 
the frontiers of the ultrafast, high bandwidth regime. 

The book develops all the required concepts of electrodynamics, starting from el- 
ementary phenomena. Throughout the book, exterior differential forms are used to 
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describe fields. Differential forms are an extension of the vector concept. Today in the 
mathematics community the exterior differential calculus of Hermann Grassmann and 
Élie Cartan is considered to be the most suitable framework for geometrical analysis 
and field theory. Exterior differential calculus has simple and concise rules for com- 
putation. Furthermore, the objects of differential calculus have a clear geometrical 
significance and the geometrical laws of electromagnetics assume a simple and elegant 
form. The use of differential forms does not mean giving up the vector concept and its 
physical interpretations. On the contrary, the differential form representation supplies 
additional physical insight in addition to the conventional vector picture. Moving 
between the representations of exterior differential calculus and conventional vector 
analysis is straightforward. 

Chapter 1 defines the topic of the book and comments on the rationale and method 
of the book. 

Chapter 2 introduces the basic electromagnetic theory using exterior differential 
forms. For the representation of the field quantities, differential forms of order zero 
to three are used. The geometrical pictures of potential surfaces representing electric 
and magnetic field intensities and tubes representing electric and magnetic flux are 
introduced. The exterior derivative operator replacing gradient, curl, and divergence 
lends itself to geometrical interpretation and provides an easy way for a physical under- 
standing of electromagnetics. Exterior calculus allows the introduction of orthogonal 
curvilinear coordinates in a most natural way. The discussion of Kirchhoff's laws estab- 
lishes the link between field theory and network theory. A unified representation of 
normal and tangential boundary conditions is given. 

In Chapter 3, scalar and vector potentials as a powerful tool to solve Maxwell’s 
equations are introduced. The vector potentials are represented by first-order differential 
forms. Electromagnetic plane waves and their reflection and diffraction at plane surfaces 
are treated. The formulae for cylindrical and spherical waves are derived. 

In Chapter 4, fundamental concepts, methods, and theorems are introduced. Poyn- 
ting’s theorem and stored energy and power flow in the electromagnetic field are 
discussed. Tellegenis theorem is the basis for the segmentation and network represen- 
tation of electromagnetic structures. Equivalent field sources consisting of impressed 
electric and magnetic polarizations are introduced on the basis of the equivalence 
principle and the uniqueness theorem. The field formulations of the reciprocity theo- 
rem and the reaction concept are treated. Green's function as a fundamental tool to 
compute solutions of Maxwell's equations by superposition of the filed contributions of 
point-like sources is introduced. The integral equation method allows the computation 
of the source distribution from the boundary conditions the excited field has to fulfill 
and is the basis of advanced numerical methods for electromagnetic field computations. 
Green’s theorems are powerful tools to develop methods for the analytic solutions of 
Maxwell's equations. The Sturm-Liouville equation provides the fundamental for the 
expansion of solutions of Maxwell's equations into series of orthogonal basis functions. 
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In Chapter 5, static and quasistatic fields are treated. The capacitance and inductance 
of simple structures are computed. Solutions of the Laplace equation for static field 
problems are given, The conformal mapping method for the static electric and magnetic 
field computation of two-dimensional structures is treated. The Schwarz-Christoffel 
method allows field computation of polygonal structures and is applied to investigate 
some important planar structures. 

In Chapter 6, the surface wave propagating along a plane surface of finite conductivity 
is treated. Based on the exact solution of this problem, surface impedance models 
are introduced. Skin effect, power loss due to the surface resistance, induced surface 
currents, and image currents are discussed. 

In Chapter 7 the general principles of transmission-lines and waveguides are dis- 
cussed. A general treatment of the transverse electromagnetic (TEM) waveguide modes 
is given. Multiconductor transmission-lines that play an important role in high speed 
data cables and microwave integrated circuits and planar transmission-lines are also 
included. The quasi-rEM waves in transversally inhomogeneous transmission-lines 
and planar transmission-lines are discussed. A general treatment of hollow waveguides, 
their field types, and the orthogonality of the modes is presented. Hollow waveguides 
with rectangular and circular cross-section and dielectric waveguides are discussed, 

In Chapter 8, a unified presentation of transmission-line theory for TEM transmission- 
line modes and hollow waveguide modes is given. Generalized voltage and currents 
and wave amplitudes are introduced to apply the transmission-line concept to hollow 
‘waveguides as well. The Smith chart is introduced and its application to the design of 
impedance matching circuits is treated, Multimode transmission-line equations and 
methods for their solutions are discussed with respect to multiconductor transmission- 
lines and multimode excitation of hollow waveguides, 

In Chapter 9, resonant circuits and resonators are treated, The reactance theorem 
characterizing lossless resonant circuits and resonators is treated from a field theoretic 
point of view. The orthogonality of the modes of lossless resonators and the suitability 
of the modal functions of the resonator as basis functions for the expansion of arbitrary 
field distributions inside resonators are demonstrated. The coupling of resonators to 
external circuits and the excitation of resonators by internal sources are discussed. 

In Chapter 10, passive microwave circuits their multiport representations and their 
analysis by signal flow graphs are treated. The network representation of microwave 
circuits is discussed in detail by introducing the Foster and Cauer representations of 
lumped element equivalent circuits. The connection circuit is discussed on the basis of 
the Tellegen’s theorem. Furthermore, obstacles and posts in waveguides and symmetry 
properties of microwave circuits are treated, 

Chapter 11 on filters and periodic structures, far from giving a comprehensive treat- 
ment, is intended to introduce the fundamental concepts of this topic. Periodic struc- 
tures are treated using field and network methods. ‘The wave parameter theory of 
two-ports as a basis of filter theory is treated. Filter design on the basis of the insertion 
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loss method is presented and applied to Butterworth and Chebychev filter design. Plane 
wave scattering by periodic structures is treated. Metamaterials which are of growing 
interest for a multitude of applications are discussed on the basis of simple models. 

In Chapter 12, the radiation of the Hertzian dipole is treated in frequency and time 
domain. The time domain treatment is crucial for the physical understanding of the 
process of electromagnetic radiation. Sommerfeld's theory of the electric dipole over 
lossy half-space is presented. The vertically and horizontally oriented electric dipoles 
over ground are treated. The space wave and the Zenneck surface wave are discussed. 

In Chapter 13, antennas at first linear antennas are treated. The application of the 
integral equation method to the linear antenna for accurate computation of the antenna 
current distribution is demonstrated. The properties of the antenna as a receiving 
antenna are related to the properties of the transmitting antenna using the principle of 
reciprocity. Further parts of this chapter deal with antenna arrays, aperture antennas, 
microstrip antennas, and broadband antennas. 

Chapter 14 gives an overview over numerical methods for electromagnetic field 
computation. The method of moments is introduced as a general method for trans- 
forming an analytic concept of solving a field problem into an associated algebraic one 
by expanding the field functions into a complete set of basis functions. The algebraic 
treatment of the field problems is based on a potentially infinite-dimensional complex 
linear vector space (i.e., the Hilbert space). Using Hilbert space methods to convert 
analytic problems into algebraic problems and solving these numerically is a power- 
ful methodology for computational electromagnetics. The transmission-line matrix 
(TLM) method and the mode-matching method for numerical field computation are 
introduced. 

I am pleased to acknowledge the assistance of many individuals in my work on this 
book. I thank Mahmoud Al-Ahmad, Bruno Biscontini, Klaus Fichtner, Yury Kuznetsov, 
Yu Lin, Petr Lorenz, Dzianis Lukashevich, Marco Ottobretti, Uwe Siart, Christoph 
Ullrich, José Vagner Vital, Sidina Wane, Karl Warnick, and Michael Zedler for a careful 
proofreading of the manuscript and checking of the formulae. I am also indebted 
to Leopold Felsen, Karl Warnick and Ke Wu for many helpful comments. I thank 
Andreas Cangellaris for the permission to use some of his material in Section 11.7. 
Also, for the second edition of this book the reviewer at Artech House has been of 
great assistance. Of course none of the above individuals is responsible for whatever 
inaccuracies remain. I would like to thank Michael Zedler for advice and assistance 
in solving BTEX typesetting problems and in formatting the text and Uwe Siart for 
making the Smith chart drawings and Dzianis Lukashevich for drawing the waveguide 
field visualizations. I thank Julie Lancashire, Katherine Nolan, and Tiina Ruonamaa of 
Artech House for their work in planning and production. 
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Chapter 1 


Introduction 


A compact definition of radio-frequency engineering states that this discipline deals 
with methods and techniques for the generation, processing, transmission, and techni- 
cal applications of electromagnetic waves. Some decades ago, radio-frequency engi- 
neering covered all aspects of circuits and systems for wireless communications and 
other radio frequency applications. Today, methods of radio-frequency engineering are 
necessary in a wide area of electrical and electronic engineering, Radio-frequency engi- 
neering has developed from a product-oriented discipline towards a method-oriented 
field, providing the fundamentals for dealing with high frequencies in all branches of 
electrical and electronic engineering. 

Radio-frequency engineering is the discipline dealing with the technical applications 
of electromagnetic fields. It is based on Maxwell’s theory of electromagnetic fields. 
‘Table 1.1 illustrates the history of the field theory from Huygens to Maxwell. In 1690, 
Christian Huygens published his Traité de la Lumiére and presented there basic concepts 
of a wave theory of light [1]. Huygens formulated the principle that each point of an 
intermediate plane inserted in a propagating wave may be considered as the origin of 
a spherical wave. The secondary waves are determined by the envelopes of all these 
spherical waves. 

At the end of this development, James C. Maxwell compiled all knowledge on electric 
and magnetic phenomena available at his time [2,3]. Introducing the electric displace- 
ment current, he went beyond the physical experience. Maxwell's theory yielded predic- 
tions on new phenomena that could be verified in the following years and decades. In 
1865 Maxwell concluded that electromagnetic waves propagating in free-space must be 
possible. The experimental verification of this prediction was given by Heinrich Hertz 
in 1888 [4]. An excellent historical survey over the development of the electromagnetic 
theory is presented in [5]. A frequency band is a continuous range of frequencies extend- 
ing between two limiting frequencies. The band designations as decided upon by the 
Atlantic City Radio Convention of 1947 and later modified by the Comité Consultatif 
International des Radiocommunications (CCIR) Recommendation No. 142 in 1953 are 
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‘Table 1.1: The Development of the Field Concept 


Scientist Invention 


Christian Huygens (1629-1695) Wave theory of light 
Huygens’ principle 


Isaac Newton (1643-1727) Law of gravitation 
Action over distance 

Daniel Bernoulli (1700-1727) Hydrodynamics 

Leonhard Euler (1707-1783) Flowing liquids are described by fields 
of velocity and acceleration 

Charles Coulomb (1736-1806) ^ Electrostatics and magnetostatics 

André Ampére (1775-1836) Force between conductors 
under current 

Siméon Poisson (1781-1840) Potential theory 


Electrostatics and magnetostatics 
Hans Ch. Oerstedt (1777-1851) Magnetic field induced by 


moving electric charge 
Michael Faraday (1701-1879) Electromagnetic induction 
James C. Maxwell (1831-1879) Theory of the electromagnetic 
field 


listed in Table L2. The frequency range N extends from 0.3-10 Hz to 3-10" Hz. Today 
the Telecommunication Standardization Sector (ITU-T) of the International Telecom- 
munication Union (ITU) combines the standards-setting activities of the predecessor 
organization CCIR. 

Below the 1 mm wavelength we have the submillimeter waves, succeeded by the far- 
infrared band, the infrared band, and the visible optical region. Due to the development 
of semiconductor lasers and optical fibers the infrared region has gained importance 
for communications and sensor applications. 

There are also other frequency band designations used as well although not stan- 
dardized. In the microwave and millimeter wave region a classification of frequency 
bands summarized in Table 1.3 is in use [6,7]. 

In this book we deal with methods based on the electromagnetic theory for the 
modeling of microwave circuits and antennas. The necessity to use field theoretic 
methods for circuit modeling depends on the frequency as well as on the size of the 
considered structures. The modeling of antennas and wave propagation requires field- 
theoretic methods at low as well as high frequencies. 


+ At low frequencies, circuits may be described on the basis of currents and volt- 
ages. The properties of a circuit only depend on its topological structure. The 
theoretical framework for describing circuits at low frequencies is established by 
the network concept. The network concept is based on Kirchhoff's laws. 
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Table 1.2: Frequency Bands as Defined by CCIR 


Region No. — Frequency Wavelength Name 

4 3...30 kHz 100...10km Very low frequencies VLF 
5 30...300 kHz 10...1km Low frequencies. LE 

6 1000...100m Medium frequencies MF 
7 100...10m High frequencies HE 

8 10...1m Very high frequencies VHF 
9 100...10cm Ultra high frequencies UHF 
10 3...30 GHz 10...1cm Super high frequencies SHE 
nu 30..300GHz —— 10...1mm Extremely high frequencies — EHF 

Table 1.3: Microwave Frequency Band Designation 
Band L $S C x Ku K Ka v w 


ÍGHz 1-2 2-4 4-8 8-124 124-18 20-265 26-40 50-75 80-110 


* At high frequencies, the geometric structure of the circuits plays an important 
role. An understanding of the circuit operation requires knowledge of the inter- 
action of electric and magnetic fields in the circuit. The theoretical framework 
for describing circuits at high frequencies is established by the field concept. The 
field concept is based on Maxwell's theory. 


The electromagnetic field is determined by the geometric and material properties of a 
structure as well as by external sources and boundary conditions. In many cases, sources 
exist in a given structure, and only the amplitude of the source is subject to variation. 
In this case we obtain an infinite number of partial solutions for the electromagnetic 
field. The amplitudes of these partial solutions are integral field quantities and may be 
considered as generalized voltages and currents. 

The relation between the field concept and network concept may be illustrated by 
Figure 1.1. Let us first consider the resonant circuit in Figure 1.1(a). The resonant circuit 
is formed by an inductor and a capacitor that store magnetic energy and electric energy. 
The magnetic energy is concentrated within the inductor, whereas the electric energy 
is concentrated within the capacitor. Within the network concept the capacitor and 
inductor are connected via two network nodes. ‘The circuit may be described in terms 
of node voltages and node currents. A field interaction between the circuit elements is 
not considered within the network concept. If the inductor has an inductance L and 
the capacitor exhibits a capacitance C, the resonant frequency f and the corresponding 
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Figure 1.1: From the lumped circuit to the distributed circuit. 


angular frequency w are given by 


aa) 


Increasing the resonant frequency can be done by reducing the inductance L or the 
capacitance C. Reducing the inductance may be done by reducing the number of coils 
of the spiral inductor. In Figure 1.1(b) the inductor has been reduced to one coil. A 
further reduction of the inductance may be achieved by circuiting inductors in parallel. 
Proceeding in that way we can circularly surround the capacitor with inductor coils. 
Connecting all these coils will create a closed conducting surface surrounding the 
capacitor, Now we also reduce the capacitance by increasing the distance between the 
plates of the capacitor. At the end of this morphing process we obtain the pillbox-shaped 
resonator shown in Figure 1.1(c). Electric and magnetic fields are interacting inside the 
resonator. We cannot easily describe this resonator in terms of voltages and currents. 
Defining, for example, an electric voltage via the path integral over the electric field 
from the bottom to the top of the resonator, this voltage will exhibit a maximum in 
the center of the resonator and decrease with the radial distance from the center. The 
current flowing on the top and bottom surfaces of the resonator in the radial direction 
increases with the radial distance from the center and vanishes at the center. The electric 
field is generated by the surrounding alternating magnetic field due to Faraday' law. 
‘The magnetic field is generated by the vertically flowing displacement current formed 
by the alternating electric field. A vertical line in the center of the cavity is surrounded 
by maximum magnetic flux, and therefore the electric field exhibits a maximum value 
in the center of the cavity. The magnetic field lines ofa higher radius enclose a larger 
displacement current, and therefore the magnetic field increases with radius. 

We can distinguish between the low-frequency case where electric and magnetic 
fields may be considered to be spatially separated and stored in capacitors and inductors 
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respectively and the high-frequency case where the direct interaction of electric and 
magnetic fields has to be considered, Figure 1.1(a) illustrates the low-frequency case 
whereas Figure 1.1(c) is an example of the high-frequency case. 

From this simple example we see that our conventional network concept is not 
applicable to describe the resonator. Circuits that are based on the direct interaction of 
electric and magnetic fields are called distributed circuits. The treatment of distributed 
circuits requires electromagnetic field modeling. We will, however, see later that it is 
possible to introduce integral field quantities also in the case of distributed circuits. 
‘These integral field quantities will be generalized voltages and generalized currents. 
Based on these generalized voltages and currents a network description is also possible 
for distributed circuits. Excellent textbooks on electromagnetics include Stratton [8], 
Schelkunoff [9], Ramo, Whinnery and Van Duzer [10], Harrington [11], Collin [7,12,13], 
Kong [14], Balanis [15], Pozar [16] and Ishimaru [17]. 

Adding yet another book on electromagnetics to the existing literature should not be 
done without good reasons. The development of communications engineering in the 
past decade involved a tremendous increase in the body of knowledge to be acquired 
by communications engineers. Over decades electromagnetics occupied a large part of 
the education of electrical and electronic engineers. Today for electromagnetics, less 
space can be allocated in electrical and electronics engineering curricula, However, 
the engineer developing circuits and systems for wireless communications needs a 
basic knowledge of electromagnetics. The goal in engineering education must be the 
accumulation of understanding, the stimulation of creativity and the promotion of 
the ability to solve problems. To solve problems in a systematic and efficient way 
the engineer must study the required theoretical framework. The engineer also needs 
intuition and creativity. These elements are strongly supported by imagery thinking [18]. 

The representation of electromagnetic theory can be simplified and the clarity can 
be improved by using geometrical methods. In 1844 Hermann Günter Grassmann 
published his book Die lineale Ausdehnungslehre, ein neuer Zweig der Mathematik 
[19], in which he developed the idea of an algebra in where the symbols representing 
geometric entities such as points, lines, and planes are manipulated using certain rules. 
Grassmann introduced what is now called exterior algebra, based upon the exterior 
product 

a^b--b^a. (1.2) 


‘The work of Grassmann already contains most of the algebraic structures of modern 
exterior calculus. Élie Cartan applied Grassmann algebra to the theory of exterior 
differential forms in his book Legons sur les Invariants Intégraux [20]. Exterior calculus 
allows for the solution of field theoretical problems easily and directly, Furthermore it 
establishes a direct connection to geometrical images and supplies additional physical 
insight. Let us demonstrate this for the example of the electric field, The usual physical 
interpretation of the electric field is the force applied to a small test charge. This leads 
in a natural way to the vector representation of the electric field and to a picture we 
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may call the force picture. Considering the change of energy a test charge experiences 
as it is moved through the field yields a picture we may call the energy picture. The field 
lines in the force picture give the graphic representation of the field, and it is given by 
equipotential surfaces in the energy picture. The force picture is related to the vector 
representation whereas the energy picture is related to the differential form represen- 
tation. In the differential form representation, however, the vector representation is 
also visible. Therefore the differential form representation provides additional physical 
insight. 

We can represent one-forms graphically as surfaces in space. For electrostatic fields 
these surfaces are equipotential surfaces. Looking at the electric and magnetic flux 
densities and the electric current density, the differential form representation clearly 
points to the physical difference between field intensities and flux densities since flux 
densities are represented by two-forms. The graphical representation of a two-form is 
a bundle of tubes guiding the flux. This yields a much clearer physical interpretation 
than conventional vector notation. Finally, volume densities such as the charge density 
and the energy densities are represented by three-forms. Volume cells with cell size 
inversely proportional to the charge density give the geometric representation of a 
three-form form. 

The exterior differential form calculus and its application to field theory is treated 
in a number of textbooks [21-30]. Textbooks on electromagnetics based on exterior 
calculus include [31] and [32]. Hehl and Obukhov have published an introduction to 
classical electrodynamics based on exterior calculus [33], and Lindell has published a 
comprehensive treatment of differential forms in electromagnetics [34]. An excellent 
approach for the use of differential forms as a tool for teaching electromagnetics has 
been given in [35]. 

Inapplyingexterior calculus to an introductory level textbook, our goal is to develop a 
working knowledge of the subject with as much of a theoretical framework as necessary 
and as much clarity as possible. 
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Chapter 2 
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2.1 THE ELECTROMAGNETIC FIELD CONCEPT 


In this chapter the framework of Maxwell's theory in differential form representation is 
introduced. The field quantities are discussed from a phenomenological point of view 
and related to the corresponding network quantities. Prior knowledge in field theory 
is not required but may be helpful [1-5]. The transfer of action between electrically 
charged matter via the electromagnetic field can be used to transfer energy as well 
as information. Electrically charged particles in rest interact via the Coulomb force. 
In the case of moving charged particles magnetic interaction also occurs. Electric 
and magnetic action propagates with a finite velocity, the speed of light, which is 
2.998.105 ms“! = 3-105 ms“, To account for the finite velocity of the propagation 
of action the concept of the field has proven to be very powerful. The field concept 
means the assignment of physical quantities to the continuous space. A dynamic field is 
time-variable. The electromagnetic field can propagate in free-space as well as in media. 


Figure 2.1: Electric and magnetic force on a charged particle. 
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It does not require a medium of transmission. Electrodynamics is concerned with 
interrelated electric and magnetic fields. This interrelation always occurs if the fields 
are time-varying. The electromagnetic field is generated by moving charged matter, 
and it acts on charged matter. Maxwell's theory summarizes the laws describing the 
electromagnetic field. 

The complete description of the electromagnetic field is specified by two vector 
fields (i.c., directed fields). These fields are the electric field and the magnetic field. 
‘The electric field specifies the force on a point-like charged particle. Let us consider a 
particle with charge q at a point with the coordinates x, y, and z at time t. If the electric 
field intensity exhibits in the x-, y-, and z-direction at the point x, y, and z at time t the 
components F(x, y, z, t), Ey(x, y, z, t), and Ez (x. y, z, t), the three Coulomb force 
components F?'(x, y, z, t), F? (x. y, z, t), and Fẹ! (x, y,z, t) are given by 


F(x, y 2i) = qExGQo 352.1), 
Fly t) = qBy(x 2t), Q) 
F(x, yz t) = qE Q5 2t). 


The electric field intensity E has the unit Vm-'. The action of the electric field on the 
charged particle is illustrated in Figure 2.1(a). We summarize the components in vectors 
using the notation x = [x, y, z]" where the superscript ” denotes the transpose (i.e. 
the column vector corresponding to the written line vector) 


E(x,1) = [Ee(x, 3,2 t). Ey yz. t), EQ o 2.0] . Q2) 
This yields the more compact vector notation for (2.1): 
F"\(x, t) = qE(x.t). (2.3) 


In the case of a moving charge the magnetic field also causes a force. This Lorentz force 
is proportional to the charge as well as to the velocity of the particle and has a direction 
orthogonal to the velocity vector as well as to the direction of the magnetic field. The 
action of the magnetic field on the moving charged particle is illustrated in Figure 2.1(b). 
Let us consider the right-handed Cartesian coordinate system with coordinates x, y, 
and z. Ifa particle with charge q is moving in the x-direction with velocity v, and the 
magnetic field only exhibits a y-component By, the resulting Lorentz force will act in 
the z-direction and will be given by F™* = q v, By. Assuming invariance of the laws 
of physics under rotation in space yields a Lorentz force in the negative z-direction if 
the particle velocity has a y-direction and the magnetic field has an x-direction. In this 
case we obtain Fy""8 = -q vy By. By superimposing all possible velocity components 
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and magnetic field components, we obtain 


FP: = qv, B, - qv By. 
Fy“ = qv,B, - qvxBz, (2.4) 
Fr = qvxBy - qvyBy. 


We can again summarize these three equations in vector notation by 
F™8(x, t) = qv x B(x,t), (25) 
where the symbol x denotes the vector product 


Us] [v] [Uv -Uv, 
x] Vy] =| GV; - UV, |. Q.6) 
Uz] [V] IU, - UV. 


The magnetic flux density B has the unit Vsm~’, It has to be pointed out that the fields 
E and B are of a different nature. E is a field intensity, whereas B is a flux density. The 
difference between these types of fields will be discussed later. 

Let us now put together the electric force F*! and the magnetic force F™*8. In this 
case a test particle with charge q and velocity v at point x and time t is influenced by 
the force 


F(x,t) = q(E(x,t) +v x B(x, t)) Q7) 


For low frequencies the state of an electric circuit can be described by the currents 
flowing through the conductors and the voltages between the conductors. The network 
concept follows this description of circuits by voltages and currents. The properties of a 
circuit are only dependent on its topological structure (i.e., the connection structure of 
the network). The geometric arrangement of the network elements and the interconnec- 
tions plays no role in a network. In the case of high frequencies, however, we make the 
observation that the geometric structure of the circuit may have a strong influence on 
the properties of a circuit or may even constitute its properties. The reason is that the 
abstract network describing the electrical properties of the circuit does not necessarily 
give a one-to-one mapping of the topology of a physical high-frequency circuit. A 
one-to-one correspondence between the physical network and the abstract network 
only will hold if all circuit elements may be described by their relations between port 
currents and their port voltages and these current voltage relations provide a complete 
description of the circuit elements. 

Network theory is based on Kirchhoffs current law and Kirchhoff s voltage law. Kirch- 
hoff’s laws allow an axiomatic foundation for the network theory. However, Kirchhoff's 
laws are not first principles, but may be derived from Maxwell's equations. For physical 
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networks Kirchhoff's current law only is valid if the time derivative of the electric flux 
between the nodes can be neglected and if the time derivative of the magnetic flux 
through network loops can be neglected. The abstract network theory considers these 
conditions to be fulfilled exactly and takes Kirchhoff’s laws as the fundamentals of the 
network theory. 

Voltages applied to electric conductors cause an electric field between the conductors. 
The electric currents flowing through the conductors cause a magnetic field. At higher 
frequencies it is necessary also to take into consideration the electric flux between 
physical nodes and the magnetic flux through network loops. If frequencies are very 
high, it will also be necessary to take into consideration the direct interaction of electric 
and magnetic fields. It is possible to describe the state of a circuit by specifying the 
electric and magnetic fields instead of voltages and currents. The field description is 
more general than the description by voltages and currents. The field description is 
more complicated, however, since the electromagnetic field is a three-dimensional 
continuous quantity, and for the complete description of the electromagnetic field 
state it is necessary to specify the three electric field components and three magnetic 
field components throughout the three-dimensional continuum. Therefore, wherever 
electromagnetic effects may be described using the network concept, this description 
is much easier than a description based on the field concept. 


2.2 FIELD INTENSITIES 


‘The electric field intensity has the unit Vm"! and is described by a vector E(x, t) = 
(Ex (x, t), By (x, t), E (x, t)]". As we have seen the meaning of the electric vector field 
is to assign some property to the space, namely to apply a force on charged matter. Let 
us consider in the following an electric field slowly varying with time. Moving a charged 
particle in the direction opposite of the direction of the field means that we have to 
supply energy equally to the product of force and distance of movement. If, for example, 
the electric field has an x-component Ex, the movement of a particle with charge q from 
position x to x + Ax requires an energy AW = -qExAx. Moving the particle in three- 
dimensional space along any curve from point x, = (x1, yi, zi) to X2 = (x2, Y2022) 
means that we have to sum up the infinitesimal contributions -qE,Ax, -qEyAy, and 
—qE,Az. This is illustrated in Figure 2.2. The path C is approximated by infinitesimal 
line elements in the x-, y-, and z-direction. We are summing all contributions in the 
x-, y-, and z-direction and with Ax, Ay, Az — 0 we obtain the energy Wa required 
for moving the charge from xı to x2: 


Wat) = -4 Je Ey z, t) dx + E(x, y, z, t)dy+ EQnyzt)dz. — Q3) 
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Figure 2.2: Line integral of the electric field over a curve C. 


The electric potential difference or voltage vay between xz and x; is given by 
va(t) 2- Jr. E(x, y, z, t) dx + Ey(x, y, z t) dy + Ez(x, y, z, t) dz (2.9) 


For moving a charge q from x; to x; the energy Wz,(t) is related to the potential 
difference va (t) via 
Wa(t) = qva(1). (2.10) 


Introducing the so-called electric field differential form 
E = E, (x, y z, t) dx + E(x, y, z, t) dy + E(x, yz t) dz em 


we also may write 
^ 
ral) =~ f E. (2:12) 


With a differential form we mean the complete expression under an integral sign, 
including also the differentials (e.g, dx, dy, and dz, respectively) [6-9]. In order to 
distinguish the differential form (2.11) from others to be introduced later, we call this 
differential form a one-form. 

Figure 2.3(a) shows the path of integration for the definition of the voltage v21 from 
node 2 to node 1. The line integral sums up the projection of the field vector on the 
vectorial path element. The contribution of the integrand is proportional to the product 
of the magnitudes of the field vector with the infinitesimal path element and the cosine 
of the angle enclosed between them. 
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Figure 2.4: Field line and surface representations of a one-form. 


‘The common physical interpretation of the electric field is related to the force on 
a point-like unit charge. This force picture yields in a natural way to the vector rep- 
resentation and to the visualization of the electric field via field lines. The field lines 
are curves having the property that the field vector is tangential at all points of the 
curve, Another viewpoint is to consider the energy of a charge moved through the 
field. We can visualize the field via the change of the energy of a test charge moved 
through the field. Figure 2.4 shows the representation of the field via field lines and via 
the surfaces of constant test charge energy or constant electric potential, respectively. 
The energy picture is more related to differential forms. For an electrostatic field the 
surfaces associated with the one-form £ are equipotentials. Since the dimension of the 
differential form £ is V the differential form E expresses the change of electric poten- 
tial over an infinitesimal path element. The field lines are orthogonal to the potential 
surfaces. Depending on the properties of the field the potential surfaces also may end 
or join. Figure 2.5 shows the surface representation of the three fundamental one-forms 
dx, dy, and dz. Figure 2.6 shows a situation we will encounter in time-variable fields. 
In the center of the structure the field intensity is higher than at its edges. In this case 
the integral (2.12) will depend on the path from x; to xz and we cannot assign a scalar 
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Figure 2.5: The fundamental one-forms in Cartesian coordinates. 
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Figure 2.6: One-form with ending surfaces. 


potential to the field. 

The vector H(x, t) = [Ha (x. t), Hy(x, t), Hz(x, t)]" describes the magnetic field 
intensity and has the unit Am~. An electric current i, which is slowly varying with time, 
and the magnetic field generated by this current are related via 


i(t) = fH (213) 
with the magnetic field differential form 
H= Hy(x, yz t) dx + Hy(x, yz, t) dy + Hz (s y,2, t) dz. (2.14) 


‘The circle on the integral symbol denotes the integration over a closed boundary. 
Figure 2.3(b) shows the path of integration for the definition of the current i. With 
3A we denote the boundary of the surface A. The relation between the direction of 
reference for the current and the orientation of the path of integration is shown in 
Figure 2.3(b). The current is counted positive if its direction coincides with the direction 
of reference. 
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Figure 2.7: Current flow. 
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Figure 2.8: The integration over an area. 


2.3 CURRENT AND FLUX DENSITIES 


The current flowing through a conductor usually does not exhibita uniform distribution 
over the conductor cross-section. We describe the flow of the current by a current density 
vector field J(x) = Us (x). Jy (x), I: (x)]7. Consider a current i flowing through a tube 
formed by the current density field lines going through the boundary 3A of the area 
A as shown in Figure 27. Let us at first assume a current flowing in the x-direction 
only as shown in Figure 2.8(a). In this case, to compute the total current we have to 
integrate over the surface A in the yz-plane. The integration may be performed by 
subdividing the area A in small elements as depicted in Figure 2.8(a), multiplying the 
current density with the area of the area elements and summing all these contributions, 
so that 


J Jedyae. (2.5) 


If, for example, the boundary 3A can be represented by two functions z; (y) and 22(y), 
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Figure 2.9: The orientation of an area. 


as shown in Figure 2.8(b), we can bring the integral (2.15) into the form 


Qo (n[ p20) 
if [o na] dy. Q6) 


If we integrate a current density over an area not perpendicular to a coordinate axis we 
have to consider the orientation of the area. If in Figure 2.8(a) the current density Jx 
is positive, the current i also will be positive. Inverting the direction of Jy will yield 
a negative current. This inversion may be performed by mirroring the coordinates 
with respect to the yz-plane. How do we know whether a surface integral is positive or 
negative? The answer is: We have to define a positive orientation. A positive-oriented 
or right-handed Cartesian coordinate system is specified as follows: If we are looking 
in the z-direction on the x y-plane the x-axis may be rotated clockwise by 90° into the 
y-axis. In Figure 2.9 the vector component J, is pointing in a positive orientation. On 
the right side of Figure 2.9 the coordinate system as well as the vector field were rotated 
by 180° around the z-axis. Physically nothing has changed. In the left figure, however, 
the vector pointing towards the observer is positive, whereas in the right figure the 
vector pointing away from the observer is positive. 

We now introduce a notation that takes into account the orientation of a coordinate 
system. The so-called exterior differential form dy ^ dz has the property 


dy^dz--dz^dy (2.17) 


The product denoted by the symbol ^ is called the exterior product or wedge product. 
Exterior differential forms consisting of wedge products of two differentials or sums 
of such products are called two-forms, We may decide either dy ^ dz = dydz or 
dy ^ dz = - dydz. Deciding 

dy ^ dz = dydz (2.18) 
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Figure 2.10: Tube representation of a two-form. 


assigns to dy ^ dz the positive orientation and to dz A dy the negative orientation. 
The integral (2.15) can now be written in the orientation-independent form 


i= fits dy^ dz Qa9) 


Figure 2.10 shows the tube representation of a two-form. The two-form is visualized by 
a bundle of tubes carrying the current. The current density is inversely proportional to 
the cross-sectional area of the tubes. Figure 2.11 shows the tube representations of the 
fundamental two-forms dy ^ dz, dz ^ dx, dx ^ dy. 

If the surface A is an arbitrarily oriented curved surface in three-dimensional space 
and the current density vector has the x-, y-, and z-components Jx, Jy, and Jz, we have 
to perform the integration over 


i= f Indy o dee] da de + Jedx a dy. (2.20) 


‘The first term of the integrand concerns the integration of the x-component of the 
current density over the projection of the surface A on the yz-plane and so forth. 
Let us introduce the current density form J by the exterior differential form 


TJ - I dy ^ dz Jydz ^ dx + Jzdx ^ dy. (2.21) 


The current i may be expressed in a compact notation as the integral of the differential 
form J: 


i= fs (2.22) 
A 
2.4 CONSTITUTIVE RELATIONS 


In the case of electric and magnetic field quantities we distinguish between field intensi- 
ties and flux densities. A field intensity usually occurs in a path integral whereas a flux 
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Figure 2.11: The fundamental two-forms in Cartesian coordinates. 


density occurs in surface integrals. Field intensities are related to the flux densities via 
the constitutive relations. The constitutive equations depend on the metric properties of 
the space or the chosen coordinate system and on the macroscopic material parameters. 

On the microscopic scale of atomic distances the electric and magnetic fields exhibit 
strong spatial variations, However, the knowledge of these variations is not relevant. We 
are dealing with the averages of fields and sources over volumes large compared with 
the volume occupied by a single atom. Such averaged quantities are called macroscopic 
fields 1,2]. In a dielectric material by an applied primary electric field the negative 
electronic charge is shifted spatially relative to the positive background charge. This 
yields an electric polarization of the medium contributing to the electric flux density. In 
the magnetic field the magnetic polarization determines the relation between magnetic 
field intensity and magnetic flux density. 

‘The electric flux density in the literature usually is called electric displacement, and 
the magnetic flux density B(x) = [Bx (x), B, (x), Be(x)]” usually is called magnetic 
induction. The denomination “flux density” stresses the geometric properties of these 
quantities and therefore is preferred in the following. The electric flux density D(x) = 
[Ds (x), D, (x), D;(x)]" and the magnetic flux density B(x) are related to the field 
intensities E and H via the material equations or constitutive equations. The electric 
flux density D has the unit Asm”, and the magnetic flux density B has the unit Vsm~? 
For homogeneous and isotropic media the constitutive equations are given by 


D-cE, (2.232) 
B=uH, (2.23b) 


where € is the permittivity and y is the permeability. 


€  Permitivity — AsV^!m"!, Em! 
u Permeability — VsA "m^, Hm ! 
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In the free-space c and jt assume the following values: 


Lag? Fm”, (2.24a) 


€p = 8.854.107? Fm! = 
36m 


1 


Ho = 41:107 Hm. (224b) 


‘The relative permittivity e, and the relative permeability u are related to the permittivity 
and permeability of free-space via 


62i, (2252) i-i. (2.25b) 
éo Ho 


The surface integral of the electric flux density D over an area A yields the electric 
flux Y. Introducing the electric flux form or electric displacement form 


D - D,dy ^ dz D,dz ^ dx + D,dx ^ dy (2.26) 


we can write 
W=] Dz. 2.27] 
J, (227) 


‘The surface integral of the magnetic flux density B over an area A yields the magnetic 
flux 6. Introducing the magnetic flux form or magnetic induction form 


B= B. dy dz + Bydz ^ dx +B, dx ^ dy (2.28) 


we can write 
ð= J B. (2.29) 
A 


We have seen that field intensities are described by one-forms whereas current densities 
and flux densities are described by two-forms. The field intensities E and H are related to 
the flux densities D and B via the material equations (2.23a) and (2.23b). We introduce 
the star operator x or Hodge operator, defined by 


+f=fden dya dz, 
f=+(fdx^ dy^ dz), 
* (Ax dx + Ay dy + Az dz) = Ax dy ^ dz + A, dz ^ dx + Asdx ^ dy, 
Ax dx + Aydy + Az dz = » (Ax dy ^ dz Aydz ^ dx + Az dx dy). 


(2.30) 


‘The star operator has the property 


**-1. (2.31) 


Basic Electromagnetics 2 


Figure 2.12: Volume element representation of a three-form, 


‘The star operator allows to bring the material equations (2.232) and (2.23b) into the 
form 


D-es£, (2.323) 
Bourn. (2.32b) 


In curvilinear coordinate systems the Hodge operator has a more complex form as 
discussed in Sections 2.13 and A.4. The Hodge operator reflects the metric properties 
of the space and the coordinate system. Together with c and yo the Hodge operator 
expresses the metric properties of free-space. 

In an anisotropic medium the relationships between D and E or B and H depend on 
the direction of E or H, respectively. The constitutive relationship can be expressed by 
a permittivity tensor € or a permeability tensor u. We obtain 


D=, (2.33a) 
B=4H, (2.33) 


with the permittivity and permeability tensors given by 


Exx Exy €xz Uxx Hxy Uae 
e= ley Eyy 6s B=] bye Hyy Hye] - (2.34) 
[^ Ezy Ese Hex Uzy Mz 


To analyze anisotropic media with exterior differential forms Karl Warnick [10] has 
introduced the permittivity star operator » and the permeability star operator * ,. For 
materials described in Cartesian coordinates by symmetric permittivity and permeabil- 
ity tensors the permittivity star operator is defined as 


xc (Ex dx + Ej dy + Ey dy) = (€xxEx + €xyEy + €x2Es) dy ^ dz 
+ (e E, + €yyEy +€y2Bz) dz ^ dx 


+ (e Ex + €zyEy + ej Ez) dx ^ dy, 
(2.352) 
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*e(Dxdy ^ dz + Dy dz ^ dx + D; dx ^ dy) = (g$ Dx + g2, D, + BizDz) dx 
+ (gj. De + 85D, + gj,D:) dy 
+ (Ds gi, Dy + gi, D-) dz. 


(2.35b) 
The matrix elements £j; are the elements of the inverse permittivity tensor 
(2.36) 
The application of «, to a zero-form and a three-form respectively yields 
*e f = det[c] f dx ^ dy ^ dz, (2.372) 
*, f dx ^ dy ^ dz - (det[e])! f . (2.37b) 


In the same way the permeability star operator is defined by 


ty(He dx + Hy dy + Hz dz) = (px Hy + MeyHy + HezH) dy ^ de 
+ (yx Hy + uy Hy + iy Hz) dz ^ dx 

+ (uec Hx us Hy + us Hz) dx ^ dy, 

(2.38) 


ay (Bx dy ^ dz  Bydz ^ dx + Bz dx ^ dy) = (gtyBy + gtyBy + gi Bz) dx 
+ (87xBx + SyyBy + gy B.) dy 
+ (gi B. gb, By + gl B.) dz. (2.38b) 


The matrix elements g/, are the elements of the inverse permeability tensor 
g=’. (2.39) 
The application of «, to a zero-form and a three-form respectively yields 


uf =det[u]f dx ^ dy ^ dz, (2.402) 
xu f dx ^ dy ^ dz - (det[p])"! f dx dy dz. (2.40b) 


For symmetric material tensors the permittivity and permeability star operators are 
identical with their inverse operators, 


ESI ky xy ml. (2.41) 
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dx Ady Adz 


Figure 2.13: The fundamental three-form in Cartesian coordinates. 


With these operators we can write the constitutive relationships for homogeneous 
anisotropic materials as 


D-«£, Bz«,H. (2.42) 


"These equations are valid for symmetric as well as for unsymmetric anisotropic materi- 
als. 


2.5 THE CHARGE DENSITY 


The electric charge q is given by the volume integral over the electric charge density p. 
For the electric charge density we may introduce a three-form, the so-called charge 
density form 

Q=pdxa dyn dz. (2.43) 


We obtain the charge q by performing the volume integral over the three-form Q, 


q= f Q (2.44) 


We note that the exterior product dx ^ dy ^ dz changes its sign if two factors are 
interchanged. Figure 2.12 shows the graphic visualization of a three-form by subdividing 
the volume into cells. The cell volume is inversely proportional to the charge density. 
Figure 2.13 shows the fundamental three-form dx ^ dy ^ dz. 

The star operator applied to a three-form yields a zero-form and vice versa. A zero- 
form isa true scalar as, for example, the scalar potential. A true scalar is invariant under 
coordinate transformations, whereas a three-form may depend on the coordinate 
system. 
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The electric flux D flowing through the boundary dV of a volume V is related to the 
charge Q stored in the volume V via 


$? = f Q. (2.45) 


To calculate the electric field of a point charge q we consider the point charge to be in 
the center of a sphere with radius r. In this way we can utilize the spherical symmetry 
of the problem. For symmetry reasons the flux density is homogeneous over the sphere 
and is directed radially. Therefore 


¢ D - 4n?) D (246) 
av 
From this we obtain 4 
-—— 2.47; 
4ner? ¢ ) 
The electric field vector is given by 
ar 
- * 2.48. 
4ner? ¢ ) 


There exists no magnetic charge. Therefore over any closed boundary dV of a volume 
V, we obtain 


B=0; (2.49) 
[14 


2.6 THE MAXWELL PUZZLE 


Letus assume the electromagnetic field to be slowly varying. In this case we can consider 
the electric and magnetic fields to be independent from each other. In lumped element 
circuits we know elementary circuit elements, which are based either on electric field 
concentration or magnetic field concentration. Capacitors store electric field energy 
and inductors store magnetic field energy. Capacitors as well as inductors may be 
considered as lumped circuit elements within the network concept. 

Ampère’ law relates the current flowing through a surface A to the magnetic field 
tangential to the boundary JA of the surface A, 


$e nu (2.50) 


In the case of rapidly varying electromagnetic fields, however, we have to consider the 
direct mutual influence of electric and magnetic fields. To demonstrate this we consider 
the plate capacitor depicted in Figure 2.14. This capacitor is permeable for alternating 
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Figure 2.14: Plate capacitor. 


current. The current flowing within a positive half-wave into the left capacitor plate 
builds up a positive charge. This positive charge influences a negative charge of equal 
magnitude in the right capacitor plate. The current flowing on the left side into the 
capacitor is equal to the current flowing out from the right side of the capacitor. With 
the electric field E between the capacitor plates there is a related electric flux density D 
given by (2.23a) and (2.32a), respectively. We assume the diameter of the plate capacitor 
to be large compared with the plate distance b. In this case the electric field is essentially 
concentrated between the capacitor plates and is homogeneous within this region. 
The electric flux Y is the product of the magnitude of electric flux density D and the 
capacitor area A: 


w= f P-AIDI. (251) 
A 
The total electric flux V is equal to the electric charge q stored in the capacitor, 
y- =q. 252 
[2974 (252) 
The rate of change of the electric charge q is equal to the current, 
dq 
ss, 2. 
is (2.53) 


With (2.22) and (2.45) we obtain 


[7$ f2 (254) 


The time derivative of the electric flux dV// dt is interpreted as the displacement current. 
The displacement current was introduced by Maxwell, who considered for the first 
time the concept that variations in the position of bound charge were equivalent in 
their effect to a conduction current [1, 11]. The conduction current (i.e., the current 
carried by moving charges and flowing through the conductor) is continued by the 
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displacement current between the capacitor plates. Since the displacement current is 
equal to the rate of change of the electric flux, the displacement current is proportional 
to the frequency. It was the achievement of James Clerk Maxwell to recognize that the 
displacement current can give rise to a magnetic field in the same way as the conduction 
current. Therefore he added in Ampére's law (2.50) the displacement current term to 
the conduction current term and obtained 


fox (258) 


‘The displacement current can give a considerable contribution to the generation of the 
magnetic field, especially in the case of high frequencies. 

Michael Faraday discovered that a time-varying magnetic field generates an electric 
field. This law is called Faraday’ law or law of induction, 


d 
$,5--x [ 5. (2.56) 


Asa consequence, in a rapidly varying electromagnetic field the electric and magnetic 
fields are directly interacting in space. 


2.7 THE INTEGRAL FORM OF MAXWELL'S 
EQUATIONS 


Let us now summarize Maxwell's equations. The integral form of Maxwell's equations 
is given by 


a 
sa X ère 57 
gn fet fs Ampere’s law (2572) 
d 
$ Eti f. B, Faraday's law (2.57) 
A B=0, Magnetic flux continuity (2.570) 
v 
$ D= Í, Q. Gauss law (2574) 
av v 


Equations (2.57a) and (2.57b) are named as Ampéres law and Faraday's law; (2.57c) 
describes the flux continuity and (2.57d) is named Gauss’ law. The field quantities and 
the corresponding differential forms occurring in these equations are summarized in 
Table 2.1. 

In (2.57a) and (2.57b) line integrals over the boundary of the surface A are related 
to surface integrals over the area A. Figure 2.15(a) shows the relation between the 
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Table 2.1: The Field Quantities 


Name Field Quantity Dimension Differential Form Dimension 
Electric field intensity E Vm" € v 
Magnetic field intensity H Am^ H A 
Electric flux density D Asm^? D As 
Magnetic flux density B Vsm? B Vs 
Current density J Am? T A 
Charge density P As m“? Q As 


Figure 2.15: (a) Area A with boundary JA, and (b) volume V with boundary dV. 


orientation of the area A and the contour JA. The line integral over the closed contour 
ðA is called circulation. In (2.57c) and (2.57d) the surface integrals are performed over 
the boundary dV of the volume V. Figure 2.15(b) shows the orientation of the boundary 
surface OV. 

‘The conservation of charge is embodied in the continuity equation following directly 
from Maxwell’s equations. Let us apply Ampéres law (2.572) on a surface A, which 
is the boundary of a volume V (ie., A = 3V). Since a boundary has no boundary it 
follows 3A = (ƏV) = 0 and therefore we obtain from (2.572) 


d 
— =0. -S 
pho ess 


Inserting Gauss’ law (2.57d) yields the integral form of the continuity equation 


d 

E * =0. 2.59) 
dt i e av J ( ) 
From this it follows that any current flow through the boundary dV of a volume V 
must be accompanied by an appropriate change of the charge in V. The total charge is 
conserved. 
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‘Table 2.2: Field Quantities and Network Quantities 


Field Quantity Network Quantity Name Dimension 
E Electric voltage v 
H Von Magnetic voltage A 
D Y Electric flux As 
B o Magnetic flux Vs 
I i Electric current. A 
D Electric charge. As 


We shall demonstrate below that Maxwell's equations exhibit plane wave solutions 
with a free-space propagation velocity (i.e., the speed of light co), given by 


1 


(o - = 2.998 .10* ms! = 3:10 ms. (2.60) 


v/éoo 


In electric conductive media the current density form .7 is related to the electric field 
form £ via Ohm's law 


J=o%€, (2.61) 


where g is the conductivity with dimension AV-'m7!, If there also exists an impressed 
current density with the current density differential form Jo, the total current density 
is given by 

T=TIJnr+or€E. (2.62) 


To every field quantity there exists a corresponding integral field quantity. The integral 
field quantities are obtained from the corresponding differential field quantities by 
integration over a one-dimensional or a multidimensional spatial domain. Integral 
field quantities may be interpreted as network quantities. Table 2.2 summarizes the 
differential field quantities and the corresponding integral field quantities or network 
quantities, respectively. The voltage v is defined by 


2 
wasa Í E (2.63) 


as the negative line integral over the electric field intensity. Figure 2.3(a) shows the 
orientation of the voltage vz, and the path of integration. In the same way we may 
define a magnetic voltage 


Yma == r H. (2.64) 


Basic Electromagnetics 29 


‘The electric flux V, the magnetic flux ©, and the current i are given by 


y= f D, (2.652) 
Q= f. B, (2.65b) 
iz m. (2.65c) 
"Ihe electric charge q is given by 
q= ie Q. (2.65d) 


2.8 THE ELECTROMAGNETIC WAVE 


James C. Maxwell was the first to predict the existence of electromagnetic waves. In 
1864 he proposed that light is an electromagnetic disturbance in the form of waves [11]. 
In an electromagnetic wave the magnetic field is built up by the displacement current 
due to the time-varying electric field and, vice versa, the electric field is built up by the 
time-varying magnetic flux. In 1887 Heinrich Hertz provided experimental verification 
of electromagnetic waves [12]. 

Following [13], we demonstrate how a propagating electromagnetic wave develops by 
the mutual influence of electric and magnetic fields. A uniform plane wave is a wave 
that depends only on time and one space direction (ie., the direction of propagation), 
and is uniform in all directions transverse to this direction of propagation. Apart from 
the electrostatic and magnetostatic fields, plane waves represent the simplest solutions 
of Maxwells equations. For simplicity we consider the case of an electromagnetic 
plane wave, where the electric and magnetic field components are uniform in planes 
transverse to the direction of propagation. If we choose in a Cartesian coordinate system 
the z-direction as the direction of propagation, all field components will depend only 
on the coordinate z and time t. Within some finite cross-section an electromagnetic 
wave emitted from a far-distant source can be approximated by a plane wave. 

The following considerations are not a derivation of an electromagnetic wave, since 
we are already making very detailed pre-assumptions. However, we want to visualize 
how the physical phenomena interact in order to establish wave propagation. First 
we assume that in a far-distant transverse plane located in the negative z-direction, 
ata certain moment a magnetic field H is suddenly turned on. We assume that this 
magnetic field is directed in the y-direction and is homogeneous throughout the whole 
transverse plane. This may be realized when in a large conducting plane a homogeneous 
surface current directed in the negative x-direction is turned on instantaneously. Now 
let us assume that a physical action can propagate with a maximum velocity, which we 
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Figure 2.16: Generation of the electric field by the magnetic field. 


Hy 


will name c. Let us assume that a plane wave front is propagating now in the positive 
z-direction and that the space in front of the wave front is free of field. The space behind 
the wave front is filled by a homogeneous magnetic field H, in the y-direction. 

We now, in a first step, are going to show that this propagating magnetic field due to 
Faraday’s law will induce an electric field. Let us consider an area element of height h 
and length I corresponding to Figure 2.16. During the time of propagation of the wave 
front through this area element, the magnetic flux ® flowing through the area element 
is increasing linearly with time. We obtain from (2.65b) 


@ = p hAZHy. (2.66) 
For Az increasing with time the velocity c of the wave front is given by 


dAz 
=<, 2.67 
oat Qen 
Therewith we obtain from (2.66) for the time interval in which the wave front is 
marching through the area element, 


S9 -uhcHy. (2.68) 


Due to Faraday’s law (2.57b) this change of the magnetic flux with time has to be 
related with the circulation integral of the induced electrical field E. Now we may 
assume that the induced electric field has no component in the z-direction, since such 
a field should have the same direction throughout the complete transverse plane for 
symmetry reasons. Such a longitudinal electromagnetic field would not be divergence- 
free. Therefore a component E; cannot occur, since we did not assume any electric 
charge in front of the wave front. We also may assume that there is no electric field in 
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Figure 2.17: Generation of the magnetic field by the electric field. 


front of the wave front. Therefore only a homogeneous electric field E; between point 
land point 2 of the path of integration gives a contribution to the integral, hence 


¢ E=-hE,. (2.69) 
9A 


With (257b) and (2.68) we obtain 
E, - uc Hy. (2.70) 


We assumed that the magnetic field propagates in the positive z-direction without 
discussing the rules governing this propagation. We now want to show that the prop- 
agating electric field gives rise to a magnetic field. For this purpose we consider a 
horizontal area element of length | and width a according to Figure 2.17. In the spatial 
region inside the wave front exists a homogeneous electric field Ex. In the time interval 
in which the wave front propagates through the area element the electric flux through 
this area element is given by 


Y =eaAzEy. (2.71) 
With (2.67) we obtain 
= -eacE, (2.72) 


‘The displacement current dV/ dt generates a magnetic field. The circulation integral of 
the magnetic field over the boundary of the area element is related to the displacement 
current dV / dt according to (2.57a). Only the homogeneous magnetic field H between 
points 1 and 2 in Figure 2.17 gives a contribution to the integral, hence 


$ H-aH,. (2.73) 
9A 


32 Electromagnetics 


With (2.572) and (2.72) we obtain 
Hy =ecE,. (2.74) 


From (2.70) and (2.74) we obtain the propagation velocity c of the plane electromagnetic 


wave 
PE (2.75) 

Vei 
This is the speed of light in the medium with permittivity c and permeability ji. A 
dielectric material with c + €o and p = jig may be characterized by the refractive index 


n= V&. (2.76) 


The refractive index gives the ratio of the free-space velocity co of the transverse elec- 
tromagnetic wave to its velocity c in the medium: 


n=. (2.77) 
c 


For free-space the propagation velocity is the speed of light co given in (2.60). Fur- 
thermore, from (2.74) and (2.75) we obtain the ratio of electric and magnetic field 
intensities, given by 
yt. 2.78 
ave (78) 
"The ratio E,/H, has the unit VA", We define the wave impedance Zp by 
Z= "H A (2.79) 
€ 
The free-space wave impedance is given by 


Zro= 2 370 21210. (2.80) 
0 


The considerations we have presented here naturally are independent from the choice 
of the coordinates. Therefore we may assume in general that in the case of the plane 
electromagnetic wave the direction of the electric field, the direction of the magnetic 
field, and the direction of propagation form an orthogonal trihedron. Up to now we 
only have considered a step wave defined by 


0 for ct-z<0 


: 2.81 
Eo for ct-z20 ey) 


E,(z,t) = ZpoHy(z, t) { 
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Figure 2.18: Superposition of step waves: (a) positive step wave, (b) negative step wave, (c) rectangular 
pulse wave, and (d) step wave train. 


Due to the linearity of Ampéres and Faraday's laws, however, we can use the principle 
of superposition and thereby construct plane waves of arbitrary shape. 

By superposition of a step wave, Figure 2.18(a), and a time-delayed step wave with 
opposite amplitude, Figure 2.18(b), we obtain a rectangular wave as shown in Fig- 
ure 2.18(c). Putting together such rectangular waves, we can construct wave forms as 
depicted in Figure 2.18(d). If we reduce the width of the rectangular segments to zero, 
we may construct continuous waves of arbitrary shape. 

We therefore may assume waves of arbitrary shape propagating at a velocity c with a 
stable waveform. The spatial dependence and the time dependence of a plane electro- 
magnetic wave propagating in the positive z-direction with the electric field directed 
in the x-direction is given by 


Ex(z,t) =E,(z-cl), (2.822) 
Hy(z.t) = Zp' Ex(z - ct). (2.82b) 
If the wave is propagating in the negative z-direction, we obtain 


Ex(z,t) = Ex(z + ct), (2.83a) 
Hy(z,t) = -Zg Ex(z + ct). (2.835) 
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Figure 2.19: Linearly polarized time-harmonic electromagnetic wave. 


Assuming a sinusoidal time dependence of the electromagnetic field, we obtain the time- 
harmonic electromagnetic wave. With frequency f, angular frequency w, wavelength A, 
and wave number k, given by 


w=2nf, (2.84) 
2flmA (2.85) 
c 
we obtain the field components 
E,(z,1) = Ed, cos(wt — kz + do) , (2.86a) 
H,(z,t) = Hoy cos(wt - kz + $o). (2.86b) 


Eg, and Hg, are the amplitudes of the time-harmonic electromagnetic wave propagat- 
ing in the positive z-direction. The electric and magnetic field amplitudes are related 
via 

Ej, = Zr Hoy. (2.87) 


Figure 2.19 shows the field components Ej, and Hj, of the time-harmonic electromag- 
netic wave. If the electrical field is directed in one direction only, the wave exhibits 
linear polarization. The direction of the electric field vector is always called the direc- 
tion of polarization. In free-space the speed of light co, the wave number ko, and the 

wavelength Ao are related by 
ko = =2n/Ao. (2.88) 

co 

‘The superposition ofan electromagnetic wave propagating in the positive z-direction 
with an electromagnetic wave propagating at the same frequency in the negative z- 
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Figure 2.20: Linearly polarized time-harmonic electromagnetic wave. 


direction is given by 


Ex(z, t) = Eg, cos(wt — kz + do) + Eg, cos(wt + kz + $g)» (2.89a) 
H, (2, t) = Hg, cos(wt ~ kz + 63) + Ho, cos(wt + kz + dg). (2.89b) 


The field amplitudes Ej, and Hg, of the wave propagating in the negative z-direction 
are related by 

Ey = -Zr Ho; (2.90) 
The negative sign in (2.90) is due to the circumstance that for the wave propagating in 


the negative z-direction, the directions of E, H, and the direction of propagation also 
form a right-handed orthogonal trihedron. 


2.8.1 The Wave Equation 


To derive a wave equation for the plane electromagnetic wave we consider the continu- 
ous plane wave according to Figure 2.20. We assume that the area elements considered 
in Figures 2.16 and 2.17 exhibit an infinitesimal length Az. The magnetic flux varies 
continuously, and we obtain from (2.66) 

do dH, 


auha E, 
a 


dr (2.91) 


The circulation integral of the electric field over the contour of the vertical area element 
is given by 


E= -h Gs) EG 82) - (2.92) 
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From (257b), (2.91), and (2.92) we obtain for Az — 0 the differential equation 


aE, — OH, 
co gp es» 


‘The operator 9 denotes the partial derivation. The partial derivative OE, /z is formed 
as if E, is only dependent on z. For the change of the electric flux with time we obtain 


T? Leaaz tum, (2.94) 
"The circulation integral of the magnetic field around the area element is given by 
f, H =a (Hy(2) - HG 12). (2.95) 


For Az > 0, we obtain 


oe Or Kare) 
From (2.93) and (2.96), we obtain under consideration of (2.75) the wave equation 
ð? (E 1 0 (E, 
=sipl-sa * =O, (2.97, 
as ls dg, 097) 


This wave equation is valid for E, and Hy as well. It is easy to verify that all the above- 
presented solutions fulfill this equation. 


2.8.2 The Polarization of Electromagnetic Waves 


Let us again consider a plane electromagnetic wave propagating in the positive z- 
direction. We now assume that the electric field exhibits an x-component as well as a 
y-component given by 


s? (1-2) = BQ costut- pe ys), (2.98) 


g (1-2) = EG) cos(wt ~ e+ yy). (299) 


We allow different amplitudes EK? and EG) and different phases yx and yy for both 


electric field components. Since EÍ' and E(" may be chosen independently, every 
superposition of (2.98) and (2.99) is a solution of Maxwell's equations. 
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Figure 2.21: Linearly polarized plane electromagnetic wave. 


Let us consider the superposition of these two waves, We first consider the case 
where yx is equal to yy (i.e. both components E? and E( have the same phase). In 


this case m i) 
EP (r-i) E 
men Eo) for Vx = Vy (2.100) 
is valid. The ratio between the x-component and the y-component of the electric field 
is independent from space and time. Such a uniform plane wave is called linearly 
polarized. The angle 


P- 
0 = arctan 2+ <4 (2.101) 
EP (t=2) 
is constant. Figure 2.21 shows the direction of the field vector E and its x- and y- 
components E, and Ey. In general the condition for linear polarization is given by 
Vy = Ye + mn where m is an integer. 
We consider the special case given by yy = Wy +4mand EC = EC, = E? From 
(2.98), (2.99), and (2.100) we obtain 


jg (- = 


= |EO| = const. for Py = Wx jr 


2 pl) 2 pO) 
6=2(wt-Bzty~)) and Bo” 7E E. 


(2.102) 
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Figure 2.22: Left-hand circularly polarized plane electromagnetic wave. 


a 


‘The magnitude |E“) | of the electrical field intensity is constant, whereas the direction 
of the electric field rotates around the z-axis. The rotation occurs with the angular 
frequency w. The rotation in space has a period given by the wave number B. This wave 
exhibits circular polarization. Figure 2.22 illustrates this case. If we are looking into 
the direction of propagation of this wave, the electric field vector is rotating counter- 
clockwise. The wave is left-handed circularly polarized. We have to consider that the 
sense of rotation for constant space is opposite to the sense of rotation for constant time. 
For Vy = v, - 37 the electric field vector E is rotating clockwise if we are looking in 
the direction of propagation. If the rotation of a circularly polarized wave with respect 
to time and the direction of propagation corresponds to a right-handed system, the 
wave is called right-handed circularly polarized. In the most general case, if Yx, Yy» 
EG) and EG) are arbitrary, the electric field vector performs an elliptic motion. In this 
case the polarization is called elliptic. 


2.9 KIRCHHOFF’ S Laws 


‘The fundamental equations of network theory may be derived from Maxwell's equations. 
Figure 2.23 shows a network node with n conductors. We enclose the network node in 
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Figure 2.23: Network node. 


avolume V and apply the integral form (2.59) of the equation of continuity 


tat 


On the left side of (2.103) only the integration over the surface areas of the n conductors 
gives a contribution. The surface integral over V may be subdivided into n integrals 
over the cross-section areas Ax of the conductors. Each of these integrals corresponds 
to a current ix flowing from the node. 


d 
ET f Q. (2.103) 


à : 
- - " 104 
[S LATE (2.104) 

From (2.65d), (2.103), and (2.104) we obtain 


(2.105) 


If the time variation of the charge on the conductors inside the volume V can be 
neglected, the right side of (2.105) disappears. In this case we obtain 


n 
X0 for =o. (2.106) 


The sum of the node currents vanishes. This is Kirchhoff current law. Since for a given 
charge q the magnitude of dq/dt increases in proportion to the frequency, at higher 
frequencies the term dq/dt may not be neglected any more. The displacement current 
flowing in a real network from the node may be considered by insertion of one or 
several capacitors in an equivalent circuit. Via these capacitors the displacement current 
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Figure 2.24: Equivalent circuit with parasitic capacitors. 


flowing between the conductors of the real network are modeled. Figure 2.24 shows 
a network consisting of two inductors and one resistor. Three capacitors are inserted 
in order to consider the displacement current flowing between nodes a, b and c. The 
equivalent circuit contains additional circuit elements modeling the field between the 
physical circuit elements. 

To derive Kirchhoff's voltage law we apply the integral form of Faraday's law (2.57b) 
to the loop depicted in Figure 2.25. The area or virtual surface bounded by this loop is 
A. The line integral of the electrical field intensity E over the boundary 2A of the loop 
area A is equal to the negative sum of the branch voltages: 


[E (2.107) 
9A 


From (257b), (2.65b), and (2.107) we obtain 


do 
Va tva + Vas + Vea + VIS = Ge (2.108) 
If the time variation of the magnetic flux through the loop can be neglected, the sum 
of the loop voltages disappears: 


DY ver =0 for a =0. (2.109) 
loop 


‘This is Kirchhoffs voltage law. Since the quantity d&b/ dt also increases with frequency, 
at higher frequencies we can no longer neglect the magnetic flux through the loop. 
This magnetic flux may be considered by insertion of inductors into the loop branches. 
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Figure 2.25: Network loop. 


‘The voltage induced from one branch into another is thereby considered via a mutual 
inductance. 


Inductors and capacitors, which do not correspond to real circuit elements, but 
are introduced via the geometry of the conductors, are called parasitic capacitors and 
parasitic inductors. At higher frequencies, these parasitic network elements cannot be 
neglected anymore. Usually such parasitic elements are unwanted. By careful geomet- 
ric design of the circuit and the paths of the lines, such elements can be kept under 
control. As long as only parasitic capacitors and parasitic inductors occur, these net- 
work elements may be considered within the framework of the network concept. The 
situation becomes more complicated as soon as the dimensions of the circuits reach the 
order of magnitude of the wavelength. In this case electric and magnetic fields may be 
directly linked with each other. In this case it is not possible to describe the influence 
of electric and magnetic fields independently via equivalent capacitors and inductors. 
However, in these cases an equivalent circuit may also be established after solving the 
electromagnetic field problem. 


2.10 MAXWELL'S EQUATIONS IN LoCAL FORM 


Any measurement of electromagnetic field quantities is related to an integration or 
averaging over a finite spatial domain. However, the field concept is essentially a local 
concept, which means that in using the field concept we consider the local relations 
between field quantities within an infinitesimally small neighborhood. We will bring 
Maxwell’s equations into their local form. 
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We introduce the exterior derivative dU of an exterior differential form U by 
au : 
aU = 3) dx 5% With dx; = dx, dy, dz. (2.10) 
T "Xi 


For the exterior derivative we have the following rules: 
d(U+V)= dU « dV, 1a) 
d(M ^V)» dU AY + (-1) 89800 A dy, (2.111b) 


where the degree of the differential form U is degU = p if U is a p-form. 
Stokes’ theorem relates the integration of a p-form U over the closed p-dimensional 
boundary 3V of a p + 1-dimensional volume V to the volume integral of U/ over V via 


fu = fi au. (2.112) 


Applying Stokes’ theorem to the integral form of Maxwell’s equations (2.57a) to (2.57d), 
we obtain 


d 
San aihh ea) 
d 
TA dé=-+ [ 5. (1135) 
J, dB-0, (21130) 
i 

J, ap- f o (2.4134) 

and from this the differential representation of Maxwell’ equations: 
du- i» ye. Ampere’ law (2.1142) 
a£- -$5. Faraday's law (14b) 
dB-0, Magnetic flux continuity eo) 
4D-Q. Gauss law (aaa) 


Applying the Stokes theorem (2.112) to the integral form of the continuity equation 
(2.59) yields the local form of the continuity equation 


a 
net d7=0. (2.115) 
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2.11 Trime-HARMONIC ELECTROMAGNETIC FIELDS 


A time-harmonic electromagnetic field is an electromagnetic field with sinusoidal time 
dependence. As far as physical quantities are time-harmonic, a representation of these 
quantities by complex phasors can simplify the analysis [14]. The time-harmonic electric 
field 


Eox(x) cos (wt + x(x) 
E(x,t) = | Eoy(x) cos (wt + ¢y(x)) (2.116) 
Eoz(x) cos (wt + $2(x)) 
can be represented as 
E(x, t) =R (E(x)e/*') (2.117) 
using the vector phasor 
Eg (x) ejf 
E(x) =| Ey (x) ej | . (2.118) 
Eos (x) e) 2 
We mark phasors by underlining. Due to 
2 " wt 
afe 1) 9 eE(x) e/"') (2.119) 


the partial derivation with respect to time may be replaced by a multiplication with the 
factor jw. We introduce the complex differential form phasor £ related to the differential 
form £. For a time-harmonic field described by a differential form 


E(x, t) = Eos (x) cos(wt + $x (x)) dx + Epy(x) cos(wt + $,(x)) dy 
+ Eos (x) cos(wt + g(x) dz (2.120) 


we introduce 
E(x, t) = Ey, (x) e^ dx + E, (x) e) Ody + Ep (x)el*)de (212) 
and obtain 


E(x,t) =R{E(x) ei}, (2.122a) 
ife t) =R {jw Elx) elt) (2.122b) 
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Table 2.3: Electric Material Properties 


Material sim! e fHz 
Copper 58.10 1 = 
Germanium (pure) 22 16 25.10? 
Sea water 4 81 8.9- 10° 
Water 10 81 22:105 
Wet earth. 1907 10 18-10 
Dry earth 1075 5. 36-10 


2.12 MAXWELL's EQUATIONS IN THE FREQUENCY 
DOMAIN 


Replacing in (2.114a)-(2.114d) the time derivative by multiplication with jw we obtain 
the complex phasor representation of Maxwell equations [15] 


dH =jwD+J, Ampéres law (21233) 
Faraday's law (2423b) 
Magnetic flux continuity (2.123¢) 
Gauss’ law (2.1234) 


In a homogeneous isotropic medium with permittivity c, permeability p, and conduc- 
tivity ø, we obtain with (2.32a), (2.32b), and (2.62) 


dH=(jwe+0)* E+ Jp, (2.1242) 
d£--joy* H. (224b) 


For insulating materials usually we > ø is valid. We may consider the losses in an 
insulator via complex permittivity e. 


(2.125) 


If the losses in a dielectric material are due to ohmic conduction, ø will be indepen- 
dent from w, and e" will be proportional to 1/w. If the losses have other origins (c. 
polarization losses in a dielectric material), €" is not proportional to 1/w. Sometimes 
the magnitude lel and phase ô of the complex permittivity are also specified: 


le? = e'(1- j tan ô+). (2.126) 
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‘Table 2.4: Complex Permittivity of Some Materials at 25°C 
Frequency — fIHz 
Material 10? 10* 10° 10° 10° 
Teflon E 21 21 21 21 20 
1410-3 710+ 41075 — 3107 — 810-4 
Polysterine — ei 2.56 2.56 2.56 2.56 2.54 
€/ 1310* 13105 18105 3107 1110? 
Quartz e 378 378 378 378 3.78 


4^ 3210231079 7510% 410 — 4107 


‘The phase 5, is called the dielectric loss angle, and tan à, is the dielectric loss factor: For 
small losses we obtain |e] = c’ and tan ôe = Ôe. Magnetic losses may be described by a 
complex permeability u, 


uz! - ju" = ule = pr j tan ôm) (2.127) 


The phase ô is the magnetic loss angle, and tan ôm the magnetic loss factor. 
‘The relative permittivity is the ratio of the permittivity to the free-space dielectric 
constant 


&-d-jel- E. (2.128) 


Ei 


In the same way, the relative permeability jt. is given by 


& 
Ho 


(2429) 


pcu-jus- 


With the complex permittivity ¢ and the complex permeability 4, we obtain from 
(2.1242) and (2.124b) bi 


dH=jwexE+J,, (2.130a) 
d£- -jop* H. (2.130b) 


For nonmagnetic materials j = po is valid. A material for which, in the considered 
frequency regime, e' >> e" is valid is called quasi-dielectric, for e' < c" the material is 
called a quasi-conductor. The same material may bea quasi-conductor at low frequencies 
and a quasi-dielectric at higher frequencies. The material cutoff frequency f. between 
these regions is given by 


(2.131) 
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In Table 2.3, €}, a and f, are given for some materials. For metals, f, is far beyond the 
optical frequency region. Table 2.4 specifies e! and e" for some important dielectric 
materials in dependence from the frequency. 


2.13 CURVILINEAR COORDINATES 


It is one principal advantage of vector calculus and exterior calculus that the equations 
defining and describing the properties may be formulated without reference to a specific 
coordinate system. Depending on the problem, the choice of a specific coordinate 
system may simplify the solution to the problem considerably. A detailed treatment of 
curvilinear coordinates is given in Appendix A.4. 

We introduce an orthogonal curvilinear coordinate system 


u 


u(x, yz), v(x yz). w=w(x%y,z). (2.132) 


The coordinate curves are obtained by setting two of the three coordinates u, v and 
w constant. Coordinate surfaces are defined by setting one of the three coordinates 
constant. In an orthogonal coordinate system at any point (except singular points) of 
the space, the three coordinate curves are orthogonal. The same holds for the three 
coordinate surfaces going through any point. The differentials dx, dy, dz and the 
differentials du, dv, dw are related by 


(2.133a) 


(2433b) 


(2133c) 


The rules for transformation of the Cartesian basis two-forms dx ^ dy, dy dz, dza dx 
and the Cartesian basis three-form dx ^ dy^ dz follow directly from the above equations 
by applying the rules of the exterior product and are given explicitly in (A.97) and 
(A.98). Using the metric coefficients g?, g3, and g? defined in (A.104), unit one-forms 
(A109) 

s-gdu 5-gdv 5-gdw (2434) 


are introduced. The integral of s; = gı du along any path with v and w constant yields 
the length of the path. 
In a circular cylindric coordinate system defined by (A.143), the unit differential forms 
(A.146) are 
s=dr, s=rdġ, s-dz. (2.135) 
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n m AA, 


m 0) 


Figure 2.26: The normal boundary conditions. 


In a spherical coordinate system defined by (A-160), the unit differential forms (A.163) 
are 
si=dr, s-rdó, s-rsinüdó. Q136) 


For the curvilinear unit differential forms the Hodge operator as defined in (2.30) is 


*f-2fsS^s ^5; 
+ (Aus + AyS2 + Aw $3) = AuS ^ S3 + AyS3 A Sı + ÀAu SI^, 


2.137, 
+ (Aus A 53 + AyS3 A Si + AwSt A $2) = Aust + Avo Aw S 5 eun 


*(fs^g^s)-f. 


2.14 BOUNDARY CONDITIONS 


Usually we consider electromagnetic structures assembled from various materials with 
different material properties. At a boundary surface between two materials the material 
parameters undergo a discontinuous change. At the boundary surfaces the field quanti- 
ties have to fulfill boundary conditions. If the materials are homogeneous, we can try to 
find solutions of Maxwell’s equations in the following way: We seek the solutions in each 
subdomain and fit these solutions along the boundaries. In the following we show that 
at boundary surfaces the tangential components of the field intensities and the normal 
components of the flux densities and the current density fulfill boundary conditions. 
Figure 2.26 shows a section of the boundary surface between spatial regions 1 and 2. 
We now consider an area element AA, of this boundary surface. We introduce a local 
orthonormal right-handed curvilinear coordinate system u, v, n with the coordinates u 
and v tangential to the boundary surface and the coordinate » normal to the boundary 
surface. In this coordinate system the magnetic flux density differential form is given 
by 

B= Busa n n+ Byn A S + By ^s. (2.138) 
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We construct a small volume AV that is formed as a small circular cylinder like a pillbox. 
‘The bottom surface of the cylinder is located in region 1, whereas the top surface of the 
cylinder is located in region 2. The pillbox encloses a volume AV. We now apply the 
magnetic flux continuity law (2.57c) to the cylinder volume AV. In the limit process 
AV — 0, the side surface of the pillbox will go to zero by a higher order than the bottom 
and top surface and may be neglected. We therefore obtain 


$n B- Ue (B® - p) = Ji (BP - BM) a 5s - o. (2439) 


BC) and BÓ? are the magnetic flux density differential forms in region 1 and region 2, 
respectively. The above condition is fulfilled if and only if 


ne (BO - B9) =0. (2.140) 


"This is the boundary condition for the magnetic flux density. 
Let us now compute the surface integral of the electric flux density over the boundary 
of the pillbox. Performing the same limiting process as above, we obtain 


Byori?) f (08-9) ann x 


We introduce a surface charge density pa (dimension As/m?). This means that the 
infinitely thin boundary surface contains a finite charge, We can describe the surface 
charge density by the surface charge differential form 


Qa =PaSiASe- (2.142) 
The surface charge density is related to the volume charge density via 
Q=8(n) nr Qa, (2.143) 


where n is the coordinate normal to the area and ó() is the Dirac delta distribution 
defined by 


(2.144) 


f 8(x) de = 


x 


1 for x e [xy xj] 
0 forxé [x22] ° 


Let A be an area on the boundary surface and V be a volume supported by A and 
exhibiting an extension normal to the surface from n = -}An to n = «An. In this case 


[,e- f, o« (2.145) 
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Figure 2.27: (a) Charge form Q, and (b) surface charge form Q4: 


is valid. Figure 2.27(a) shows the geometric picture of a charge form Q and Fig- 
ure 2.27(b) depicts the corresponding surface charge form Q4. Inserting this in Gauss’ 


law (2.574) yields 
$y D- f. Qu (2.146) 


J (0 - 09) ^no f, panim. (2147) 


This yields the boundary condition for the electric flux density, 


and 


n^ (D? -D9)znaQ,. (2.148) 


Equations (2.140) and (2.148) are called the normal boundary conditions, since they 
give information about the normal components of the flux densities B and D. 

Figure 2.28(a) shows the electric flux through the boundary for a homogeneous 
electric field normal to the boundaries and no surface charge in the boundary. The 
permittivity ez in region 2 is assumed to be twice the permittivity e of region 1. The 
cross-section of the flux tubes remains unchanged when the flux tubes are crossing the 
boundary surface. For the same flux densities in both regions we obtain in region 1 
twice the electric field intensity as in region 2. Therefore the potential planes in region 
1 have twice the density as in region 2, see Figure 2.28(b). 

We now investigate the tangential boundary conditions. Figure 2.29 shows a normal 
cut through the boundary surface. In our local coordinate system the magnetic field 
differential form 1 is given by 


H= Hus + Hy + Hn. (2.149) 
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(a) D (b) 
m d 


Í se t 


1 | | Ts boundary 
surface | 


c, =2¢, 


region 2 


Figure 2.28: The normal boundary conditions: (a) electric flux density, and (b) clectric field. 


‘The rectangular area element AA; has the side lengths d and 1, where the longer side I 
is parallel to u. One of these longer sides is totally embedded in region 1, and the other 
one in region 2. Computing the circulation integral of the magnetic field intensity over 
the contour AA», we obtain for d > 0 


3 Dyo 
fan” J (m em). (2150) 


HC) and H() are the magnetic field intensities in regions 1 and 2 respectively. Let 
us also assume a current flowing on the infinitely thin boundary layer. The current 
density exhibits only components tangential to the boundary layer. The current density 
differential form J therefore is given by 


J-Ls^n*lhn^s. (2.151) 


If the current is concentrated in the boundary layer the dependence in the normal 
direction n is given by the delta distribution 3(1) and we obtain 


4 =—Jau(usv)d(n)na sa * Jay(u, v)ó(n)n^ s. (2152) 
We introduce the surface current density 
Talus v) = aus v)s - Tau( us v)52 + (2.153) 
‘The surface current density form Ja and the current density form J are related via 


J (uv, n) = 9(n)n^ Ja(u v). (2454) 
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Figure 2.29: The tangential boundary conditions. 


The surface current density form Ja describes a finite current flowing in an infinitely 
thin surface. Figure 2.30 shows the geometric representation of the current density 
and the surface current density. The surface current density form J4 is a one-form. 
However, unlike one-forms discussed up to now, the direction of integration is not the 
same as the direction of the field but is orthogonal to the corresponding field direction. 
We call such a one-form a twisted one-form. As a symbol for a twisted form we introduce 
a line with an arrow indicating the direction of integration with thin lines to the side of 
the arrow indicating the direction of the surface flux flow, as depicted in Figure 2.30(b). 

To transform an ordinary one-form into a twisted one-form and vice versa, we 
introduce the twist operator by 


1n U =+ (nau). (2.155) 


The index n of the twist operator 1, denotes the axis of rotation. If u, v are the coor- 
dinates tangential to the surface and n is the coordinate normal to the surface, the 
application of the twist operator L» to a one-form tangential to the surface rotates the 
one-form around n by 90° in the positive direction, 


1, (Uusi + Uys2) = -Uvsi + Uus» (2.156a) 
dn (Uys, - UyS2) = Uusi + Us. (2.156b) 


Ifa current is flowing tangential to a surface, given by n = const., and if the current is 
flowing within a small interval (7m, n2), as depicted in Figure 2.30(a), we can approxi- 
mate the current distribution by a surface current distribution shown in Figure 2.30(b). 
‘The surface current twisted one-form J, is obtained by integrating the current density 
two-form over the normal coordinate n from m to n2. To integrate a differential form 
over a single coordinate we first bring the corresponding coordinate differential to the 
left. This follows from the circumstance that the integration is the inverse operation to 
the exterior derivative, and the exterior derivation attaches a coordinate differential to 
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Figure 2.30: (a) Current form J, and (b) surface current form Ja. 


the left of a differential form, 
m 
Iluv) = [7 nsn). (2157) 
Inserting (2.150) and (2.154) in Amperes law (2.57a) gives 
f, H= f (HO xm =f, fa (2.158) 
OAs at ar 
This yields the boundary condition for the magnetic field, 
na(H® - HM) 2 n^ Ja. (2459) 
Ja is the sum of the impressed surface current density and the surface current den- 
sity induced by the field. A field-induced surface current density only may occur if 
we assume infinite conductivity of the medium or a finite surface impedance of the 
boundary surface. [n case the media in both subspaces exhibit finite conductivity and 
if no surface current density is impressed, we obtain. 
na(H®-H®) =0 for Ja=0. (2.160) 
For an electric surface polarization Mea in the boundary surface related to Ja via 


ð 
Ja = gg Mea (2.161) 


we obtain from (2.159) the tangential boundary condition for the magnetic field intensity 


na(H® - 34090) = n^ Mes: (2.162) 
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Figure 2.31: The tangential boundary conditions: (a) electric field, and (b) electric flux density. 


In the same way we obtain the tangential boundary condition for the electric field 
intensity: 


na(E® = 6) = -nA Ž Ma (2.163) 


In this equation Ma is the magnetic surface polarization in the boundary surface. If 
there is no magnetic surface polarization in the boundary surface, we obtain 


na(E@ - £9) =0. (2.164) 


In Figure 2.31 we consider an electric field parallel to the boundary for no magnetic 
surface polarization in the boundary. The electric potential surfaces are normal to 
the boundary plane and do not change their spacing when crossing the boundary. 
Assuming c; = 2e yields twice the density of flux tubes in region 2 as in region 1. 

For a field in an arbitrary direction with respect to the boundary, the spacing of 
the potential planes remains unchanged in directions parallel to the boundary surface 
whereas the spacing normal to the boundary surface becomes smaller in the region with 
the lower permittivity (see Figure 2.32(a)), indicating that the tangential component of 
the electric field remains unchanged, whereas the normal component of the electric 
field intensity is larger in the region with the lower permittivity. Figure 2.32(b) shows 
the change in tilt of the flux tubes when crossing the boundary surface. The area of the 
cuts of the flux tubes with surfaces parallel to the boundary remains unchanged. This 
indicates that the flux component normal to the boundary is maintained. The area of 
the cuts of the flux tubes with planes normal to the boundary surface is proportional 
to the permittivity. 
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Figure 2.32: Boundary conditions for field in arbitrary direction: (a) electric field , and (b) electric flux 
density. 


Introducing the contraction A -B of two differential forms A and B defined by 


si 35) = 8j, (2.165a) 
Aa(BaC)=(A3B) AC + (-1)88B 4 (A C) (2.165b) 


we can bring the boundary conditions in an explicit form with respect to the sources 
impressed in the boundaries. The symbol .; is named "angle" and the contraction is 
also called the angle product. The angle product was introduced by Burke [7]. We use 
the modified form given by Warnick [16]. It may be shown easily that the following 
relations hold 


Q4- na(n^Qa), (2.1662) 

Ja -2na(n^Ja), (2166b) 
Mea 7 na(n^ Me), (2166c) 
Maya 2 na(n^ Mma) (2.166d) 


The normal boundary conditions (2.140) and (2.148) now can be written as 


na [na (B? - 89)] =0, (21673) 
na [n^ (D? -D®)] = Q4, (2.167b) 
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and the tangential boundary conditions (2.159), (2.162), and (2.163) are 


na[na(H®-H)] = 74, (2.168a) 
na [n^ (H® -H®)]= 2 Mens (2.168b) 
na [nn (E -£09)] =-3 Mma: (2.168c) 


In the above notation we have brought tangential and normal boundary conditions to a 
unified form. We note that the expression n- (n ^ U) filters the tangential component 
of if is a one-form, and same operation filters the normal component of U if U is 
a two-form. We obtain the tangential component £; of the one-form £ and the normal 
component D, of the two-form D by 


£ 2 na (nA£) =n [n^ (Eusi + Eys: + E,n)] = Eusi Ej, (2.1692) 
Dy =na(NAD) =n [na Dus ^ n* Dyna si + Dos ^s] 
= Dns ^s. (2.169b) 


With (2.169b) the normal boundary conditions (2.167a) and (2.167b) are 


BE) - Bl =0, (2.1702) 
DP -p?-9,, (270b) 


and with (2.1692) the tangential boundary conditions (2.159), (2.162), and (2.163) are 


«D La = In, (2.1712) 
ui Lo = i Ma (2.171b) 
6 - -2 Mma: emo 


For complex phasors the normal boundary conditions corresponding to (2.167a) and 
(2.167b) are 


na [^^ (6? -B)] =0, (2.1722) 
na IL (n9 - P -9, (2.172b) 


‘The tangential boundary conditions corresponding to (2.1682), (2.168), and (2.168c) 
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are 


na [o^ (a9 -:9)] = 7, (211732) 
na [n^ (HP -209)] jo Maa, Q.730) 
na [na (E? -£9)] - jo, (21730) 


Introducing the normal components B, and D, of the flux densities via (2.169b) and 
the tangential components H, and £, of the field intensities via (2.169a) yields for the 
normal boundary conditions 


BO - gO -o, (2.174a) 
DO-DO=9, (2.1746) 
and for the tangential boundary conditions 
HP -UP =I, (2.175) 
HO -HP -jo M, (2.1756) 
£0 -EP - jo Mma: (2175c) 


2.15 PROBLEMS 


Let f(x) = x" and U = df. Compute the integral fy 4 ^ +U. The region of 
integration V is specified by the cube x, y, z € (0,1). 
Consider the integral $oU, where the path of integration C is a circle in the 
plane z = 0 with radius R. 
a) Sketch the equipotential planes of 14 and compute the integral for 
u- Fly - xdy). 
b) Sketch the equipotential planes of 4 and compute the integral for 
u- gpd + ydy). 
. Compute the integral 


x 


w 


aydx - bxdy + czdz) . 


1 
rr 


where a and b are constant parameters. The path of integration C is a helix of 
radius po and pitch ho with the parametric representation given by 


x = ro cos2nu y 7 rosin 2n z=ho. 


EI 


E 


. Let f(x, y.z) = (x? + y? +27) 
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Perform the integration over the interval u € [0,10]. Hint: Apply the method of 
pullback discussed in Section A.4.5. 

2, Compute df and » df. Integrate x df over 
the surface of a sphere with center in the coordinate origin and radius R. Hint: 
Use spherical coordinates. 


. Two one-forms U and Y are given by 


U - U, (y) dx + U,(x)dy, V= V.(x) dz V, (z) dx. 


Compute d(U ^ V), d(U ^ (*V)), and d((*4) ^V). 


. A plane triangular surface is defined by x + y + z = 1m, x, y, z 2 0. Compute 


the total current flowing through this surface for the current density with the 
components Jy = Jy = J; = làm 7. 
A semi-sphere is defined by x? + y? + z? = 1m?, z 2 0. Sketch the current flux 
tubes and compute the total current flowing through this surface 

a) for the current density given by J = 1Am™ dx ^ dy, 

b) for the current density given by J =1Am™ sin&d8 ^ dé. 
Give the components of the current density vector in both cases. 


. In conventional vector notation Maxwell’s equations in integral form (2.57a) to 


(2.574) are written as 


f, ise S f D-a f JaA, 

oo 
B-dA=0, 

av 


f,D-da= f pav 


Use the relations (A.31) to (A.34) to show the equivalence of these notations. 
In conventional vector notation Maxwell equations in local form (2.114a) to 
(2.114d) are written as 
9D 
uH -—4J, tE--— 
roi a tt ro 
divB - 0, divD =p. 


Use the relations (A.31) to (A.34) and Table A.1 to show the equivalence of these 
notations. 


. In conventional vector notation the normal boundary conditions for the electric 


displacement are given by (D; — D,) - = pa, where n is a unit vector normal 
to the boundary surface. Derive these equations from (2.148). 
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IL In conventional vector notation the tangential boundary conditions for the 
magnetic field are ( H, — H,) «T; = JA» T2, where T is any unit vector tangential 
to the boundary surface. Derive these equations from (2.159) 

12. Consider the following electric fields in free-space for k = w/€ofio: 


E(x, t) = Eo cos(wt - kz) dx, 


E(x,t)= Zh cos(wt — kz) (dx + dy), 


E(x, t) = Eo cos(wt — kz) dz, 


E(x,t) = Eo cos(wr- 4e) ae, 


E(x,t)= bus (^ - 4e- ») (dy + dz), 


ao LEG - 
£60» foem at Vi DG dz), 


1 


E(x, t)= 35 


cost - Sten) (es + dy+ dz). 


Do these fields satisfy Maxwells equations? If this is the case, compute the 
differential forms of the corresponding magnetic fields. 

13. Consider a large plane surface, defined by z = 0. If we consider the close neigh- 
borhood of this plane we can assume in the following infinite extension in x- 
and y-directions. 

a) Assume an impressed uniform time-varying electric surface polarization 
Meat) = Meas(t) dy. 

i, Compute the magnetic field on both sides of the surface. (Consider 
the symmetry of the problem.) 

ii, Compute the electromagnetic field excited by the electric surface po- 
larization on both sides of the surface. 

b) Assume an impressed uniform time-varying magnetic surface polarization 
Mya(t) = -Mmay(t) dx. 

i, Compute the electric field excited by the electric surface polarization 
on both sides of the surface, 

ii, Compute the electromagnetic field excited by the electric surface po- 
larization on both sides of the surface. 

c) Consider the superposition of impressed uniform time-varying crossed 
electric and magnetic surface polarizations Mea(t) = Meax(t) dy and 
Malt) = -Mmay(t) dx. 

i, Compute the electromagnetic field excited by the crossed electric and 
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magnetic surface polarizations. 

ii. How must the electric and magnetic surface polarizations be chosen 
to excite an electromagnetic wave only in positive or only in negative 
2-direction? 

14. Consider a transverse electromagnetic plane wave propagating in the z-direction. 
The electric field is given by 


£(z, t) = Ex cos(wt - Bz + $x) dx + Ey cos(wt - Bz + by) dy. 


a) Give the expression for the trajectory of the electric vector in the xy-plane 
atz=0. 

b) Determine the polarization for Ey = Ey and 6 = $y and give the expres- 
sion for the trajectory of the electric vector in the xy-plane at z = 0. 

c) Determine the polarization for Ey = E, and both cases 6, = y + 3r and 
give the expression for the trajectory of the electric vector in the x y-plane 
at z=0. 
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Chapter 3 


Potentials and Waves 


3.1 THE ELECTROMAGNETIC POTENTIALS 


Maxwell’s equations (2.114a)-(2.114d) are a system of 12 coupled scalar partial differential 
equations. The introduction of electromagnetic potentials allows a systematic solution 
of the Maxwell's equations [1-4]. We are distinguishing between scalar potentials and 
vector potentials. After solution of the wave equation for a potential, all field quantities 
may be derived from this potential. 

According to (2.114c), the magnetic flux density is free of divergence. Therefore, 
due to Poincaré’ lemma (A.61), B may be represented as the exterior derivative of a 
one-form A, 

B- dA. (3.1) 


‘The corresponding vector field A is called the magnetic vector potential and A is called 
the magnetic vector potential form. Any two-form B with a vanishing exterior derivative 
can be expressed as the exterior derivative of a one-form. Such a two-form describes a 
so-called solenoidal field. Such a field has neither source nor sink of flux. The flux tubes 
of a solenoidal field are continuous, neither originating nor ending anywhere. The flux 
tubes of B entering any closed surface must also leave it. Inserting (3.1) into the second 
Maxwells equation (2.114b) yields 


a(e+24)=0. (3.2) 


Since the exterior derivative of the one-form inside the brackets vanishes, we may 
express this one-form due to Poincarés lemma (A.61) as the exterior derivative of the 
scalar potential ® and obtain 


ð 
=-do- 7A (3.3) 


6l 
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‘The negative sign of © has been chosen due to the physical convention in definition of 
potentials. Whereas in electrostatics the electric field may be computed from a scalar 
potential Ob in the case of rapidly varying electromagnetic fields, we also need the vector 
potential A. 

A field that may be expressed as the exterior derivative of a scalar potential only, for 
example, 


£--do 4) 
is called an irrotational field. From Poincaré’ lemma (A.61) and Stokes theorem (A.90) 
we obtain 
$ £=- f ado - o. (35) 
e ^ 


The circulation of an irrotational field £ around any closed path A is identically zero. 
This implies that the line integral of an irrotational field £ is independent from the 
chosen path. Therefore an irrotational field is also called a conservative field. A vector 
field may be either irrotational or solenoidal or neither irrotational nor solenoidal. 

The two potentials A and © are not defined in an unambiguous way. Due to Poincarés 
Jemma, adding the exterior derivative of a zero-form ¥ to the vector potential A does 
not influence the magnetic induction B. The electric field E also remains unchanged, if 
A and © together are transformed in the following way: 


Ay=A+ dY, (3.62) 
ov 
$i-0- m. (3.6b) 


This transformation is called a gauge transformation. The one-form A may be defined 
in an unambiguous way, if we are prescribing its exterior derivative. 

Inserting (3.1) and (3.3) in consideration of (2.32a), (2.32b), and (2.62) into the first 
Maxwell’s equation (2.114a), we obtain 


a a ao 
nda dA neds At wos At ud(e? +00) “uh. 67 
Inserting (3.3) and (2.32a) into (2.1144) yields 
ð 1 
d *d*—. =Q. ke 
xd»d®++d à $ 9 (3.8) 


Since we may choose the exterior derivative of x A arbitrarily, we can make use of this 
option in order to decouple the differential equations for A and b. We impose the 
so-called Lorenz condition first formulated by L. Lorenz [5,6], 


+dsAsu(c2o+00)=0. 33) 
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All potentials satisfying the Lorenz condition are said to be in the Lorenz gauge. In this 
way, we obtain from (3.7) and (3.8) the equations 


(dx de-xdxd)A- m Z A- Kos, 2 Achil. (3.10a) 


* d+ do- ict S 6 n 20«-l.Q. (310b) 


ot? at 


We define the covariant derivative, expressed by the operator d, via 
aU = (21)8* a a.u. (311) 
Using the covariant derivative we introduce the Laplace operator A defined by 
^-dd« dd (3.12) 
Applying the Laplace operator to a zero-form ® and a one-form A, respectively, yields 
A@=dx do, (3.13) 
AA - (d« d«-»d« d) A. (3.14) 


With the Laplace operator A we can write (3.102) and (3.10b) in the form 


AA- je. ane Hos, oA sc nd. (315a) 


p 


Ru E ctun (315b) 


ot? at 
"Ihe field intensities E and H derived from A and © satisfy the four Maxwell’s equations 
(2.114)- (2.114d). Equations (3.15a) and (3.15) are called wave equations, since their 
solutions describe propagating waves. Equation (3.15a) is a one-form wave equation or 
vector wave equation, whereas (3.15b) is a scalar wave equation. 

Hertz has shown that it is possible to derive both potentials A(x, t) and (x, t) 
from one vector, the so-called electric Hertz vector YI. (x, t) [7,8]. We introduce the 
electric Hertz differential form 


Tl, = Wey dx + Io, dy + Mez dz. (3.16) 


‘The Lorenz condition (3.9) is fulfilled, if A and ® are derived from the electric Hertz 
differential form /7, via 


Asu? Te + uo Me, (3.17a) 
o --dIL. (317b) 
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Inserting (3.17a) into (3.15a), we obtain 
a 2 a 
(eo) ones Te - wos. M1.) =-4*Io- (3.18) 


For Jo = 0 (i.e., without impressed current sources) we obtain the homogeneous wave 
equation 


2 a 
ATI, - ues Me- Hos, Me = 0. (3.19) 


The field intensity differential forms E and H follow from (2.32b), (3.1), (3.3), (3.17a), 
and (3.17b), 


x a a 
E= dale - ues e- un Mes (3.203) 
a 
H= a(es. n+ en). (3.206) 
Subtracting from (3.20a) the wave equation (3.19), we obtain 
£z--ddl for Jo=0. (3.21) 
Let us now consider the lossless case with impressed current sources. In this case 
it is advantageous to use the impressed electric polarization Meo(x, t) instead of the 
impressed current density Jo(x, £). The corresponding differential form is 
Meo = Mex dy ^ dz Mey dz ^ dx + Me; dx ^ dy. (3.22) 


‘The impressed electric polarization form Mo is related to an impressed electric current 


Jo via 


9 
LM J- 3.23 
3 Meo 7 o (3:23) 
In this way it follows from (3.18) 
ə A 3 
us = peel; | e eS Ma =0. i 
3 (an. Hess .) DMe foco (3.24) 
By integration over f we obtain 
2 1 
Ae- uel ---* Meo fora c0. (3.25) 
ar € 
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Since the source of the Hertz vector field is an impressed electric polarization, the Hertz 
vector also is called the electric polarization potential. From the solution of (3.25) we 
obtain £ and H via (3.20a) and (3.20b). From (3.20a) and (3.25) we obtain 


(3.26) 


In the general case Jo + 0 and o + 0, we will obtain an equation containing time 
derivatives up to third order. This difficulty can be avoided by using the frequency 
domain representation treated in the next section. 


3.2 THE HELMHOLTZ EQUATION 


For time-harmonic fields we can replace the operator 0/dt by multiplication with 
the factor j w. This transforms the wave equation into the Helmholtz equation. Using 
Maxwell's equations in phasor representation as introduced in Section 2.12 allows us to 
consider complex frequency-dependent permittivity and permeability. From (2.130) 
and (2.130b) we obtain 


dH =jw (e£ + Ma), (3.27a) 
d£ =-jou+H, (3.27b) 


where M. is the impressed electric polarization phasor. Also assuming a complex 
permeability in order to consider the magnetic losses according to (3.18) and (3.23) 
after transforming into the frequency domain and using (2.128) and generalizing for 
complex permittivity, we obtain 


AF, + wpe N, = — (3.28) 


where [T, is the electric Hertz differential form phasor. This type of equation that we 
have obtained from the wave equation via 0/dt + jw is called Helmholtz equation. In a 
similar way to (3.20a), (3.20b), and (3.26), we obtain the complex electric and magnetic 
field forms £ and H. 


x M, (3.292) 


£ 
3L- joe dn, . (3.29) 
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If the electromagnetic field is generated by an impressed magnetic polarization M „o 
we obtain — instead of (3.27a), (3.27b) - the equations 


were, (3.30a) 
(3.30b) 


There exists a duality relationship [9,10] between (3.27a) and (3.27b) on one hand, and 
(3.302) and (3.30b) on the other hand. We may transform one pair of equations into a 
dual one by performing the substitution 


(331a) 
(31b) 


Mor = Zr Meor: (3.310) 


The field quantities of the pair of (3.272), (3.28) are marked by the index 1, whereas the 
index 2 is assigned to field quantities of the pair of (3.302), (3.30b). The wave impedance 


Zp is given by 
za vt ; (3.32) 


We can make use of the duality principle to derive from one set of field solutions 
a dual set of field solutions with interchanged E and H. We also may introduce a 
vector potential dual to the Hertz vector. This vector potential is generated by an 
impressed magnetic polarization. We call this vector potential the magnetic Hertz vector 
or magnetic polarization potential. This dual magnetic Hertz vector II, is related to 
the electric Hertz vector II, by 


1 
7-1. .33 
z (3.33) 


"The corresponding differential forms are related via 


1 


zs (3.34) 


From (3.28) and (3.31a) - (3.31), we obtain the inhomogeneous Helmholtz equation 
for the magnetic Hertz form [1,: 


ATL, + o° He Hy, =- (3.35) 
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After inserting (3.31a)- (3.32) and (3.34) into (3.29a) and (3.29b), we obtain 
£z -juu* dn, (3.362) 


H= dà II, + ope I, - - dd Pl, -E Mpo- (3.36b) 
E E 


For the source-free region with M,, = 0 and M,, = 0 the homogeneous Helmholtz 
equation (3.28) for the Hertz form /7 = /7,, D, is given by 


A[T* u^ ue T- 0. (3.37) 


Using (3.12) and (3.14) yields 


(dd + dd) 11+ o" pe M= (d+ d« - « d» d) M+ w^ ue 1- 0. (3.38) 


3.3 TimE-HARMONIC PLANE WAVES 


Plane waves are the simplest wave solutions of Maxwell's equations. However their 
properties are significant for understanding even complex wave phenomena since 
electromagnetic waves of general structure may be constructed by superposition of 
plane waves. Consider a time-harmonic plane wave in a source-free unbounded homo- 
geneous isotropic medium. 
In Cartesian coordinates the Laplace operator for one-forms is given by 
ro on omn 


a — 3.39 
RE TET Gan 


where [ stands for I1, or F. The Helmholtz equation can be put into the form 


on on ËA 
ae Bet on Cien. (3.40) 


‘The complete solution of this equation is given by 


) = (I, dx + I, dy + Io; dz) e9* (3.41) 
with 
k-k=k? =K} +k? +k? = wpe. (3.42) 


The complete solution (3.41) of the Helmholtz equation is represented by plane waves. 
The wave vector k = [kx, ky, k;]" with dimension mr! is complex for complex ¢ and 
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complex p. In a lossy medium a complex wave vector k describes an attenuated plane 
wave. The real time-dependent Hertz form is given by 


Mx, t)=R{ M(x) ej"). (3.43) 


[Em (3.44) 


is called the wave number. The wave vector k is the product of the wave number and the 
unit vector in direction of propagation. Let us now consider a plane wave propagating 
in the z-direction. 


The quantity 


k=kez. (3.45) 


Due to (3.44), the sign of k is not determined. Since, due to (3.41), to each sign of ka 
corresponding solution of the wave equation exists, we may specify 


Rk} >0 (3.46) 
without a loss of generality. According to (3.43) and (3.45) the Hertz form 
n s.t) = m (nf? el ork} (3.47) 


describes a uniform plane wave propagating in the positive z-direction. A uniform 
plane wave is a plane wave that is uniform transverse to the direction of propagation. 
‘The Hertz form 

NO (z,1) sx (nf? eee) (3.48) 


describes a uniform plane wave propagating in the negative z-direction. The imaginary 
parts of € and p are negative for passive media, e” 2 0 and u” > 0. Hence, for a uniform 
plane wave under the condition given by (3.46) it follows that 2(k) < 0. This means 
that the Hertz vector and therefore also the field quantities are decaying exponentially 
in the direction of propagation. Figure 3.1(a) shows the amplitude of the Hertz vector 
of an attenuated wave propagating in positive z-direction, and Figure 3.1(b) shows the 
wave amplitude of the wave propagating in negative z-direction. Instead of the wave 
number k the complex propagation coefficient y is also used. The propagation coefficient 
y is defined by 

y=jk. (3.49) 


The convention 
Oy} >0 (3.50) 


corresponds to the convention specified in (3.46). The real part æ and the imaginary 
part f of the propagation coefficient y are given by 


y= wj (3.51) 
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Figure 3.1: Magnitude of the Hertz vector for an attenuated uniform plane wave in (a) positive, and (b) 
negative z-direction. 


The real part a is called the attenuation coefficient, and the imaginary part £ is called 
the phase coefficient. The dimension of y is m~". The attenuation coefficient a can also 
be specified in decibels (dB) or Nepers. For a wave propagating over a length | we 
obtain 


Attenuation in Nepers: al, (3.52) 
Attenuation in decibels: 20log e"! = 8.69al . (3.53) 


3.3.1 Time-Harmonic Plane Waves in Lossless Medium 


Consider a time-harmonic uniform plane wave in a source-free lossless homogeneous 
isotropic medium. The wave number k is real in this case. We seek plane wave solutions 
with the wave vector k = [ky, ky, k;]" where the components kx, ky, and kz are 
assumed as real, The Helmholtz equation (3.40) becomes 


yn PA nog 
ao tap as Den (354) 


where k, defined in (3.42) 
k-k=k? =k + kh + k = wpe (3.55) 
is real and positive. The electric Hertz form corresponding to (3.41) is 


(x) = Dae (3.56) 
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with the constant one-form 


Bley = ILo, dx + Io, dy + Meg, dz (3.57) 


llo, 


The exterior derivative of the uniform plane wave Hertz form (3.56) is 
III, (x) = -j se ^ se)", (358) 


where the magnitude k of wave vector k is given by (3.44) and sọ is the unit one-form 
in the direction of propagation. With the twist operator introduced in (2.155) we obtain 


+ AIT, (x) = -jk * sk A Log * = -jk Le Dott (3.59) 
. j flo j eo 


This represents the projection of the Hertz form /7,(x) on a plane orthogonal to the 
wave vector k and subsequent rotation around k by 90? in positive direction. From 
(3.292) and (3.29b) we obtain for source-free medium 


dL» joe» dI, = wke x s, ^ Moe )** = wke 14 Age ^, (3.602) 
E=» da dil, = -kè + sk A (> sk A Meo)?" =-K Le (1k Lege **. (3.600) 
‘The magnetic field is normal to the direction of propagation and also normal to the 
direction of the electric Hertz vector. The electric field is normal to the direction of 
propagation as well as to the direction of the magnetic field. Figure 3.2 shows the wave 
vector k and the phase plane that is normal to the wave vector. The electric and magnetic 
field vectors are parallel to the phase plane. 
In explicit notation of the field components the uniform plane wave field is given by 
E= (Kj + Ts, = e Tuo, - ke To] e^ dx 
+ [U + DIL, — kykaIlsoz - Ky Ios] e7** dy 
+ [K + DEL, — eK Io, ~ kek yl oy] e7** dz, (3.612) 
H= we (I ILo, - kaloy) e) dx 
+ we (kapos - kxr) e?** dy 
+ we (K IL, - kIo,) e? * dz (3.61b) 


For a magnetic Hertz form corresponding to (3.41), 
D, (x) = DI, e" (3.62) 


with 


Ayo = Dror dx + IT, dy + Hos dz, (3.63) 
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Figure 3.2: Time-harmonic uniform plane wave. 


we obtain from (3.36a) and (3.36b) for source-free medium 


jeu * dlp = -økta sk ^ [1,96 ** = -wku 14 [Le 7, (3.642) 
He + d« di, =k? «s ^ (+ Sk ^T,)e** =k? te (Le Loe ** (3.640) 


which yields the electromagnetic field 


E= -wy (kmo: 7 kz poy) e 7** dx 
~ wy (Ke nox ~ ke poe) e? dy 
~ Of (kxImoy ~ kyI pox) ** dz, (3.65a) 
H= [05 + Tus, = K IL, = KI, ] e t dx 
+ [G2 DIL, - kykzHmoz ~ kyksILo, ] 6 ** dy 
+ [GE EDT; — kekxImos — Keky may] e * dz. (3.65b) 


From (3.60) and (3.60b) as well as from (3.642) and (3.64b) together with (A.177) and 
(A.178) we obtain 


£--Zpss, ^H =-Zr 1k H, (3.66a) 
Ha Lp asp nE= Ze E (3.66b) 


with the wave impedance Zp given by 


Dim VE A (3.67) 
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The electric field vector, the magnetic field vector and the wave vector form a positive 
oriented orthogonal trihedron. Electric and magnetic fields of the uniform plane 
wave are transverse to the direction of propagation. Such a wave is called a transverse 
electromagnetic wave or TEM wave. 

Consider a TEM wave with k-vector in the xz-plane given by k = [kx, 0, k;]T. Com- 
puting this field from the electric Hertz form we obtain from (3.61a) and (3.61b) 


E= (Klo, - E Lu; ) e dx 
+k Iope?" dy 


+ (KEL 02 ~ keksI eye) e?** dz, (3.68a) 
H=—k,we loy e dx 

+ we (KTLo, ~ kxIeoz) e)** dy 

+ ock, To, e ** dz. (3.68b) 


We can decompose this field into two uncoupled waves, one linearly polarized normal 
to the xz-plane, represented by 


E - EIL ed" dy, (3.693) 
"x 


H, = we ks TLoye7** dz - we k, IL, e dx (3.69b) 


and the other polarized parallel to the xz-plane: 


Ey = (Kileo: keILo,) e?** dz 
+ (EL, — ek ILS) e ** dx, (3.702) 
Hy = ue (k; i - k IL) €7** dy. (3.70b) 


2 0x 


3.3.2 Complex Waves 


Even for lossless media or free-space plane wave solutions of the Helmholtz equation 
with complex propagation vector exist. A wave with a complex propagation vector is 
called a complex wave [11,12]. Let the electric Hertz form of a complex plane wave be 
given by 


BL) = e mo, (3.71) 


"This Hertz form satisfies the homogeneous Helmholtz equation (3.54) for 


(a +)B) (a jf) =-K = -o' ue. (3.72) 
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From this we obtain directly 


pp-a a=k, (3.73a) 

p-a=0. (3.73b) 

Without loss of generality we can assume propagation of the wave in z-direction and 
exponential decay of the wave in positive x-direction. This yields a = (a,0,0)7 and 


B= (0,0, 8)", hence 
B-w=k. (3.74) 


‘We obtain the solution for this case from (3.68a) and (3.68b) by substituting P for kz 
and -ja for ke 
£ - jf (aIo: - j Blog) e 9579 dx 
"m perm dy 
= (eL, ~ jT) e (0772 dz, (3:753) 
= -fwe To, e (01199 dx 
+ wej (alls, — jBILo,) e (0/9 dy 
—jacall oy e (x48) dz, (3.75b) 


The wave propagates in z-direction and exhibits longitudinal electric and magnetic 
field components in the direction of propagation. This solution can be decomposed in 
two independent parts. The first partial solution, given by 


£s IL urna, (3762) 

Hre = - Boc Toy e (9999 dx- jue aT 9, e 07? 92d, (376b) 

is polarized normal to the zx-plane, and exhibits no longitudinal electric field com- 

ponents in direction of propagation. This wave therefore is called a transverse electric 
wave or TE wave. The second partial wave is polarized parallel to the zx-plane: 

Eru = 5B (allor -j Plor) e 071" dx 
~ a (aTI,o, -j BILo) e (9 de, 677a) 
Hayy c joe (aloz - jl eox) 0 dy. (3.776) 


This wave has no longitudinal magnetic field component and therefore is called a 
transverse magnetic wave or TM wave, 
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‘The transverse electric and magnetic field components of the TE and TM waves are 
related by 


k 
Ziya T EE Zi (3.782) 
Zim = E n.n. 78b) 
we Tk 


3.4 TM AND TE FIELDS AND WAVES 

Consider an electromagnetic field for which the z-component of the magnetic field 
vanishes (i.e, H; = 0). Such a field is called a transverse magnetic or M field with 
respect to the z-axis. From (2.123c) it follows 


dB-ud« H=0. (3.79) 


From this we obtain 


(3.80) 


and 


373) He (3.81) 


‘This is the condition that the system of differential equations 
M y. 
oy ^^ 


af 
$5 (3.82) 


can be integrated. Due to (3.81) a function f(x) must exist, from which H, and H, 
can be derived using (3.82). Making the ansatz 


I)a 


jwe 


D(x) = (3.83) 


for the Hertz form due to (3.29b) the condition (3.81) is fulfilled. In general in the 
source-free region an electromagnetic field with H; = 0 can be described by a Hertz 
vector containing only a z-component Ie as 


TI (x) = T, (x) dz. (3.84) 
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‘The electric and magnetic fields are computed using (3.29a) and (3.29b). For source-free 
regions with Mo = 0 we obtain 


H=jwerdf,, (3.85) 
£--ddlI, - « d« dII,. (3.86) 
Decomposing the electric field £ into a transverse part £, and a longitudinal part £;, 
E=E, +E, (3.87) 
we obtain 
am, an 
=j = dy -=t dy), E 
^ ie( » dx - ue >) (3.882) 
FIL, TL. 
3r dt CES dy, (3.88b) 
PN, II, 
- (2H 2 1L.) 4. T 
& ( FEET ) (3.88c) 


A wave for which the magnetic field in direction of propagation vanishes is called a 
transverse magnetic wave or TM wave. Using (3.84) we can derive a TM wave propagating 
in z-direction from 

A, (x) = IL, (% y)e?* dz (3.89) 
with the complex propagation coefficient y = a + j£. Inserting this into the Helmholtz 
equation (3.37) and using (3.39) yields 


Por FIL 
Sere t ge tho) Hes = 9 (3.90) 


where ymo, the propagation coefficient of the TEM wave in the homogeneous isotropic 
medium with material parameters €, 4, is defined via 


Yu =- pe. (3.91) 


Inserting (3.89) into (3.88a) to (3.88c) yields the field of the TM wave 


(3.92a) 
(3.92b) 


(3.92c) 
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with the wave impedance Zr; of the TM wave, given by 


Neo. ER, (3.93) 
Jwg y 
where Zp is the wave impedance of the rem wave in the homogeneous isotropic medium 


with material parameters e, u. The wave impedance of the TM wave relates the transverse 
electric and magnetic fields. From (3.92a) to (3.92b), (A.177), and (A.178) we obtain 


E= -Z * dz AH m -Zr de HG (3.942) 
aA eden = Zyl by (3.94b) 


An electromagnetic field for which E; = 0 is valid is called a transverse electric or TE field 
with respect to z-direction. The electromagnetic field in a source-free region, fulfilling 
the condition E, = 0, may be derived from a magnetic Hertz vector that exhibits only a 
z-component II,,;, 

I1, (x) = Lyn (x) dz. (3.95) 
The electric and magnetic fields are computed using (3.362) and (3.36b). In source-free 
regions with M, = 0 this yields 


Mino = 


-joy * dI, , (3.96a) 


H=-dd/l,,. (3.96b) 


We separate the magnetic field H into a transverse part H, and a longitudinal part H;, 


2-8, +H (3.97) 
and obtain 
MBNMCNCNEC NS, 
És ie we) gy Dna) yy) (3.98a) 
PO nz 9T, 
Be uar Ut aaz D (8:780) 
SUL, UL, 
1--( xi E Je- (3.98c) 


A wave for which the electric field in direction of propagation vanishes is called a 
transverse electric wave or TE wave. As in (3.89) we assume for a TE wave propagating 
in z-direction 

Fy (x) = poe. 90% dz. (3.99) 
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From the Helmholtz equation (3.37) and (3.39) we obtain 


Ploos SIL. 
3e "oap OM YD Tas = 9» 3.100) 


where ymo again is given by (3.91). From (3.98a) to (3.98c) and (3.99) we obtain the 
field of the TM wave 


p rl, 
£--j 0r y. mr dy er? 3.101 
£ ie( o 5 2 (51013) 
a 
H = apt (Fee ars nta en, (3.101) 
Ss | asy cy. 
&--( ad t jeder (3101c) 


with the wave impedance Z;, of the Te wave, given by 


Lip (3.102) 
Ymo 


‘The wave impedance Zy relates the transverse electric and magnetic fields of the TE 
wave. From (3.101a) to (3.101c), (A.177), and (A.178) we obtain 


Zag * dz A He = -Zr Le Hy (3.103a) 
Zisdz^£-Zili £. (3.103b) 


H, 


3.5 REFLECTION AND TRANSMISSION OF PLANE 
WAVES 


Consider a time-harmonic TEM wave incident on a plane boundary surface as depicted 
in Figure 3.3. The boundary surface is defined by z = 0. Region 1 above the boundary 
surface is filled with medium 1 and region 2, below the boundary surface, is filled with 
medium 2. Both media are assumed to be lossless, homogeneous, and isotropic and 
characterized by the real material parameters c, 4 and ez, ji. The direction of the 
incident wave is given by the wave vector k;. The angle of incidence is ;, this is the 
angle enclosed by the direction of incidence and the normal to the boundary plane. 
The plane of incidence is defined by the direction of incidence and the normal to the 
boundary plane. The incident wave causes a reflected wave in region 1 and a transmitted 
wave in region 2. Electric and magnetic fields of incident, reflected, and transmitted 
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Incident wave 


<i Reflected wave 
cS 


9r 


Region 1 


x 
‘Transmitted wave 


Figure 3.3: TEM wave incident on a plane surface. 
waves are represented by the differential forms £j, Hi, £j, Hr, £j, and H,. The field in 
region 1 is a superposition of incident and reflected waves. 


From (2.173a) and (2.173c) we obtain the transverse boundary conditions for the 
electric and magnetic fields: 


n^ (E(x 940) * £0 (2.740) - £0(55,0)) «0, (92043) 
na (MO Gs y 0) +H (x, y, 0) - HOC, y,0)) =0. (3.1045) 

‘The incident, reflected, and transmitted plane waves are described by 
go N [E dx + Ee enhn dy E[De d Eux+ku2) dz, (3.1052) 
EO) = Bei berths) dx + BOD eH (raskes) dy 4 EM eV rettet) dz, (3.1056) 
EO = BOE TGut had dy perito) dy + gren thun dz (3105c) 

and 

HO = HO e urtu dy + Deri huexthie) dy + Hle kartka) dz, (31062) 
H” =H e (krxx-kraz) dx + He [C] dy + HE e) er-u) dz, (3.106b) 


HO = HO eo! Goran dy + Hide turtas) dy Hie ehe? qz, (3106c) 
In region 1 the total field £C), H is given by 


go go +E, (3.1072) 
HO 2 0 +HO (3.107b) 
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and the field in region 2 is the transmitted field, 
gO-gO, YM HO, (3:108) 


‘The wave numbers k; and k, in region 1 and the wave number k; in region 2 are 


T, (3.1094) 
co 
I o rea (3.109b) 
co 
where the refractive index n; and is given by 
Py ees (3.110) 
€oHo 


Figure 3.4 shows the wave vectors of incident, reflected, and transmitted waves and 
the geometrical relationship between the angle of incidence 6; the angle of reflection 
@, and the angle of transmission 8. Drawing in both region 1 the semicircle with 
radius |f;| = |ki| = |k,| and in region 2 the semicircle with radius |Ko| = |k;| we can 
construct the direction of the reflected and transmitted waves by considering that the 
x-components of the wave vectors of incident, reflected, and transmitted waves are the 
same: 


ix = krx = key = ke (3.111) 


‘The x-components of the wave vectors of incident, reflected, and transmitted waves are 
given by 


kis = ki sin 0; krx = kr sin 0, ki = kisin 8, (3.112) 
and the z-components of these wave vectors are 
kiz = ki cos 0; krz = -kr cos 9, ki; = ki cos, . Q3) 
From (3.1092), (3.109b), (3.110), (3.111), and (3.112) we obtain 0, = 0; and Snell’s law 


sin, 


n 


. 3.114) 
sind, m eue 


In the following we write 


9,- 6,76. (3.115) 
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‘Transmitted wave 


Figure 3.4: Reflected and transmitted waves. 


‘The TEM wave impedances for media 1 and 2 Zr; and Zr; are given by 
Za - 616) 
€ 


3.5.1 Reflection and Diffraction of a TE Wave at a Plane Boundary 


We consider a TE plane wave incident on the boundary (i.e, a wave polarized normally 
to the plane of incidence), We assume the xz-plane as the plane of incidence. Incident, 
reflected, and transmitted waves are uniform in y-direction, That means 9/2; = 0 holds 
for all field components. The resulting Te wave exhibits an electric field component in 
y-direction and magnetic field components in x- and z-directions. In region 1 the field 
of the incident wave can be derived from the magnetic Hertz form 


Ty’? = AME krtka) dz Ga) 
With (3.36a) and (3.36b) we obtain 


EÙ = -jwp * dT, = wik AO o Uh dy, (5.1182) 
HO = - ad Np = ki Ae he qx AM eI Uer kun qz, — (3.118) 


For the reflected wave in region 1 we make the ansatz 


D, C = BO eri 0d qz. (31119) 
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This yields 
EO = opr keBO e7 ku?) dy, (3.120a) 
HO = -krki BO eV bbe) qux KBD eH beak) dz, (3.120b) 


With (3.107a) and (3.107b) we obtain the total field in region 1 


EO = aj kel (AO eror. BOI Kuz) dy, (3.121a) 
HY = kekize (ADe tez - BM elke?) dx 
+ kett (A@ed kat 4 p(Dejkur) dz, (3.121b) 


The transmitted wave we obtain from 
I1, = AM e hehe) dz, 6122) 
With (3.36a) and (3.36b) we obtain 
EO = vpk AP ec tke? dy, (3:123) 
HO = ko, AP er Gent) dy Id Ag Het har) dz, (3.123b) 


We express all field quantities by the electric field amplitude E, yo of the incident wave. 
‘The electric field amplitudes of the transmitted and reflected waves are related to the 
electric field amplitude of the incident wave via the reflection coefficient R^ and the 
transmission coefficient coefficient T* introduced via 


Ep = oj ks AO, (3.1242) 
RAY = pO), (3.124b) 
TE, = ouk AO. (3.1240) 


We define the wave impedances Z} and Z} of the TE waves in region 1 and 2 by 


gatti zm. (3.125) 
z i 


‘The wave impedances Z} and Z2 relate the electric and magnetic field components 

parallel to the boundary layer to the incident, reflected, and transmitted waves. Inserting 

(3.109a), (3.109b), and (3.113) into (3.125) yields 
4. Zn 


Zn 
= Zs 
4 cos 6; ?' cos; 


(3126) 
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with the TEM wave impedances for media 1 and 2, Zr, and Zp2, given by (3.116). Inserting 
(3.124a) and (3.125) into (3.121a) and (3.121b) and considering (3.112) and (3.113) yields 
for region 1 


EO = E ee (CIR 4 Rhet) dy, .127a) 


HO = Lg se Ibe (hit igtur) dy 
zi 


tan 8j AN Is $ 
Zz bt Vx (e-3Mu* 4 Rieka?) dz, (3.127b) 


de 


For the transmitted wave in region 2 from (3.123a), (3.123b), (3.124c), and (3.125) and 
considering (3.112) and (3.113) we obtain 


£0 = Ttg, e Geren dy, (3.1282) 


1 , 
HO = TAB ge nne da + =h TiE, 0e ond, (3,128) 
2 1 


Applying the boundary conditions (3.1042) and (3.104b) to the fields (3.1272) to (3.128b) 
and considering (3.1072) and (3.107b) yields the Fresnel formula 


Z-Z 
+= , 3.129: 
ZZ d 
aze 
E 3.129b 
ZZ (x89) 
With (3.126) we can bring these equations in the form. 
Zra cos 6 - Zn cos 0z 
i o SRO s 3.130 
Zp cos, + Zp cos Oy (3.130a) 
225, cos 9; 
ts T LIUM 3.130b) 
Zr; cos, + Zn cos 02 G50) 
For the special case ji = y we obtain with (3.110) 
1160881 - m cost; NN 
n, Cos 6; + nacosó; " 
a 2m cos& (313) 


ni cos 8 + n; cos 03 ` 


The dependence of R^ and T on the angle of incidence 6; is shown in Figure 3.5. Using 
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0 [D 02r 03x Ode 0, 05r 


Figure 3.5: Reflection and transmission coefficient dependence on angle of incidence for n3 = 1.5m. 


Snell's law (3.114) to express 0; by 0, we obtain 


pi = 1180801 Va = nf sin OF 


: (3.132a) 
m C056, + m2 — n? sin 8? 
ful, 2n cosbi ioni 


m 605 8; + y/n- n? sin OF 


The dependence of R* and T* on the angle of incidence 0; is shown in Figure 3.5. 


3.52 Reflection and Diffraction of a TM Wave at a Plane Boundary 


An incident plane wave polarized parallel to the plane of incidence yields, together with 
the reflected wave, a TM Wave. We again assume the xz-plane as the plane of incidence. 
Incident, reflected, and transmitted waves are uniform in y-direction and ð/ðy = 0 
holds for all field components. The resulting tm wave exhibits electric field components 
in x- and z-directions and a magnetic field component in y-direction. In region 1 the 
field of the incident wave can be derived from the electric Hertz form 


1, = gei tku?) dz, (3.133) 
With (3.29a) and (3.29b) we obtain 


HO = jue « dN, = -werk CMe) than dy, (3.134a) 
ck ig CP em (Kartka?) dy 4 KZ CM ei rtk) dz (3.134b) 
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‘The reflected wave in region 1 is obtained from the electric Hertz form 


16) = DD ei (hehe) dz, (3135) 
From this we obtain 
HO = -wek Deci bere?) dy, (31362) 
EP = keki DPE 67k) dy + k p Deci (kaku?) dz, (3.136b) 


In region 1 the total field H°, €" is given by (3.107a) and (3.107b). This yields 


HO = Le ken? (CMe TK + Deiki*) dy, (311372) 
£O = k, kie t (CMe uF —. DM eitez) de 
+ ke (CMe that 4 DO eI ku?) dz (3.137b) 


‘The transmitted wave in region 2 we obtain from 
[1,0 = CMe kesthe®) dz, (3.138) 
With (3.29a) and (3.29b) we obtain 


HO = —wepky CM eI stka?) dy, (3.139a) 
EO = k ky CMe Sethe) dy + K2 CO e) Rent) dz, (3.1396) 


We express all field quantities by the x-component of the electric field Eyo of the 
incident wave. The electric field amplitudes of the reflected and transmitted waves are 
related to the electric field amplitude of the incident wave via the reflection coefficient 
R! transmission coefficient T|, This yields 


Beg = kiku”, G.401) 
Ric =p, (3.140b) 
TE, = kk CO. (3.140c) 


We define the wave impedances Z! and Z] of the TM waves in region Land 2, respectively, 
by 


ae, (341a) 


(3.141b) 
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The wave impedances Z! and Z! relate the electric and magnetic field components 
parallel to the boundary layer of the incident, reflected, and transmitted waves. Inserting 
(3.1093) and (3.113) into (3.141a) and (3.109b) and (3.113) into (3.141b) yields 


Z! = Zn cosó,, (3.1422) 
Z} = Zp) cos; (3.142b) 
with the TEM wave impedances for media 1 and 2 Zp; and Zr given by (3.116). Inserting 


(3.140a) and (3.141a) into (3.137a) and (3.137b) and considering (3.112) and (3.113) yields 
for region 1 


HO = -Ags Kex (ere? 4 Rleitut) dy, (3.143a) 
Z 
EO = E e (erite — pleit?) dx 


+ tan GE, ge) ** (eite? + Rlleikut) dz, (3.143b) 


For the transmitted wave in region 2 from (3.139), (3.139b), (3.140c), and (3.141b) and 
considering (3.112) and (3.113) we obtain 


POM ur Gsxhez) dy, (3.1442) 
2 


EO = TIE, e rt dy + tan 9, TIE, ge! Het?) dz, (3.144b) 


Applying the boundary conditions (3.104a) and (3.104a) to (3.143a), (3.144b) and con- 
sidering (3.1072) and (3.107b), we obtain the Fresnel formula 


gl 
1-2 2 (3.145a) 
zz 
m 
m=- (3.145b) 
Z«z 
With (3.1422) and (3.142) we can bring these equations in the form 
Ze2 cost; - Zn cos 0 
Rls amn, 3.146: 
4720050 + Zn cos. en 
pio 22m cosb» mS 


© ZracosÓ Zr cos," 
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For the special case ji; = z we obtain with (3.110) 


_ m coss — n; cos 
7 "na cos 6, + m,c0502 ' 
4. 2m cos; 

ni cos 0, + m costa ` 


R! (3.147a) 


(3.147b) 


Expressing 8; by 6, by Snell's law (3.114), we obtain 


2 2— sini 
1 ricos 6, ~ m /rd -nising 


Rts -—— (3.148a) 
n1 cos6, + m\/n} - n? sin 6} 


2mm cos 02 


ETT 
13 cos 8, + myn? - n? sin BE 


Figure 3.5 shows the dependence of R! and T! on the angle of incidence 8. For the TM 
wave the reflection coefficient R! becomes zero if the angle of incidence 6, becomes 
the Brewster angle 8. From (3.114) and (3.1472) we obtain 


T! = (3.148b) 


8 = tan? TE, (3.149) 
m 


A TM wave incident under the Brewster angle is completely transmitted into medium 2. 
We obtain 


6i*0,-in for 6= 04. (3.150) 


This means that due to the incident wave the dielectric medium 2 is polarized in the 
direction of the reflected wave. Since no radiation occurs in the direction of polarization, 
no wave is reflected. 


3.5.3 Total Reflection 
Let medium 1 have a higher optical density than medium 2, m > nz. In this case from 
Snell's law (3.114) follows for a wave incident under the critical angle 0. given by 


6, - sin, 3.151) 
" 


that the transmitted wave propagates parallel to the boundary plane. This case is 
illustrated in Figure 3.6. For 0; > 6, the transmitted wave propagates parallel to the 
boundary plane and decays exponentially normal to the boundary plane. 
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Figure 3.6: Total reflection. 


In this case the incident and reflected electric and magnetic fields are still expressed 
by (3.1053), (3.105b), (3.1062) and (3.106b) whereas for the transmitted field (3.105c) 
and (3.106c) are replaced by 


EO 2 Ber (honte dy p BO EOE) dy 4 pDec here dz, (3152) 
HO = He Ober) dy + He Okste) dy 4 (Dec Ohne de, (352b) 


where a; is the attenuation coefficient in z-direction in medium 2. Considering (3.110) 
the homogeneous Helmholtz equation (3.37) is fulfilled for 


Rak nk. (3.153a) 
K-a ank (3.153b) 

with 
kj = w^ uoeo . (3154) 


From this we obtain for 0; > 0, the dependence of the attenuation coefficient a; from 


the angle of incidence. 
Atz = ko n? sin? 0, - n2 (3.155) 


Even in the case of total reflection the field penetrates exponentially decaying with a 
penetration depth a7? into the totally reflecting medium. The attenuation coefficient 
increases with increasing angle of incidence 0. 

Fora TE wave the field in region 1 also is represented by (3.1213) and (3.121b). For the 
field in region 2 we obtain by substituting aj; = j kız in (3.1232) and (3.123b) 


£O = oprkeA De ern dy, (3:156a) 
HO = -jkyan AC e fert dy + AZAD e Ukta?) dz, G156b) 
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Figure 3.7: Dependence of the Goos-Hánchen shift $r and $y on angle of incidence 6i for m = 1.5. 


Expressing all field components by the electric field amplitude Eg of the incident wave 
we obtain again (3.124a) and (3.124c), where the wave impedance in region 1, Z;, is 
given by (3.113) and (3.125) whereas the wave impedance of the evanescent field in 
region 2, Z4, is purely imaginary. The wave impedances are given by 


Zi ep Oh 


=. ; 3.157 
1S Ke” ky cos 8 6:579) 
jou: 

—— 1576) 

koy/n? sin! 0, - ni 

For j4 = 2 the Fresnel formula (3.1292) and (3.129b) are 
pe "cosi tjn sin? B13 cag 
m cos 0, - j /ri sin? 8, — rd 

| De. (3.158) 


m cos 0) -j /ni sin? 8, — ni 


The totally reflected wave penetrates exponentially decaying into the forbidden region 2. 
This is the origin of the Goos-Hanchen shift [4,13]. Due to the imaginary wave impedance 
of medium 2 the reflected wave experiences a phase shift, the so called Goos-Hánchen 
shift. For the totally reflected TE wave the Goos-Hanchen shift is 


[waa GB 
gwar sat Bi ng 


= 2tan” 
bu Tia Cos 0 


(3.159) 
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For a rM wave the field in region 1 also is represented by (3.137a) and (3.137b). For the 
field in region 2 we obtain by substituting ai; for j kız in (3.139a) and (3.139b) 
HO t -werk Qe Orr) dy, (3.1602) 
£O = jk a CO) e Oron dy 4 a CM ec Renten dz, (3.160b) 


Expressing all field components by the electric field amplitude E yg of the incident wave 


we obtain again (3.140a) and (3.140c), where the wave impedance in region 1, Z}, is 
given by (3.113) and (3.141a). The wave impedance of the evanescent field in region 2, 


Z], following from (3.141b) by replacing kız by -j a; is purely imaginary, hence 


jk. wn 
170^ KecosÓ;" 


gf = cite, 0 dum (161b) 


wer kong sin? 0, — n 


For p = fig the Fresnel formula (3.145a) and (3.145b) now become 


ged nicos6; -jmy/n? sin? 0, — ni : (21622) 


cos 8; + j /n] sin? 0, — n 


(3.161a) 


Tle 2nyn; cos 6, ` 
13 cos, + jn; /n? sin! 8; -n3 


In the case of total reflection the reflection coefficient |RI| = 1 and the amplitude of 
the reflected wave has the same amplitude as the incident wave. For the Tm wave the 
Goos-Hanchen shift is given by 


(3.162b) 


Vasa = 1 isis 


-2tan 
9v m cosó, 


Figure 3.7 shows the dependence of the Goos-Hánchen shift ¢,, and $y, on the angle 
of incidence , for n, = 1515. For n = 1.5n» the critical angle is 0, = 41.81". 


3.6 WAVES IN PLANAR LAYERED MEDIA 
A layered medium consists of a number of layers of homogeneous material. In a planar 


layered medium the layers are bounded by parallel planes. Consider a wave incident on 
a layered medium from the left-hand side as shown in Figure 3.8. Due to the reflection 
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Figure 3.8: Multilayer structure. 


and transmission at every boundary surface waves are incident on every boundary 
surface except on the rightmost surface. Therefore in all layers with exception of the 
last one waves propagate in positive as well as in negative z-direction, 


Planar layered media occur in multifarious forms of technological significance. From 
the books referring to this subject we mention [4, 12]. Planar layered media are the 
simplest inhomogeneous media. Planar waves incident on a planar layered medium 
under an angle 0; may be decomposed into a TE wave, polarized normal to the plane 
of incidence and a TM wave polarized parallel to the plane of incidence. 


Consider the mth layer of thickness dm, shown in Figure 3.9. Assuming wave propa- 
gation in positive and negative z-direction, we obtain for TE waves from (3.1272) and 
(3.127b) 


gio = gH (aye Ih dy, (3.164a) 


sin Om G10 epe dz (3.164) 


a(m) _ pem —j hax 
gp) = Pepe tae Tare 


with the amplitudes coefficients V^" (z) and I (z) describing the z-dependence 
of the field: 


CD (2) = Biek 4 pla) okne, (3.165a) 
1 


PONE 
LO @) =a 


[teret — pode Meer) , (3.165b) 
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Figure 3.9: Propagation through one layer. 


‘The wave impedance of the TE wave follows from (3.114) and (3.116) as 


T x 
zum. E ae (3.166) 
cos Om 1- t sin! 6j 


where the index j refers to either to regions 1 or n * 1 or to any layer from 2 to n. This 
allows to relate the impedance ZI? to the angle 6; in any other layer. From (3.113) 
and (3.114) we obtain the z-component of the wave vector 


7 
n 
kmz = km COS Om = ks 1- — sin? 8j (3.167) 


Mn 


The coefficients Y (z) and I(z) may be considered as generalized transverse voltages 
and currents per unit of length. These equations are in analogy to the transmission-line 
equations treated in Sections 74 and 8.3. From these equations we can express the 
transverse field amplitudes at the left surface of the Ith V (0) and (0) as functions of 
the transverse field amplitudes V (dm) and I(d,,) at the right surface of this layer by 


VEO (0) = 9^ (4, ) COS Ketan +jZ CO P (dy) Sinks, — 81682) 


IO(9)- Y dm) sin kmzdm +1 (dm) coskmzdm. — (3168b) 


We can express this equation in matrix form by 


VAC (0)] gaem [L (dn) 
[Eog T Po Gen] 
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where the matrix A!) is given by 


situa 
ase | coskmedn — jZ "d (ashy 


TAE SN kmzdm cos kmadm 


The matrix A+(™) is called the chain matrix, also treated in Section 10.2.2. In a multilayer 
structure as depicted in Figure 3.8 n layers, numbered es 1to n are embedded between 
regions 0 and n + L, The amplitudes V (z = 0), I(z = 0) can be expressed as functions 
of the amplitudes V (z = d), 1(z = d) with d = dı + dz +... dn by 


v0 vid 
Eo] -a o], oma 
with 
Abs AM! 410) ,,, 4100, (3.172) 


If region n + 1 terminates the structure with the wave impedance Z+("*!), then 
VH) = zD ugd). (3173) 
Together with (3.172) this yields 


ALZLOHD + AL » 


vi(o)- AZ AL, (0). (3.174) 


For TM waves we obtain from (3.143a) and (3.143b) 


EN = NO yen qu 4 20" sin Og I (aye ien dz, (31752) 
HID = HO yen dy (3.1756) 


with the amplitudes coefficients V (z) and (z) describing the z-dependence of the 
field. 


yey Edi -j kmz + EUe Jet (3.1768) 
p (+) Haz... pt D gi kine? 
I Os zi (Ege hen - pipere. (3.1766) 


‘The wave impedance of the re wave follows from (3.114) and (3.142b) as 


210") = 2 cos Am = Z9? FLUE (3177) 
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where the index j may refer to any region. In matrix form we obtain 


VECO OY] _ iq; [vl Cdn) 
[Him =Al Tien (ae) |" (3.178) 
where the matrix A? is given by 
j zim) si 
ton) | 608Kkmzdm — jZ!U? sin kmzdm 
uid |: 6v9) 


3.7 THIN CONDUCTING SHEETS 


Consider the wave propagation through a thin metallic layer of conductivity ø. In the 
metal we can neglect the displacement current since we « ø. For a TEM wave in the 
metal the propagation coefficient y and the field impedance Zp are given by 


ys frais - [4 (1+;), (3.1802) 


Zp JJ ABO - [12H (1 45) (380b) 
o 20 


In a metal the electric field is rapidly decaying under the surface with the so-called skin 
penetration depth do, given by 


1 2 


do = —— ; 
"Um V euo 


(3.181) 


The skin effect penetration depth is inversely proportional to the square root of the 
frequency. For copper with a conductivity of ø = 5.8-10’Sm we obtain at a frequency 
of 10 GHz a penetration depth do = 0.66pm. The skin effect will be discussed in 
Chapter 6. 

We assume the plane metallic surfaces of the conducting sheet oriented normally 
to the z-axis at z = 0 and z = d. For a uniform plane wave incident under an angle of 
incidence 6, and with the xz-plane as the plane of incidence let k;, be the x-component 
of the wave vector. Inside the metallic sheet the propagation coefficient of the wave in 


z-direction is 
y= Vy? + ke. (3182) 


For metallic sheets due to kj, < |y| we can set 


cy. (3.183) 
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‘This means that inside the metallic sheet the electromagnetic wave propagates as a TEM 
wave in the direction normal to the sheet. This allows to describe the wave propagation 
through the sheet by the surface admittance matrix Y, or surface impedance matrix T. 
as introduced in [M], 


1 | cothyd -cschyd 
Z Es yd coth yd | ] (84s) 

at cothyd — -csch yd 
tiat E yd cothyd ] GEM) 


with csch yd = 1/sinh yd. We don't need to distinguish between the TE- and TM cases. 
Furthermore these relations hold for any values of k,, ky as long as kx, ky << |y| or 
kxd, kyd « 1. Assuming that the tangential electric and magnetic field components 
are £,p Hy at z = 0 and £j, H,, at z = d we obtain 


| Ha ] 2s dzAY, [| à (81853) 
in sn 

A vada EA 3.1850) 
B EON [e Gi) 


"When the material conductivity ø or the thickness d of the sheet is large enough, so 
that yd > oo the surface impedance matrix becomes 


Z= Z; E J for yd co. (3186) 


In this case the field does not reach through the conductive sheet and the fields satisfy 
on both sides of the sheet the boundary conditions 


En=-+dzAZ, Hn» En=*dzAZHn for yd > 00. (3.187) 


‘These boundary conditions will be treated in detail in Section 6.2. In the limit yd + 0 
no current is flowing in the boundary and we obtain from (2.171a) 


HD HO =0 foryd +0. (3.188) 


3.8 THE VECTOR WAVE EQUATION 


In the previous sections we have shown that TE and TM fields can be derived from 
scalar fields. A general electromagnetic field can be obtained by superposition of TE 
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and TM field components. In this section we revisit the vector wave equation and the 
vector Helmholtz equation to show that in cylindrical and spherical coordinate systems 
the field can be decomposed in partial fields that can be derived from scalar potentials. 
Within any closed domain of a homogeneous isotropic and source-free medium the 
electric and magnetic field forms £ and H as well as the vector potentials A, Me and 
Tlm. For C denoting any of these one-forms the vector wave equation 


2, 


ae 
AC- uen; =? (3189) 


must be fulfilled. Due to the linearity of this equation, field solutions always can be 
represented by superposition of time-harmonic solutions and without loss in generality 
we can restrict our considerations to the solutions of the vector Helmholtz equation 


AC+kKC=0 (3.190) 


with the wave number k defined in (3.42). With (3.14) we obtain from this for one-forms 
C the Helmholtz equation in the form 


d«d«C-«d« dC 4 K?C - 0. (3.191) 


We can derive solutions of this vector Helmholtz equation from a scalar field y satisfying 
the scalar Helmholtz equation 


Ay Ky - 0. (3.192) 
With (3.13) this can be written as 
xdedy+ky=0. (3.193) 
From the scalar field y and the one-form 
a=a, dx « aj dy a, dz (3194) 


describing a constant vector a = [ax, ay, a.]" we can derive a set of vector fields 
described by the one-forms £, U and Y as 


L=dy, (3.195a) 
U=*d(ay), (3.195b) 


v= i «du. 61950) 
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These differential forms £, U, and V correspond to the vector fields introduced by WW. 
Hansen (2,15-17] and therefore are called Hansen forms. By insertion into the vector 
Helmholtz equation (3.191) it can be verified easily that £, U, and V are solutions of 
this equation. 
From (3.195a) it follows 
d£-0. (3.196) 


Therefore the vector field described by £ is irrotational. From (3.195b) and (3.195c) we 
obtain 


d+U=0,  d*V=0 (3.197) 


and therefore the vector fields described by U and V are solenoidal. From (3.191) and 
(3.195b) we obtain the useful relation 


u= t «dV (3.198) 


and from (3.193) and (3.195a) it follows 
*d«£z-Ky. (3.199) 


From (3.29), (3.29b), (3.36a), and (3.36b) we obtain for source-free regions the electric 
and magnetic field forms 


£- «ds dN, -joux df], (3.200) 
H=jwe» df], ++ d+ df. (3.201) 


Suppose that the solutions of (3.28) and (3.35) for given boundary conditions may be 
expanded in series 


I, =} Ana Yen» (3.202a) 
D 
Dy, = Bn Vn (3.202b) 


with the expansion coefficients A, and B,. In this case the electric and magnetic field 
forms are 


E= DAV en ~jOHBWUm.n > (3.203a) 


H= F jweA Uen + BykVnn - (3.2036) 
2 
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with 
Ucn = * A(aYen)s Un = * d (3m); (3.2043) 
1 p 
Ven = i * dis, Van = X * diss (3.204b) 


‘The solutions with the amplitudes A, are transverse magnetic with respect to the 
direction of the vector a, whereas the solutions with the amplitudes B, are transverse 
electric with respect to a. The Hansen forms allow to formulate the field solutions in 
cylindrical and spherical coordinate systems in a systematic way. 

"To derive the vector field solutions from a scalar field in spherical coordinates a 
method described by R.F. Harrington and R.S. Elliott may be more appropriate [3,18]. 
Consider the one-form 

K - «rdr^ dy, (3.205) 


where y is a scalar potential satisfying the scalar Helmholtz equation (3.192). We show 
that in this case K isa solution of the vector Helmholtz equation (3.190). From (3.205), 
(A.165), and (A.168) we obtain 


4 
“sin @ 2 


Y rae +4 Er sinOd¢ . (3.206) 


With the Laplace operator for a one-form in spherical coordinates (A.175) we obtain 


oe 1 aw 1 dy 2«cos0 dy 
ac- aa) Zano ag 7? sind apa8 | 7 


2 cos 3? Py y 1 
di 3.207] 
|- 7 sim? 6 0g? +4(3)- sapin] $. @.207) 
With 
1 ay 1 ð 2cos6 O"y 1 dy 
- [I9 > 3.208) 
(a 8 z) aind ag OY) aen 9 5900 MER TET (208) 
Ov) 2 1 ay, 2cos0 y 
E: ) = 96 (4¥) + TE MEREET 2m) 
we obtain from (3.192) and (3.207) 
ak =~ Cangas grati 
19y 22 2K 
=e vag Br sinddg = -RK (3.210) 


sin@ ð$ 
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Figure 3.10: Circular cylindric coordinates. 


which prooves that X is a solution of the vector Helmholtz equation (3.190). We can 
show that the field M related to X via 


Nepedt, KecpedW (3.211) 


is also a solution of the the vector Helmholtz equation (3.190). The field described by 
K is transverse with respect to dr. With X we can construct independent TE and TM 
field solutions. 


3.9 CIRCULAR CYLINDRICAL WAVES 


For the analysis of circular cylindrical electromagnetic waves we use circular cylindrical 
coordinates shown in Figure 3.10. Formulae for circular cylindrical waveguides are 
summarized in Appendix A.4.2. We consider fields that are either transverse electric 
or transverse magnetic with respect to the z-axis. In these cases the solution of the 
Helmholtz equation (3.37) can be derived from the solutions of the scalar Helmholtz 
equation for the z-component of the magnetic or electric Hertz vector respectively. 
Fields that are neither transverse electric nor transverse magnetic may be obtained by 
superposition of transverse electric and transverse magnetic fields. 
Due to (A.158) for an electric or magnetic Hertz form A, or N, that exhibits a 
z-component only, 
D-M,dz withi=e,m, (3:212) 


the application of the vector Laplace operator (A.158) to the / reduces to the application 
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of the scalar Laplace operator (A.157) to the z-component only, 
AN = AIL, dz (3.213) 
‘Thus inserting [7, into the homogeneous Helmholtz equation (3.37) yields 


Hi, 


PA, 190. 1 2I, z, ŽO 
9p "pp pi E dz? 


+ KIL, = 0. (3.214) 


Applying the method of separation of variables we choose 


Tj, = R(p) f($)Z(z). (3.215) 
Inserting this into (3.214) yields 


LER y ldR, 1df 


Dru ru m (3.216) 


‘This equation can be completely separated into terms depending on one variable only. 
In order to fulfill the equation, each of these parts must be constant. Introducing the 
constant separation parameters kp, n and kz, where kp and kz fulfill the relation 

Ke + ke = kp (3.217) 


we obtain the separated ordinary differential equations 


p Beg an * (pl - n)R - 0. (3.2183) 
2 

s €mfz0, (3.218b) 
2 

pa HZ -0, 6.2180) 


where (3.218a) is the Bessel’ differential equation of order n. In Appendix B.1 a detailed 
discussion of the Bessel’s differential equation is given. The solutions are the Bessel 
function of the first kind J,,(kpp), the Neumann function or Bessel function of the second 
kind Y,(kpp), and the Hankel functions of the first kind Hf" (kpp) and of the second 
kind H® (kp). The general solution usually is expressed by a linear combination of 
two of these functions. The index n depends on the order of the differential equation and 
denotes the order of the function. The Bessel functions of first and second kind, Jy (kp) 
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and Y,(kpp) respectively describe standing wave solutions with respect to p-direction 


as ocurring in hollow pipes. The Hankel functions of the first kind Hf (kpp) describe 
waves propagating in negative p-direction and the Hankel functions of the second 
kind H®)(kpp) describe waves propagating in positive p-direction. The solutions 
of (3.218b) are cos ng, sin nd, e™”® and eJ"9, where the solutions cos nọ and sin ng 
describe waves standing in ¢-direction, and the solutions e"? and e) "® describe fields 
rotating clockwise and counter-clockwise around the z axis. The z-dependence of the 
field is given by (3.218c). Here the solutions cos kzz and sin k,z describe waves standing 
in z-direction, and the solutions e~ *+* and e/*« describe waves propagating in positive 
or negative z-direction, respectively. 

From (3.292), (3.29b), (3.36a), and (3.36b) we obtain the transverse magnetic and 
transverse electric field solutions: 


TE, modes: 
Hl, (p.d, z) = ACu(kpp) cos ng e) dz, (3.2192) 
H= dd, +k Dy (3.219b) 
£--jou* di. (3.219c) 

TM; modes: 
I1, (p. d.z) = BC, (kp) cosnpe** dz, (3.2202) 
£- dän, «KI, (3.220b) 
3L - jue» dl. (3.220c) 


The T£, and TM, modes are transverse electric and transverse magnetic with respect 
to the z-direction. A and B are arbitrary complex amplitudes. The function C,,(kpp) 
stands for one of the solutions Jn(kyp)s Ys (kop), HS (kpp) or Hf? (kpp). From 
(3.219a) to (3.220c) we obtain the field components listed in the following. 

TE, modes: 


H, = ~ikekp AC, (kop) cos ng e o, (3.2212) 
Hy E (kop) sin neci, (3.221b) 
H, = KACy(kpp) cosnpe**, (3.221¢) 
E= Jet AC, (kp) sinnged*?, (3.2214) 
E, 7 jepok, AC, (kpop) cos nó e, (3.2216) 


E, -0. (3:221) 
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Figure 3.11: Excitation of an electromagnetic field by a current filament. 


7M, modes: 
E, = ~jkekpBC,(kpp) cosnge 7^, (3.222a) 
E- ihe BC (p) sinnget*?, (3.222) 
E, = BC, (kp) cos nde, (3.222c) 
H,= -jwe BC, (kop) sin nge t7, (3.222d) 


~jweokpBC,(kpp) cosngei**, (3.222e) 
0. (3.2221) 


With C;, we denote the derivative of the Bessel function C, with respect to the argument, 


dC, (x) 


c,» at 


(3.223) 


3.9.1 Excitation of a Cylindric Wave by a Uniform Current Filament 


Consider a current filament impressed at p = 0 in z-direction as shown in Figure 3.11. 
Let the current be time-harmonic with the complex amplitude J and frequency w and 
uniform in z-direction. If the current flows in the wall of a tube with radius a the 
current distribution can be described by the differential form 


1 
T= dio - a) rdp ^ dé. (3.224) 
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For symmetry reasons the wave excited by this filamentary current will be transverse 
magnetic with respect to the z-axis and independent from the coordinates and z. 
From (3.222a) to (3.222f) we obtain for this case 


E, = RBH (sp) , (3.225) 
H, = ~jweokpB HO (k,p). (3.225b) 


All other field components vanish. Assuming a wave propagating in positive p direction 


only we have chosen the Hankel function of the second kind, HÊ? (kpp) for the radial 
dependence of the wave. For p > 0 the derivative of the Hankel function of the second 
kind can be approximated by 


lim HO (xy--L. (3.226) 


nx 


Applying Amperes law (2.573) to (3.225b) under consideration of (3.226) for kpp < 1 
yields 


(3.2272) 


(32276) 


(3.2283) 


(3.228b) 


In the far-field the ratio of the transverse electric and magnetic field is given by the 
characteristic impedance of the TEM wave. The field amplitudes decrease as 1/,/p in 
contrast to the 1/r dependence of spherical waves. 


3.10 SPHERICAL WAVES 
Waves emitted from point-like sources are called spherical waves since surfaces of 


constant phases are spheres, Spherical waves occur in radiation problems [24,19]. The 
Helmholtz equation in spherical coordinates has a complete set of spherical solutions. 
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Figure 3.12: Spherical coordinates. 


Waves emitted from a closed volume of limited spatial extension usually are represented 
by a superposition of spherical waves. 

We use spherical coordinates shown in Figure 3.12. Formulae for spherical coordi- 
nates are summarized in Appendix A.4.3, The solution of the Helmholtz equation (3.28) 
in spherical coordinates is a difficult task since in spherical coordinates all three coor- 
dinates of the Hertz form are mixed in the Laplace operator (A.174). However, also in 
the case of spherical solutions the TE- and TM-wave solutions may be derived from the 
solution of the scalar Helmholtz equation in spherical coordinates. The homogeneous 
scalar Helmholtz equation in spherical coordinates is given by 


193(,9V 1 ô ov p ow 
5-3 RPW=0. es 
"ar ( E ) * ein 06 (ino x) aaa EAA ER 


Introducing 
Yam (r8, ) = z, (kr) Yj" (6.0) (3.230) 


the homogeneous scalar Helmholtz equation in spherical coordinates (3.229) is sepa- 
rated into the two differential equations (B.49) and (B.29) 


d?z, (kr) dz, (kr) 23 2 
ae LEA pent We ia = 
DEM er + (kèr? - n?)2,(kr) =0, (3.231a) 
1 d(.gdYr (0,9) i dp) m m 
ane d (sin dé fad d$ *n(n41)Y? (0,9) - 0, (3231b) 


where zn (Kr) is a spherical Bessel function j, (kr), y, (kr), hQ (kr), or bY? (kr) as 
defined in (B.32a) to (B.32d), and Y?" (0, 4) is the spherical harmonic, defined in (B.52). 
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The indices m and n can assume the values n = 1,2,3,4,... and m = -n,-(n- 
1)...» -2,-1,0,1,2,. ++ 1 1, n. For real k the solutions j, (kr) and yn (kr) represent 
standing waves with respect to radial direction, h (kr) represents outward traveling 
waves and h{) (kr) represents inward traveling waves. 

If both Y7*. (r, 6, $) and YIM (r, 0, $) are two independent solutions of the scalar 
Helmholtz equation (3.229), we can use (3.205) to construct solutions of the vector 
Helmholtz equation by 


Ef =x (rdr a dVI), (3.232a) 
an eee 
Hain = Fy Em (3.232b) 
and 
HM = a (rdr a AYM), (3.233a) 
EM = Ls AHIM. (32336) 
joe 


From (3.232a) and (3.233a) we can see that €™, and 2/7. exhibit no longitudinal 
components. Therefore the solutions with the superscript TE represent the transverse 
electric spherical waves and the solutions with the superscript TM represent the transverse 
magnetic waves. In the case of spherical waves the classifications transverse electric and 
transverse magnetic refer to the r-direction. 

Field solutions exhibiting longitudinal electric and magnetic components may be 


constructed by superposition of transverse electric and transverse magnetic solutions, 


Ena = Enin t+ Emin > (3.234a) 
Huy = HR HR - (3.234) 
From this we obtain 
Brey, ms (3.2352) 
joer 
203 ave, 1 a awm 
Éo^7ünj 3$ jwer ar ( 36 ). (aso 
aves, |i [om 
= -——— = ! 3. 
+50 uz. 36 elo 
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T T. (3235d) 
1 gowy a vm 

jos 36 ) and 36 " 82359) 
1a fave). aye 

-kl a )' a0 Gas) 


Solutions containing only 7, represent the TE waves and solutions containing only 
Win represent the TM waves. 

If all sources of the electromagnetic field are located within a sphere of radius R 
outside this sphere only outward traveling waves exist. The outward traveling waves may 
be described by a superposition of waves with the radial dependence given by h (kr). 
‘The operator ð/ðr when applied to e-J^ gives -j k. Application of the 2/r to all other 
terms gives rise to terms of the order (1/7)? or higher. In the far-field approximation 
kr >> 1 we keep only the terms of the order 1/r. Therefore, we can replace the operator 
9/ar by jk and obtain the far-field approximation 


E,=0, (3.2362) 
1 ove, avin 
on mn, gE 
Ec-uj ay 57 3$ (3.236b) 


ave, Zp VA 
E7738 tind 3$ 
H,=0, (3.2364) 


1 ays, 1 aw 


, (3.236c) 


mez E CET (3.236e) 
m cu 
E + >a (3.236f) 
From these equations we obtain in the far-field 
Eg = ZeH, (3.237) 
We can summarize (3.237) in the Sommerfeld radiation condition 
lim (E+ Ze dr a2) =0. (3.238a) 


The Sommerfeld radiation condition may also be written in the form 


lim (H- Zj'* drA£)- 0. (3.238b) 
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It can be shown that the Sommerfeld radiation condition holds for an electromagnetic 
field generated by any source distribution confined in a volume V of finite extension 
around r = 0. The proof may be given by expanding the field outside V into spherical 
waves. A general proof of the Sommerfeld radiation condition is given for example 
in [18]. The radiation condition requires that the electric and magnetic fields bear the 
relation to each other found in wave propagation in regions remote from the sources. 


3.11 PROBLEMS 


l 


E 


Besides the Lorenz gauge another useful gauge for the potentials is the so-called 
Coulomb, radiation, or transverse gauge for which d + A = 0. Derive the second- 
order partial differential equations for A and @ in the Coulomb gauge. 


. Show that the Laplace operator applied to a zero-form, (3.13), in conventional 


vector notation corresponds to Ad = div grad , where © is a scalar function. 


. Show that the Laplace operator applied to a one-form, (3.14), in conventional 


vector notation corresponds to AA = grad div A — curl curl A, where A is a vector 
function. 


|. Assume that the impressed current J can be expressed as the superposition 


I = Jı + J of a longitudinal or irrotational current J with the property 
dx J = 0 and a transverse or solenoidal current J; with the property dJ; = 0. 
Show that in the Coulomb gauge the transverse current is the source of the vector 
field A and the longitudinal current is the source of the scalar field p. 


. For an electromagnetic wave propagating in a lossless homogeneous isotropic 


medium the electric Hertz form is given by M; = (Ax + By) cos( wt — kz + $) dz. 
a) Show that the Hertz vector satisfies the wave equation. 
b) Compute the electric and magnetic fields. 


. Show that (3.20a) and (3.20b) correspond to 


2$ 


2 
E- li - TI, - uo — II, , 
graddiv Il, - ue Tl, - pos Me 


H E T+ on) š 
at 


where I, is the electric Hertz vector and E and H are the electric and magnetic 
field vectors. 
Consider a perfectly conducting circular cylinder of radius a in free-space. Let 
the electromagnetic field outside the cylinder be described by the magnetic Hertz 
form I1, = [f(r) + g(&)] e** dz 
a) Determine f(r), g(), and k so that 7, is a solution of the homogeneous 
Helmholtz equation. 
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b) Compute the electromagnetic field satisfying the boundary condition at 
the surface of the perfectly conducting cylinder. 

8. In the plane z = 0 at time t = 0 an electric surface polarization M4 is turned on. 

Jotdy fort20 

0 fort«0 

a) Compute the electric Hertz vector field due to this polarization. 
b) Compute the electromagnetic wave excited by this polarization. 

9. In the plane z = 0 a magnetic surface polarization M,,,, is impressed. This is 
described by M „4 = M», dxel^. The region z + 0 is free-space. 

a) Compute the magnetic Hertz vector field due to this polarization 
b) Compute the electromagnetic wave excited by this polarization. 

10. Express the solutions of transverse electromagnetic plane waves propagating in 
free-space in &z-direction in terms of the components of the vector potentials 
Aand Me. 

1l. Express the solutions of re and rm plane waves propagating in free-space in 
z-direction in terms of the components of the vector potentials /7, and Mp. 
Consider all four cases. 

12. Consider a plane dielectric plate with thickness d and material parameters e, = 9, 
Hy = 1. The incident plane wave is right-hand circularly polarized with electric 
field amplitude E,, 

a) Compute the electric and magnetic field amplitudes of the reflected and 
transmitted waves. 

b) Determine the angle of incidence 0o and the thickness d to obtain linear 
polarization of incident and reflected waves. 

13. Consider a plane wave incident on a dielectric plate of thickness d with c, = 2.25 
and p, = 1. 

a) Determine d such that a normally incident wave is not reflected. 
b) Compute reflection and transmission factors for the same thickness d and 
arbitrary polarization of the incident wave for skew incidence. 


‘This is described by Mea = . The region z # 0 is free-space. 
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Chapter 4 


Concepts, Methods, and Theorems 


4.1 ENERGY AND POWER 


‘The field conceptis based upon the hypothesis that electromagnetic energy is distributed 
over the space. The electric and magnetic fields carry energy and changing electric 
and magnetic energy densities are related to power flow in space [1-6]. We introduce 
the electric energy density wą (x, t) and the magnetic energy density W(x, t) with the 
corresponding three-forms 


We =w,(x,t)dx ^ dyn dz, (4.1a) 
Wm = wy (s, t) dx ^ dy A dz. (41b) 


The energy densities are given by 


W, =}E nD =} (ExD; + EyDy + EzDz) dx ^ dy A dz, (4.2a) 
Wy, =}H A B=} (H,By + HyBy + H,B.) dx A dy ^ dz. (4.2b) 


Figure 4.1 visualizes the exterior product of the field one-form £ and the flux density 
two-form D. The resulting three-form is visualized by the subdivision of the space 
into cells. The number of cells per unit of volume is proportional to the electric energy 
density. 

In order to investigate energy storage and power flow in the electromagnetic field, 
we start again with Maxwell's equations (2.114a) and (2.114b). Exterior multiplication of 
Ampére' law from the left with —£ and of Faraday's law from the right with H yields 


-EA dH=D+J, (4.3) 


dé = -6 ^U, (4.4) 
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Figure 4.1: The exterior product of the field form £ and the flux density form D. 


where the dot means the partial derivative with respect to t, that is, D = (2/01). This 
yields 
d(EnH) =-EAD-HAB-EnAT. (45) 


‘This equation can be brought into the form 
a 
A(EAH) =- BEAD EHAB)-EAJ (4.6) 
The power loss density p; (x, t) with the corresponding differential form 


P(x, t) = pi (x,t) dx ^ dy ^ dz (4.7) 


is given by 
Pr=Enor€. (48) 


Due to the impressed current density Jo, a power per unit of volume po(x, t) is added 
to the electromagnetic field. With the differential form 


Po(x,t) = po(x, t) dx ^ dy ^ dz (49) 

the power added to the field by the impressed current Jo is given by 
Pu=-ErTo- (410) 
We introduce the Poynting vector S(x, t) with the corresponding Poynting differential 


form 
S(x,t) = S, dy A dz+S,dza dx + S, dx ^ dy, (441) 


given by 
S=EAH. (4.12) 
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Figure 4.2: The Poynting form S as the product of the field forms € and H. 


Figure 4.2 visualizes the Poynting two-form as the exterior product of the electric and 
magnetic field one-forms and H. The potential planes of the electric and magnetic 
fields together form the tubes of the Poynting form. The distance of the electric and 
magnetic potential planes exhibit the dimensions V and A, respectively. The cross- 
sectional areas of the flux tubes have the dimension VA. This yields the assumption 
that the Poynting form describes a power flow through these flux tubes, The proof for 
this assumption will be given in the following. 

Inserting (4.2a), (4.2b), (4.8), and (4.10) into (4.6) yields the local form of Poynting’ 


theorem: 3 3 

dS--—W,-— 

s Pi at 

Integrating (4.13) over a volume V and transforming the integral over S into a surface 
integral over the boundary ƏV, we obtain the integral form of Poynting’s theorem: 


fyS= [Po ae [yee mf em 


‘The first term on the right side of (4.14) describes the power added into the volume V via 
impressed currents. The second and third term describe the time variation of the electric 
and magnetic energy stored in the volume. ‘The last term describes the conductive 
losses occurring inside the volume V. The right side of the equation comprises the total 
electromagnetic power generated within the volume V minus the power losses in the 
volume minus the increase of electric and magnetic energy stored in the volume. This 
net power must be equal to the power, which is flowing out from the volume V through 
the boundary OV. Therefore we may interpret the surface integral over the Poynting 
vector on the left side of (4.14) as the total power flowing from inside the volume V 
to the outside. Since this is valid for an arbitrary choice of volume V, it follows that 
the Poynting vector describes the energy flowing per units of time through a unit area 
oriented perpendicular to S. 


Wum- Pr + Po. (413) 
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For time-harmonic electromagnetic fields, the introduction of a complex Poynting 
vector is useful. For this we multiply the complex conjugate of (2.123a) from the left 
with (-£) and (2.123b) from the right with #1” and obtain 


-£| dU = -ju aE 5, (4.15a) 


-jou« H [au (415b) 
Forming the sum of both equations, we obtain 
a£ ^8) oap i ^ H-t EAs E) - FEATS (416) 
We now introduce the complex Poynting vector 


T- [Te Tp, T] an) 
with the corresponding differential form 
T= Tydy a dz+ Tydz ^ dx + T. dx A dy, (418) 
given by 
T-AEAMH'. (419) 


We have to note that 7 is not the phasor corresponding to S. Therefore we have used a 
different character to distinguish between the complex Poynting vector and the real 
Poynting vector. In order to give an interpretation of the complex Poynting vector T, 
we compute first the time-dependent Poynting vector form S for a time-harmonic 
electromagnetic field 


£s.) = R (E() e!) = 5 (EG) e? +E" Qe), (4202) 


Hx, t) =R (A(x) e*!) = i (32) e)" «x (x) e) . (420b) 
Inserting into (4.12) we obtain 
S(x,t) = 3 (£(x) AH" (x)} + (EQ) ^ (2) e] . (4.20) 


The first term on the right side of (4.21) is equal to the real part of the complex Poynting 
form T according to (4.19). This term is independent of time. The second term on the 
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right side of (4.21) oscillates with the double frequency of the alternating electromag- 
netic field. The time average of this part vanishes. Therefore the real part of the complex 
Poynting vector form T is the time average of the Poynting form S. 


S(x, t) = R(T(x)). (4.22) 

The real part of the complex Poynting form 7 denotes the power flowing through a 
unit area surface element oriented perpendicular to the Poynting vector. 

For time-harmonic fields the time averages of the electric and magnetic energy 


densities We and W, and the corresponding differential forms are related via 


W. =, dx ^ dy^ dz, (4.23) 
Wm = Wm dx ^ dy ^ dz (4.24) 


The time-average electric and magnetic energy density forms are given by 


We -ie£^* £' 23e (IE P [E + [E] dx ^ dy ^ dz, (4.25) 
Wr cA" H” = au’ (HUP «B, +H?) dx^ dy^ dz. — (429) 


We have to consider that the quantities e and u” in the complex representation corre- 
spond to the quantities e and y in the time-dependent formulation. The time-average 
electric power dissipation density p, , with the differential form 


Pre 2 p, dx ^ dyn dz (4.27) 

is given by the differential form 
Py =} Enr E* Yos" Err. (4.28) 
‘The introduction of the complex permittivity p allows also to consider the magnetic 


losses with the average magnetic power dissipation density P, with the differential 
form 


Bim = Pim ax ^ dy A dz (4.29) 
given by 


(4.30) 


Pr = loc" E+ £' « You" L^» H’ (4.31) 
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‘The complex power added to the field per unit volume, P.o (x) due to the impressed 
current density Jo is described by the differential form 


Peo = Peo dx ^ dy A dz. (4.32) 


‘The differential form describing the complex power added via the impressed current 
Jis 
Po=-tEnTs- (4.33) 


‘The real part of Peo equals the time average Po according to equation (4.22). 
Po =R {Pao}. (4.34) 


The proof is similar to equation (4.22). 
After inserting of (4.19), (4.25), (4.26), (4.31), and (4.33) into (4.16), we obtain the 
local form of the complex Poynting’s theorem: 


AT = -2jo(W, - We) -Pi + Peo (4.35) 
By integration over a volume V, we obtain the integral form of the complex Poynting’s 


theorem f, 2 [Pa ET [nm Wj- J Pe (4.36) 


We consider first the real part of (4.36): 


x(£ T) -x(f Po) - f Pi (4.37) 


‘The left side of (4.37) equals the active power radiated from inside the volume V through 
the boundary ƏV. On the right side of this equation, the first term denotes the power 
added via the impressed current density Jo; the second term describes the conductive 
losses, the dielectric losses and the magnetic losses inside the volume V. The imaginary 
part of (4.37) is 


aff, T}=3{ f, Po} -20 f Wn 9. (438) 


‘The first term on the right side gives the reactive power added into the volume V via 
the impressed current density Jo. Let us first consider the case where the second term 
on the right side is vanishing. In this case we see that the left side of (4.38) denotes the 
reactive power radiated from volume V. Since the volume V can be chosen arbitrarily, it 
follows that the imaginary part of the complex Poynting vector T describes the reactive 
power radiated through a unit area normally oriented to the vector T. The second term 
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Figure 4.3: Power flow in a stripline. 


on the right side of (4.38) contains the product of the double angular frequency with 
the difference of the average stored magnetic and electric energies. This term yields no 
contribution, if the magnetic energy stored in the volume V equals the average electric 
energy stored in V. The magnetic energy as well as electric energy oscillate with an 
angular frequency 2. 


The field energy is permanently converted between electric energy and magnetic 
energy. If the averages We and Wm are equal, electric and magnetic energies may be 
mutually converted completely. In this case the energy oscillates between electric and 
magnetic fields inside the volume V. If the average electric and magnetic energies are 
not equal, energy as well oscillates between volume V and the space outside V. In this 
case there is a reactive power flow between V and the outer region. For Wm > We the 
reactive power flowing into volume V is positive, whereas for Wm < W the reactive 
power flowing into V is negative. 


To give an example for the relation between the description by voltages and cur- 
rents and the electromagnetic field description let us consider the stripline depicted 
in Figure 4.3. We assume a transverse electromagnetic wave to propagate in positive 
z-direction, In the case of a transverse electromagnetic wave neither the electric field 
nor the magnetic field exhibits a z-component. Let us furthermore assume the distance 
b between both conductor strips to be small compared with the width a of the strips. 
The electric power P transported via the line in the positive z-direction is given by 


P=vi. (439) 
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The voltage v and the current i are given by 


(4.40a) 


(4.40b) 


In the network concept the electric power is considered to be carried by voltage and 
current. In the field concept, the electric power is considered to be transported via the 
electromagnetic field. The electromagnetic power flux density is represented by the 
Poynting form S given by 

S - E, Hy dx dy. (4.41) 


If E and H are orthogonal, the vectors E, H and S form a positive-oriented orthog- 
onal trihedron. In Figure 4.3 the Poynting vector S(x, t) is directed in the positive 
z-direction, with z-component Sz. 


P= f S= f E Hin dy. (442) 


We obtain the power P flowing through the stripline by multiplying the power density 
S with the cross-sectional area a b of the stripline and obtain 


P=abE,Hy. (443) 


Inserting (4.402) and (4.40b) into this equation yields (4.39). The network concept and 
the field concept give the same result. 


4.2 FIELD THEORETIC FORMULATION OF 
TELLEGEN's THEOREM 


Complex electromagnetic structures may be subdivided into several spatial subdo- 
mains. Comparing a distributed circuit represented by an electromagnetic structure 
with a lumped element circuit represented by a network, the spatial subdomains may 
be considered as the circuit elements whereas the complete set of boundary surfaces 
separating the subdomains corresponds to the connection circuit [7]. Figure 4.4 shows 
the segmentation of an electromagnetic structure into different regions R separated 
by boundaries Bry. The dashed curves denote the boundaries. The regions R may 
contain any electromagnetic substructure. In our network analogy the two-dimensional 
manifold of all boundary surfaces Bj, represents the connection circuit whereas the 
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Figure 4.4: Segmentation of an electromagnetic structure. 


subdomains R; are representing the circuit elements. We can establish a field represen- 
tation of Tellegens theorem relating the tangential electric and magnetic fields on the 
two-dimensional manifolds of boundaries Bj, [8]. 


Tellegen’s theorem states fundamental relations between voltages and currents in 
a network and is of considerable versatility and generality in network theory [8-10]. 
A noticeable property of this theorem is that it is only based on Kirchhoff's current 
and voltage laws (i.e., on topological relationships) and that it is independent from 
the constitutive laws of the network. The same reasoning that yields from Kirchhoff's 
laws to Telleger's theorem allows us to directly derive a field form of Tellegen’s theorem 


from Maxwell's equations [8]. 


In order to derive Tellegen’s theorem for partitioned electromagnetic structures let us 
consider two electromagnetic structures based on the same partition by equal boundary 
surfaces, The subdomains of either electromagnetic structure, however, may be filled 
with different materials. The connection network is established via the relations of the 
tangential field components on both sides of the boundaries. Since the connection 
network exhibits zero volume no field energy is stored therein and no power loss occurs 
therein, 


Starting directly from Maxwell's equations we may derive for a closed volume V 
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Figure 4.5: Connection of a passive circuit with a source. 


with boundary surface 9V the following relation: 


$56. YAH" (x,t!) = - f, E (t) ^ T" (st) 


He p p D(t") , 8B" n") 
-f ens 3" -f en ae (A) 


The prime’ and double prime " denote the case of a different choice of sources and a 
different choice of materials filling the subdomains. Furthermore the time argument 
may be different in both cases. 

For volumes V of zero measure or free of field the right side of this equation van- 
ishes. Considering an electromagnetic structure as shown in Figure 4.4, we perform 
the integration over the boundaries of all subregions not filled with ideal electric or 
magnetic conductors, respectively, ‘The integration over both sides of a boundary yields 
zero contribution to the integrals on the right side of (4.44). Also the integration over 
finite volumes filled with ideal electric or magnetic conductors gives no contribution 
to these integrals. We obtain the field form of Tellegeris theorem: 


[NC t) AH" (st) =0. (4.45) 


Tellegen’s theorem is a very powerful theorem yielding important applications in the seg- 
mentation of electromagnetic structures and in circuit theory. In Section 10.3 Tellegens 
theorem will be treated from the network point of view. 


4.3 SOURCES OF THE ELECTROMAGNETIC FIELD 


In the network concept, electric sources are modeled using ideal current sources or 
ideal voltage sources, respectively. Ideal current sources or voltage sources impress 
a current or a voltage, respectively, into the network. Sources may be modeled by 
parallel circuiting an ideal current source and an admittance or series circuiting an 
ideal voltage source and an impedance. In this fashion, we obtain a simple phenomeno- 
logical description of sources without having to consider the complicated structure 
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Figure 4.6: Introduction of (a) an equivalent voltage source V, and (b) an equivalent current source J. 
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Figure 4.7: Introduction of an equivalent voltage source V and an equivalent current source J together. 


of real sources in detail. In the same way we can establish a simple phenomenological 
description of electromagnetic field sources [3] 

Figure 4.5 shows the connection of a network source with a passive network. The 
network source and the passive network are connected via one pair of nodes. From the 
network source a current J is flowing into the passive network. At the pair of nodes a 
voltage V is occurring. The node current J and node voltage V are related via 


V=Z1, (4.46) 


where Zi is the impedance of the passive network. If the node current J and the node 
voltage V are known, it is possible to replace the source with a voltage source V or a 
current source J. Figure 4.6(a) shows the introduction of an equivalent voltage source 
V, and Figure 4.6(b) shows the introduction of an equivalent current source I. It is 
also possible to introduce an equivalent current source J and an equivalent voltage 
source V together as shown in Figure 4.7, Whereas in Figure 4.6(a) the impedance 
of the source is replaced with a short circuit, and in Figure 4.6(b) the impedance of 
the source is replaced by an open circuit, we can insert a source impedance Zs in 
Figure 4.7. Due to (4.46) in Figure 4.7, no current is flowing through Zs and no voltage 
is applied to Zs. This means that we can replace Zs by an arbitrary impedance also 
including a short circuit and an open circuit. Replacing Zs with a short circuit, we can 
omit the current source in Figure 4.7 and we have reduced the source to an impressed 
voltage source as in Figure 4.6(a). If, however, Zs is replaced by an open circuit, we can 
omit the impressed voltage source V, and we obtain an equivalent circuit as shown in 
Figure 4.6(b). 
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Figure 4.8: Field sources in a volume Vi. 


4.4 THE UNIQUENESS THEOREM 


Figure 4.8 shows a number of field sources within a volume V;. The volume V, is 
bounded by the virtual boundary 2V.. In our network model of the source we only 
were interested in investigating the passive circuit and decided not to investigate the 
source in detail. Therefore we have chosen a simple model for the source. We have an 
analogous situation in our field model, where we are only interested in the field outside 
Vi, which is generated by the sources located within the volume Vi. We will try to 
replace the field sources inside volume Vi by impressed equivalent polarizations at the 
boundary surface 9 V;. To do this, we first prove the so-called uniqueness theorem [3,5], 
which states: 


"The electromagnetic field in the source-free outer region Vz is determined in 
a unique way, if the tangential component of either the electric field intensity 
or the magnetic field intensity is known on the boundary surface dVi. 


‘To prove the uniqueness theorem, we will show that the opposite assumption will yield 
a wrong result. Let us assume that in the outer region Vz there exist two different field 
solutions E, and H, on the one hand, and E, and H, on the other hand. Both exhibit 
the same tangential electric and magnetic field components on dV. The difference 
between field solutions ôE = E, - Ej, ÔH = H, - H, due to the linearity of the field 
equations must also be a field solution. In this case, however, either JE or ôH has no 
tangential field component on 3V. Consequently the complex Poynting differential 
form T due to (4.19) has no component normal to 3V, and the surface integral of T 
over dV vanishes. We now apply the real part of (4.36) to the outer region Vz. Since 
the left side of (4.37) vanishes, and since V; is free of sources, also the first term on 
the right side vanishes, and the integral of the average power loss density p, over 
Vp also must vanish. Due to (4.31) the integrand is positive definite and can in the 
case of arbitrarily small electric and magnetic losses only vanish, if in the complete 
outer region Vo, ÔE = 0 as well as 6H = 0 are fulfilled. This means that in V; the 
identities E, = E, as well as H, = H, are fulfilled and consequently the definition of 
the tangential components of either E, or H, on V determines the electromagnetic 
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Figure 4.9: (a) Magnetic surface polarization M „4 impressed on an ideal electric conductor, and (b) elec- 


tric surface polarization M, , impressed on an ideal magnetic conductor. 


field in the outer space in an unique way. This proves the uniqueness theorem. 


4.5 THE EQUIVALENCE PRINCIPLE 


Many source distributions outside a certain region may yield the same field distribution 
inside that region. Two source distributions outside a region producing the same field 
distribution inside this region are said to be equivalent within that region. This is 
called the equivalence principle [3]. The equivalence principle follows directly from 
the uniqueness theorem and is an expression of the Huygens’ principle. Due to the 
uniqueness theorem different source distributions inside a volume V that produce 
the same tangential electric or magnetic field distribution on the boundary dV will 
produce the same electromagnetic field outside the volume V. 

‘The uniqueness theorem makes it possible to replace the sources in the volume V, 
by surface polarizations impressed into the boundary surface ƏV. In the same way we 
have replaced the source in Figure 4.5 by a current source in series with a short circuit 
in Figure 4.6(b), now we may replace the virtual boundary surface 3V in Figure 4.8 by 
a real boundary surface 3V formed by an ideal conductor as shown in Figure 4.9(a). 
We impress a magnetic surface polarization M „4 given by 


Mss c ni(n^£)- (4.47) 


on this conductor, where E is the electric field intensity on 3V as specified in Figure 4.8. 
Since we assumed an ideal conductor inside the boundary, now the electric field within 
V; is vanishing. This means that due to (2.175c), the tangential component of the electric 
field outside 3V is determined in a unique way. We have assumed that there is no source 
in the outer region Vz. Therefore due to the uniqueness theorem on the boundary 9V 
the tangential component of the electric field also determines its normal component. 
‘The replacement of the source by an equivalent current source in the network model in 
Figure 4.6(b) corresponds to the insertion of an ideal magnetic conductor (Zr = co) 
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Figure 4.10: Electric surface polarization M, , and magnetic area polarization M, , impressed in a virtual 
boundary surface, 


in the boundary surface ƏV and replacement of the sources in the volume V; by an 
electric surface polarization M,, on 3V. The electric area polarization is given by 


no(n^M)- 


js 5 (4.48) 


Mal’) 


Since the magnetic field inside the boundary 3V vanishes, due to (2.175b) for an electric 
surface polarization M, , impressed on the boundary dV the tangential magnetic field 
on the outer surface of ƏV is determined in a unique way, Figure 4.9(b) illustrates the 
impression of electric surface polarization sources on an ideal magnetic conductor. 
The ideal conductor in support of the impressed magnetic polarization as shown in 
Figure 4.9(a) corresponds to the short-circuit in series to the ideal voltage source in 
Figure 4,6(a) and the ideal magnetic conductor in support of the impressed electric 
polarization according to Figure 4.9(b) corresponds to the open-circuit in series to the 
ideal voltage source in Figure 4.6(b). 

The combination of impressed voltage sources and impressed current sources due to 
Figure 4.7 yields an analogous field model. We remove in Figure 4.8 the field sources in 
the inner region V, and impress in 2 V magnetic as well as electric surface polarizations 
Mm, and M, ,, respectively, such that in the inner region V; the electromagnetic field 
vanishes completely, and in the outer region V, the electromagnetic field corresponds to 
the electromagnetic field as generated before by the sources in Vi. Figure 4.10 illustrates 
this arrangement. The replacement of the inner field sources by the impressed surface 
polarizations M,, , and M, is accomplished by choosing the impressed surface po- 
larizations according to (4.47) and (4.48). Due to (2.175b) and (2.175c) this choice of 
the equivalent polarizations is compatible with a vanishing field in the inner region 
V; and the field produced by the original field sources in the outer region V2. Since 
in Figure 4.10 both regions V, as well as V2 contain no sources due to the uniqueness 
theorem this solution also is the only existing solution. Since V, is free of field, any 
medium without sources introduced into the region V, does not influence the field in 
V;. This case corresponds to the introduction of a voltage source and a current source 
in the network model according to Figure 4.7. 
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Figure 4.11: Complementary screens: (a) aperture in a conducting screen, and (b) complementary screen. 


4.6 BABINET’S PRINCIPLE 


Consider a screen with an aperture and its complementary screen as depicted in Fig- 
ure 4.11. We compare a primary field scattered by the aperture with the field scattered 
by the complementary screen. There exists an interesting relation between the fields 
scattered by the aperture and its complementary screen expressed by Babinets princi- 
ple [11-15]. It states: 


The sum of a field behind a plane screen and the field behind the complemen- 
tary screen is equal to the field if there were no screen present. 


Let €', H’ be the primary electromagnetic field without a screen, £*, H* the scat- 
tered field when the screen with an aperture is present, as shown in Figure 4.11(a). 
In Figure 4.11(a) the aperture surface is denominated with A, and the surface of the 
surrounding screen with As. The total field £,, 24, in this case is 


EEE, (4.49a) 
uH. (4.49b) 


In the aperture plane the fields £, and H, fulfill the boundary conditions (2.1682) and 
(2.168c), hence 


nag, =0 on Ap, (4.502) 
nAH,-nAH on Aas (4.500) 
where n is the unit normal form of the screen. Let us now replace the aperture by 


a thin perfectly magnetic conducting sheet and remove the screen. This yields the 
complementary structure shown in Figure 4.11(b). Let £', H' be the same primary 
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electromagnetic field as above, £“, H the scattered field when the magnetic conductor 
screen is present, as shown in Figure 4.11(b). In this case the total field £,, H; is 


+E, (4.512) 
352 M. (4.51b) 
This field satisfies the boundary conditions 
n^£-n^E on Aj, (4.522) 
n^H,-0 on Ag. (4.52b) 


Now consider the superposition of the fields £, + £,, H, + H.,. From (4.50a), (4.50b), 
(4.52a), and (4.52b) we obtain 


n^(£ *£)-n^£' on Ap, (4.53a) 
na (t +H) - n^ on Aa. (4.53b) 


Since the sum of the tangential fields on the infinitely extended surface A, U Ay is 
equal to the primary field £‘, ^ we conclude from the uniqueness theorem presented 
in Section 4.4 that the sum of the fields £, + £,, H, + H, is identical to the primary 
field, hence 


£*£-£, (4.542) 
H+H Hi. (4.54b) 


Since we have related the field scattered by a perfectly electric conducting (PEC) screen 
to the field scattered by the complementary perfectly magnetic conducting (PMC) 
screen, we can apply the principle of duality discussed in Section 3.2 to determine the 
electromagnetic field scattered by the complementary PEC screen. Let the surface Aa 
be covered by a PEC. Furthermore let us replace the primary field £‘, H’ according to 
(3-31a) and (3.31b) by the dual primary field £4, 21/4 


£"--ZH, (4553) 
1 
Hid = — 
Huy 
That means we have to replace the primary field sources by the dual field sources as 
described in Section 3.2. Then the total field £2, H$ also is dual to £,, H, hence 


(4.55b) 


El = -Zr H» (4.56a) 


Hi z £. (4.560) 
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Inserting (4.54a) and (4.54b), this yields 


£i = -2e(H' - 4), (4.57a) 
ui - dei -gy. (457b) 
F 


This is the form of Babinet's principle relating the fields scattered by an aperture and a 
complementary screen provided that the screen and complementary screen both are 
PECs and the incident electromagnetic field in both cases is dual to each other. 


4.7 RECIPROCITY 


4.7.1 The Lorentz Reciprocity Theorem 


We consider the electromagnetic field excited by various field sources. We combine 
these field sources into sets of field sources. Each of these sets of field sources may 
contain an arbitrary distribution of impressed electric polarization sources M „o; (x) 
and an arbitrary distribution of impressed magnetic polarizations M, o; (x) with i = 
1,2,...n. Let E,(x) and H,(x) be the electromagnetic field excited by the polarization 
distributions M o; and M „o;: From (3.27a) and (3.30b) it follows 


dH, - jo (ex £; + Mog). (4.582) 
-jw(u* Hi + Mas). (458b) 


Let us now compute the expression 
d(£; ^j) = d£, ^H, - Ej ^ dH; 
7-je|e£i ^ (+ E) +u H) Hj Ma AH tE n Maj] (459) 


After interchanging i and j and forming the difference of both equations, we obtain 


= jo [Ej ^ Mu Hs ^ Maa; - Ey? Mai + HA Mpo]: (4.60) 


In a source-free subregion of the space the right side of (4.60) disappears and we obtain 
the so-called Lorentz reciprocity theorem, which states the following: In source-free 
regions and for isotropic materials the electromagnetic fields E,, H; and E,, Hj, respec- 
tively, excited from different sets of sources M „o; M mo; and M soj, Mno respectively, 
satisfy the equation 

4(£,^H,- £,^34) -0. (4.61) 
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Integrating this equation over a source-free subdomain V of the space and converting 
the volume integral into a surface integral by using Stokes’ law we obtain the integral 
form of the Lorentz reciprocity theorem 


f (E 8 - £j ^3) =0. (462) 


4.7.2 The Reciprocity Theorem for Impressed Sources 


We now derive from (4.60) another useful form of the theorem of reciprocity. For this 
purpose we integrate (4.60) over a volume V, where we are transforming the left-hand 
side into a surface integral over the boundary 3V. 


- $ EnH -E ^H) 
zjo f [E ^ Maj - Hi^ Mao; Ej Moor +H; n Mnai]: (463) 


Moi Mmo; and Mo, Myo,» respectively, are mutually independent distributions of 


impressed field sources of the source sets i and j. Ej, H,, and Ej, H, respectively, are 
the fields excited by the sets of field source sets i and j, We now are choosing a volume 
of integration V such that all field sources of the ith group as well as the field sources 
of the jth group are located in the volume V and choose the boundary 3V sufficiently 
far in the far-field so that all the field sources of the ith and the jth set form together a 
point-like source, if they are observed from any point on the boundary dV. Since we 
may choose the volume V arbitrarily this condition may be fulfilled with an arbitrary 
accuracy. 

We now embed our electromagnetic structure in a spherical volume V with radius 
ry and let ry > co. From the Sommerfeld radiation condition (3.238b) we obtain on 
the boundary dV of the volume V 


EAH, (EpiEo; + Ey:Eg;) r^ sin @.d0 ^ dg. (4.64) 


gui. 
Zro 


Since the field components are of order (1/r) this expression remains finite for r —» co. 
‘Therefore the left-hand side of (4.63) vanishes, if we are expanding the volume V into 
infinity. Integrating over the complete space, the following relation is fulfilled exactly 


jo f E^ May -Hi ^ Mj] =i f, [Ej 9 Meoi SM] (465) 


The integral on the left side describes the reaction (3, 16] of the field E,, H, on the 


sources M „o p M mop This is another useful formulation of the reciprocity theorem. We 
Meo Mmoj 
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(a) 


Figure 4.12: Impressed current source (a) in the network concept, and (b) in the field concept. 


define the so-called reaction R;; of a field E;, H; on the sources M „o; M „oj by 


Vj = jo f, [£i ^ Mao -Hi ^ Mno] - 4.66) 
‘The reciprocity theorem according to (4.65) now can be written in the form 
Ry =Ry- (4.67) 


‘The reaction of afield E,, H; on the sources Mj, Mpo; is equal to the reaction of a 


field E,, H; on the sources M,o;,M,,o;- As an example we compute the reaction of a 
voltage V; on a current source Ip; according to Figure 4.12(a). In a field an impressed 
current source Ip; can be represented, for example, by a polarization density impressed 


into a gap of a conductor. Let us impress a polarization 


(4.68) 


into the gap between the two conductors in Figure 4.12(b). Inserting (3.23) and inte- 
grating over the cross-sectional area A verifies this relation. According to (4.66) the 
reaction of the field E; on the network-source Jo; is given by 


ET 


2 f Eu dx ndya dz. (4.69) 


Performing the integration over the gap region where the impressed polarization M oj 
exhibits a nonzero value yields 


Ts Ej dz --V;. (470) 
P 
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From this we obtain 
Ry =—Viloy> (4.71) 


where V; is the node voltage due to the field E, across the nodes of the current source 
boj From this and from (4.67) we obtain 


Viloj = Vlo; (4.72) 


‘The port voltages of source-free linear multiports may be represented by the system of 
equations 


X= E Zib (473) 

j 
if the I, are the impressed port currents. With (4.67) we obtain from this the condition 
Zj = Zy. (4.74) 


This is the network form of the reciprocity theorem. 


4.8 GREEN’S FUNCTION 


"The reciprocity theorem reveals the relationships between two sets of sources and fields. 
‘The mathematical structures constituting these relationships are represented by Greens 
theorems and Green's functions. In his work An Essay on the Application of Mathematical 
Analysis to the Theories of Electricity and Magnetism published in 1828, George Green 
presented a method to solve Poissons equation in electrostatic potential theory [17,18]. 
‘The method is based on the superposition of functions representing the potentials 
of point or line sources of unit magnitude. A three-dimensional Green's function 
G(x, x’) describes the field at point x due to a unit point source at x’. Since any source 
distribution may be considered a continuous superposition of unit point sources, the 
field generated by arbitrary source distributions is obtained by superposition of the field 
contributions of point sources with the source distribution as the weighting function. 
Green’s function technique has been very widely applied to equations arising in field 
theory and is a fundamental method for solving problems in electromagnetics [2,19-24]. 
Reciprocity is expressed by the symmetry of Green's function G(x, x’) in x and x^. 

A point-like excitation by an impressed electric or magnetic polarization yields a 
spherical electromagnetic wave. The computation of the electromagnetic wave due to 
a point-like excitation is of fundamental importance for the computation of electro- 
magnetic waves excited by arbitrary source distributions since the field generated by 
arbitrary distributions may be computed by superimposing the fields originating from 
point-like sources. This follows from the application of the superposition principle and 
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from the circumstance that every source distribution may be considered as a continu- 
ous superposition of point-like sources. The mathematical formulation of this problem 
yields Greens function. 

To compute the electromagnetic field generated by electric or magnetic polariza- 
tions impressed in space we have to solve the inhomogeneous Helmholtz’ equations 
(3.28) or (3.35), respectively, for arbitrary spatial distribution of the impressed electric 
polarization M, or the impressed magnetic polarization M „o, respectively. Using 
(3.42), we obtain the Helmholtz’ equations 


- -1 x Ma: (475a) 


AD, +È D, 
1 
MIL, +È o 


(4.75b) 


Mmo: 


Since we can make use of the principle of duality in the following, it will be sufficient 
to solve (4.75a). To compute the field at a point x excited by a point-like source located 
at x’ we use Greens double one-form [25,26], also called dyadic Green's form, defined by 


G= Gy dxdx' + G,, dx dy! + G}, dx dz' 
+G, dydx' +G,, dydy' + G,,dydz' (4.76) 
+ Gy dzdx' + G, dzdy' + Gy, dzdz'. 


We introduce the so-called identity kernel 
T(x, x’) = 6(x — x^) (dx dx’ + dydy’ + dedz') (4.77) 
and the three-dimensional Dirac delta distribution 
a(x - x!) = 6(x-x') 6(y-y') 8(z-2’). (478) 
From (D.45) we obtain 


j _{ 1 for xev 
J, exin aya de=] 5 nios (4.79) 


For an arbitrary smooth scalar function f(x) we obtain as the three-dimensional 
generalization of (D.47) the relation 


for x'eV 


[feos sten dyad] foy de five (480) 
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With the identity kernel we can map any one-form U and any two-form Y from the 
source space to the observation space (i.e., the respective form is mapped in itself and 
the primed differentials are replaced by unprimed differentials). We obtain 


f 263 EET (4.812) 


e f 26 ^V(a)) - V(a). (481b) 


The primed integration symbol denotes that the integration is performed over the 
primed variables. For the integration the unprimed differentials are treated as constants. 

Using Green's double one-form we can express the Helmholtz equation (4.75a) for a 
point-like unit source at x' by 


1 

AG(x,x!) +k? G(x, x") =-=Z(x,2'), (4.82) 
iu T € 

where Z(x, x^) is the identity kernel, introduced in (4.77). In the above equation the 
Laplace operator acts on the unprimed differentials whereas the primed differentials 
are treated as constants. Forming the exterior product with Mo (x) integrating over 
the primed variables and using (4.81b) yields 


[Init o Ma) Pes) ^ Mas] emi Mauls). (489) 


Since the sequence of partial derivation with respect to the unprimed coordinates 
and integration over the primed coordinates may be interchanged, under very general 
conditions we obtain 


AL S geo nan] e [f otn na] 1 Mol) 
(4.84) 
Comparing this equation with (4.752) yields 
1) = f gin) ^ Ma. (485) 


In Cartesian coordinates the Laplace operator for one-forms (A.73) is symmetric in its 
three components and leaves the three components uncoupled. Therefore (4.84) may 
be solved with 


G(x, x) = G(x, x") (dxdx! + dydy’ + dzdz). (4.86) 
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where G(x, x^) is a scalar Greens function, obtained by solving the scalar Helmholtz 
equation 


(A+ K)G( x") 


xs zio (487) 


In the infinitely extended homogeneous isotropic space the scalar Green's function 
G(x, x") must exhibit spherical symmetry and therefore can only depend on the magni- 
tude r = |r| of the distance vector r = x — x’ between the points x and x’, We introduce 
spherical coordinates at the origin r = 0. With the scalar Laplace operator in spherical 
coordinates (A.174) we obtain from (4.87) considering the spherical symmetry 


18 (a(n) «lego -- Lá) (488) 
7 dn Me ge : 
With the exception of the origin r = 0, G(r) satisfies the homogeneous differential 
equation 


est) +B) -o. (4.89) 


‘The solution is given by R 
rG(r) - Ae} 4 Bet, (4.90) 


where A and B are complex coefficients not yet determined. The first term on the right 
side of (4.90) describes a wave propagating from the origi into the space, whereas 
the second term describes a wave propagating into the origin. The second solution does 
not occur for physical reasons; therefore we set B = 0 in the following. To determine 
A we consider the field in a small neighborhood of the point source. We assume the 
extension of this neighborhood to be much smaller than the wavelength 1. Therefore 
|kr| <1, and k may be neglected in (4.87) and (4.89). Within this approximation we 
obtain 


(4.91) 
From (4.87) it follows that 
1 
AG) (x,x') fO -x). (4.92) 
This equation corresponds to the Poisson equation from electrostatics, 
1 
dx G(x!) = -28(x-2') dx a dy ^ dz (4.93) 


We integrate both sides of (4.92) over a spherical volume of radius r around the center 
point ^. On the left side we can transform the volume integral into a surface integral. 
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Considering 
aG, ag, 1 3G, 
R ERI NI IG, 
dG, (x, x!) = r^ sin 072 dla desine dé drs 5 ag dr^ dé, (4.94) 
we obtain 
9G, 1 
2 inp- = =x! 
gyr sin 92 d0 ^ dé = fae x')dxadyadz. — (495) 


Since G, is uniform over the surface of the sphere, we obtain 
ae, 
PEL =} (496) 
e 


From this we obtain 
1 
Gyr)» —. (4.97) 


Comparing with (4.91) yields 


(4.98) 
and therewith from (4.90) 
ei kr 
= " 99 
a= (499) 
Inserting (4.99) into (4.86) we obtain Green's double one-form 
Glez! aa (dxdx' + dy dy + dzdz') (4.100) 
ADIIT ae x n ; 
and with this the retarded electric Hertz differential form 
D ez x'| 
8) = [ay eee + ay ay dez) AM). (100 
"ru 


In the same way we obtain for the impressed magnetic polarization M(x’) from 
(475b) the retarded magnetic Hertz differential form is 


" e ieat " a d dz" D 
Ly (#) = I uim zi dd + dy dy de AM). — (04402) 
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By inserting Ml, (x^) and M,,,9(x’), respectively, in component form into (4.101) and 
(4.102) we obtain 


r eee 
eC) f rra ans) x + Ma (87) dy Ma (8) de) 


dx’ A dy a dz’, (4.103a) 


ges 
B) f Roma doo 2) de Magy) d Mags) de) 


dx! n dy’ ndz. (4103b) 


The computation of the field quantities E and H from M,, or Mo respectively, is 
performed using (3.172) and (3.17b) or (3.202) and (3.20b). If impressed electric polar- 
ization as well as impressed magnetic polarization exist, the electromagnetic field is 
obtained by superposition of the electromagnetic fields computed from M „o and Mpo» 
respectively. 


4.9 THE INTEGRAL EQUATION METHOD 


The electromagnetic field of a three-dimensional structure can be computed from 
unknown quantities over certain boundary surfaces that are obtained by the integral 
equation method [21, 27-30]. If the distribution of the sources of the electromagnetic 
field is known, the field may be computed in a straightforward way by computing the 
Hertz vector fields via (4.1032) and (4.103b) and from these the electric and magnetic 
fields. However, in electromagnetic field computation the source current or polarization 
distribution is not known initially - its determination is part of the problem. To show 
this we consider the scattering of the electromagnetic field by a conducting sphere, 
illustrated in Figure 4.13, Let £(? be the incident or primary field, existing without the 
conducting sphere (Figure 4.13(a)). At the surface of the conducting sphere the primary 
field £C? will not satisfy the boundary conditions. Therefore in the conducting sphere 
currents will be induced, creating a secondary or scattered field £C, so that the total 
field has no tangential electric field component on the surface of the scattering body. 
The complete field £ on the surface S of the conductive body in Figure 4.13(c) results 
from the superposition of the incident field £C and the scattered field £, 


PEPETA (4.104) 
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(b g9 ©) gorgo 


Figure 4.13: Scattering: (a) incident field, (b) scattered field, and (c) total field. 


The source of the scattered field is the electric surface current, described by the surface 
current density form J ,(x). Inserting 


à 
3 o =h (4.105) 
into (4.85) leads to 
B9) = f dolor’) ^ 0, (4.108) 


where the integration is performed over the surface S of the sphere. The free-space 
Green's dyadic form G.,, is given by (4.100), 


G (x) = Gu Go x )(dx dx! + dy dy! + dz dz) (4.107) 

with 
eee 4.108, 
Galet) = qusc (4108) 


With (3.292) and (3.29b) we obtain the scattered electric field form 
£?9-aàn «Kn, (4109) 
with k? = wey. We introduce the dyadic Green's function 


gx) miS A+) (GG) (dx de” + dy dy' + dz dz')), 4.110) 


where the exterior differential operators d and d act on the variable x only and not on 
x', and obtain 


go- [$46 ^d). (4.111) 
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‘The integration is performed over x’, In a more explicit notation (4.110) may be written 
as 

^ MEG , qa 1, 9 Go t, Pleo " 
(xx)- (Ese «e Gag) drar + Se dx dy! + D dear 


PG. 
Go aya! 
dyoz IF 


2 
dy dx’ + i + 9) dy dy’ + 
y 


1, 9G DIL , 2 ] 
p dzdx' tuya 6 (QR ca) dzdz|. (412) 


Using 
J (u,v, n) = 6(n) na Jalu, v) (4.113) 
to express the current on the sphere by the surface current density we obtain from 


(4.111) after integration over the direction normal to the surface the relation between 
the surface current density on the scatterer J ,(x') and the scattered electric field 


' 
£9 = f Galax) ^ TA"). (414) 

‘The integral is performed over the surface S with x’ as the variable of integration. 
On the surface of the scatterer the tangential electric field component must vanish. 


With 


& = na(n^ E) = na [n^ (Eusi + Evsa + Enn)] 


= Eus + Ey, (4.115a) 
D, - na(n^D) = na [nA (Dun Ant Duna si + Dasi A 52)] 
= Dns ^s. (4.115b) 
This yields 
£ -£? e£? - na (n (E? *£9)) -0 forxeS. (4.116) 


We obtain the integral equation 
ED --n na [og (xx!) A J (x) forma es (4417) 
£f - n; | Bar) ^ d, js e$. 1 
This integral equation can be written as a functional equation 
Lop(Z4) = eer à (4118) 


This functional equation is called the electric field integral equation (EFIE). It may be 
solved numerically using the method of moments (see Section 14.2). 
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4.10 THE FREE-SPACE GREEN'S DYADIC FORM 


From (4.106), (3.292), and (4.116) we obtain for free-space regions with M,, = 0 the 
integral equation for the electromagnetic scattering problem in free-space 


i s 1 au ; ; 
£f) = £P) =~ [^ (a à fj Bolas) A Tala ))] a09) 
We introduce the dyadic Green’ form G, (x. x") 


dg.,(x,%’))] . (4.120) 


In the following we derive the Green’ dyadic form for the free-space in Cartesian 
coordinates for a plane scatterer with surface S oriented normal to the z-axis. The 
electric surface area current density exhibits x- and y-components only. The dyadic 
Green's function G, (x, x’) is given by 


G (xx) = G,, Ax de’ + G,, dx dy’ + Gy, dy dx! + Gy, dy dy! (4.121) 
with 
cect ke _ 1+ kjx? ^ 3jkox? A 3x? | exp(-jkor) (44222) 
"* wel r E p n 4m ^C 
1 [_jko 1€ | 3jkoy? | 3» | exp(-jhor) 
s E: 1 422b 
? jweg [ r rn tm Us 4nr ( ) 
xy [| ,3jko , 3 | exp(-jkor) 
x25 5,259, 3. 4.122 
6576, jee| r? wp tA 4nr (ee) 
and 


r=V/(x-x')(y- yy. (4.123) 


It can be seen that G; , and Gy, are even functions in all three space coordinates. The 
components Gxy and Gy, are odd functions in x and y and even functions in z. With 
the dyadic Green's function of free-space we obtain the integral equation 


EP la) = 2%) = f, gla) ^ Ty). (4324) 


4.11 GREEN’S THEOREMS 


4.11.1 The Scalar Green’s Theorems 


Consider a volume V with boundary dV as depicted in Figure 4.14. The two scalar 
functions (x), y(x) are assumed to be continuous together with their first and second 
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a 


Figure 4.14: Volume V with boundary òV. 


derivatives in the volume V and on the boundary dV. With Stokes’ theorem (2.112) we 
(4125) 


obtain 
f, arvan) = d, «van. 


Expanding the exterior derivation at the left-hand side as 


d«(ydó)- d(y d$) = dyn«dó«ydsdó-«dyndó«ydedó — (4126) 


yields Green’ first scalar theorem 
(4.127) 


n f ras soe d, ean. 


Introducing coordinates u, v, n such that u and v are tangential to the surface 9V and 
n is normal to V, the surface integral is performed over du ^ dv. With 


" Ly 95 8s 99 Engu D$ Suds 
(vd£) = vis PE de a dnt va dna du + yas d du^dv (4128) 


we obtain from (4.127) the representation of Green's first scalar theorem, 


- 9$ gufv 
[lavas atv de ag) = bas gee dua dy (4.129) 
Inserting 
d» d$ = * Ad = Ad gugygndua dv a dn (4.130) 
yields another representation of Green's first scalar theorem, 
(413) 


E 4 29 gus» 
[lavas aps sog) = f vas EE dun dy 


138 Electromagnetics 


Interchanging é(x) and y(x) in (4.127) yields 


f atom f pas dy= d, oan. (4132) 


Subtracting (4.132) from (4.127) and considering that dy ^ * dg = dø A + dy yields 
Green’ second scalar theorem 


[ae aed dy)= f Dag) - (ap). (4033) 


For the coordinates u and v defining the surface ƏV and the coordinate n normal to 
AV, Greens second scalar theorem is expressed by 


whe 36 _ OV) Suse 
[yar ao - oa a= f (vs ost) eden dy. (438 


Inserting (4.130) at the right-hand side of (4.134) yields another useful representation 
of Green's second scalar theorem, 


[vhi wav e f (VS - 95h) E au a ov. (4135) 


an n 


4.11.2 Green’s Theorems in Two Dimensions 


For the analysis of two-dimensional structures the scalar Green's theorems in two dimen- 
sions are useful. Such two-dimensional problems arise if the properties of transverse 
modes in electromagnetic structures exhibiting cylindrical symmetry are investigated. 
Consider a structure with general cylindric symmetry. In a Cartesian coordinate system 
x, y, z let the z-axis be the axis of the cylindric structure and let x and y be the trans- 
verse coordinates. The cylindric structure under investigation exhibits translational 
invariance in z-direction. We introduce the transverse exterior derivative 


au 
dU = des + dys. (4.136) 
For a two-form U exhibiting only transverse components, 


U(x, y) = Ux(x, y) dy ^ dz + Uy(x, y) dz a dx (4.137) 


Stokes’ theorem (2.112) becomes 


$,u- Í, aU. (4.138) 
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In component notation this is 


$, (00) dy - U(x, y) dx) ^ de 


-f (Ae " 9U.(x. y) 
v 


As 5 ) dx a dy Adz, (4139) 


Since the integrands in both sides of the equation do not depend on z we can omit the 
integration over z, hence 


É, (Wel) dy - UG y) Ax) 


=f (30s. , Us.) 
- f (Egan oe en dx^dy. (4140) 


On the right-hand side of this equation the integration is performed over a cross- 
sectional area A of the cylindric structure and the integral on the left-hand side of the 
equation is performed over the boundary curve JA of the area A. We can write this 
two-dimensional Stokes’ theorem as 


jose " [ains (4141) 


Consider a cross-sectional area A of a cylindric structure, bounded by the closed curve 
A. Let $(x, y) and y(x, y) be two-dimensional scalar functions continuous together 
with their first and second derivatives in the area A and on the boundary JA. With the 
two-dimensional Stokes’ theorem (4.141) we obtain 


EE E eade. (4142) 


Proceeding as in Section 4.11.1 we obtain the two-dimensional form of Green’ first scalar 
theorem 


noz + dió)adz + Jo di + dig) sdz = f,,(+(d6)) de. (4.143) 


Choose a coordinate system u, n, z such that u and n are the transverse coordinates 
and z is the longitudinal coordinate. Furthermore u is tangential and n is normal to 
the boundary curve ðA. This yields 


= yb E an -y$ Be 
(«(ydid))ds- ys dn agate (4.144) 
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Inserting this into (4.143) and using 
di» di = * Ard = Ard gugn du ^ dna dz (4.145) 


yields an alternative two-dimensional form of Green's first scalar theorem, 


d OV gn | 90 OV gu DO Su 4 
ba pdd e a ane 
(fe Pee dun dn e fw deb gugn du dn ACT 
4.146 


Interchanging $ and v in (4.143) and forming the difference between both equations 
considering that dy ^ « dø = dọ A + dy yields the two-dimensional form of Greens 
second scalar theorem 


[ries óc dex nude f [a(ydig)-s(bdiy)]ide. (4.47) 


Inserting (4.144) yields an alternative two-dimensional form of Greens second scalar 
theorem, 


9 u 
[rta aye - f (2 26 xe du. — (4M8) 


With (4.130) we obtain from this 
J (rh hou dus dn =~ f 


4.11.3 The Vector Green's Theorems 


Let U and Y be one-forms that are continuous together with their first and second 
derivatives in the volume V and on the boundary dV. With Stokes’ theorem (2.112) in 
analogy to (4.125) we obtain 


Jaan ay)= f un av. (4150) 
Expanding the differential form on the left-hand side into 


d(M^*dV)- du^*dY-U^d«dV (4.151) 


yields Green’ first vector theorem 


[au^ dy-Un ds dv)= f U^ dV. (4152) 
v av 
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Figure 4.15: Volume V with embedded volume V, 


Interchanging f and V yields 
[au^ s av-v^a«au)- f. vo «au. (4.153) 
Subtracting (4.153) from (4.152) we obtain Green's second vector theorem 


[rade au-Undedy)= f (Unsdv-Vaxdu). — (414) 
¥ av 


4.12 INTEGRAL FORMULATION OF THE 
EQUIVALENCE PRINCIPLE 


Consider a volume V, with boundary 9 V; enclosed by a volume V with an outer bound- 
ary Vout against Va. and the inner boundary 3V; against Vi, as shown in Figure 4.15. 
Now let V, be connected with Veo via a tube of infinitesimal diameter. The introduction 
of this tube connecting the inner and outer boundaries of V demonstrates that inner 
and outer boundaries may be considered as parts of one simply connected boundary 
surface. Hence V is bounded by a single surface V, + Vout. The negative sign of 
AV, indicates that the orientation of this part of the boundary of V is opposite to the 
orientation of the boundary 3V; of Vi. The surface integral over —9V, is the negative 
surface integral over dV;. The complete boundary V of V is -2V +3 Vout- The volume 
Va outside V is extended into infinite space. We assume all sources to be concentrated 
in volume V,. In the following we assume the media in V and V., also to be lossless. 
For lossless and source-free regions Ampere's law (2.124) and Faraday's law (2.124b) 
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are 


dH =jwer€, (4.155a) 
dE - -jou« 4. (4.155b) 


with real e and u. Under the above assumptions we obtain for the source-free and 
lossless regions V and Va 


+ d» d£(x) +kE(x) - 0. (4.156) 


We consider a dyadic Green's form G, (x, x^) as defined in (4.76), fulfilling 


1 
* dx dd (a) + EQ (e) =-2Z(x,2'), (4.157) 
where Z (x, x’) is the identity kernel, introduced in (4.77). The exterior derivatives are 
performed with respect to x whereas the coordinate x’ is considered to be constant. 
In the volume V the homogeneous Helmholtz equation (4.156) is valid. The source is 
embedded in Vj. Substituting in (4.154) £ for V and €, for 4 yields 


fel) d» dg, (ex) - 8, ^ d» a9] 


= [ias E080 ^ £02 EG) ^ Agl’). (4.158) 


The volume V is embedded between the inner volume V; and the outer volume V... 
Therefore the boundary of V is given by AV = Vout - 9Vi, where Ə Vo; is the outer 
boundary. The inner boundary —9 V, is identical with the boundary 3V; of V; but has 
opposite orientation. The negative sign indicates that the negative contribution of 
the integral over 9 V, has to be taken. Connecting the inner boundary and the outer 
boundary by a wormhole of infinitesimal cross-section we can consider 2V,,, and 
V, as parts of a single boundary surface 3V. 
Inserting (4.156) and (4.157) in the left-hand side of (4.158), we obtain 


f. [E(x) ^ d» dg, (x^) -, (xx) ^ dx d£(x)] 


-1E(x’) forx'eV 


. (44159) 
0. forx’¢V i) 


EJ 


Let the boundary 9 Vout be spherical and let its radius go to infinity. Assuming that £ 
as well as G , satisfy the Sommerfeld radiation condition (3.238b), the contribution of 
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the surface integral over ð Vou: Vanishes in (4.158) and we obtain 


(x!) = [Cou EGO ^* 4G Ga?) -efan E Gea) A» dEl) fora’ e Vi 
a(x!) = {cou ; ri 
0 fors’ € V, 
(4.160) 
This expression is a formulation of the Huygens’ principle, already discussed in Sec- 
tion 45. Inserting Ampéres law (4.1554) into the second integral yields 


AL nus P j 
E(x’) =e f Els) 4+ 4B S) +55 he G (Ex) AHC) — forx’ £V. 
(4.161) 
Following the principle of duality we can derive an equation for the magnetic field: 
diy. is ^19. i 1 
Hx’) -u f Her 49, (53) -)5 Js G (x )^E(N) — forx £V. 
(4162) 


4.13 THE SruRM-LIOUVILLE EQUATION 


Thetreatment of many boundary value problems in electromagnetics yields to the Sturm- 
Liouville differential equation (21, 31]. The homogeneous Sturm-Liouville differential 
equation has the general form 


E [ror S| + g(x) + Ao(x)] w(x) =0, (4163) 


where y(x) is the unknown function whereas p(x), q(x), and o(x) are real and 
continuous functions within the considered domain of x. Furthermore, in general 
p(x) and a(x) are considered to be positive. The constant } in general may also be 
complex. In the following we investigate the solutions of the Sturm-Liouville differential 
equation in the interval [a, b] for the boundary conditions 


yere P eo for xeu, (4.1643) 


dx 
dv; 


Wit Cb 0 for x-b, (4.164b) 


dx 


where c, and cp are real. The solutions of the differential equation (4.163) exist for 
certain eigenvalues À» of À. For chosen boundary conditions at x = a and x = b, we 
obtain an infinite number of solutions y, of the differential equation (4.163) with the 
corresponding eigenvalues Àn. 
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If the complex function f(x) and the real positive function c(x) are defined in the 
interval [a, b] and the integral 


b 
Uie f, AEP as < eo (4165) 


exists, the function f (x) is called square integrable with the kernel function a(x). The 
collection of all functions, square integrable in a given interval [a, b], forms an infinite- 
dimensional complex linear vector space. An infinite-dimensional complex linear 
vector space is called a Hilbert space [32,33]. In the Hilbert space an inner product and 
a metric upon this are defined. The expression 


» 
Ug) = J o(x)f*(x)g(x) dx (4.166) 
is the inner product of the functions f(x) and g(x). The expression 


MIS VAA (4.167) 


is called the norm of f(x). 

We show that in the case of fulfilled boundary conditions (4.164a) and (4.164b) the 
eigenvalues À, are real and that the eigenfunctions y, (x) and yn(x) belonging to 
different eigenvalues Àm and A, are orthogonal with respect to the weighting function 
a(x), in other words 

(Yulin) =O for acti (4.168) 


To prove the above assumption we insert Ym and Àp into (4.163) and multiply the 
equation from the left with y}. Then we form the same expression with interchanged 
indices m and n. The difference of these expressions is integrated over the interval 
[a, b] and we obtain 


f bx o Stn). Vo xo 25) d= [Osan etui. (4169) 


By partial integration of the left side we obtain 


dx dx — dx dx 
s dym _ wy 


dym ia dy; 


b b dy* di dy* d 
i Wi dym dys dym 
Pp veal El jë 


soi- f^ OY" Ym Ax. (4170) 
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If v, (x) and y, (x) fulfill the same boundary conditions (4.1642) and (4.164b) it 
follows that d dy* 
Wm dy; 
Vno. Vm ae 


From (4.170) and (4.171) it follows for n + m that 


=0 for x-a-b. (4.171) 


(Ai 7 An) (YalYm) = 0. (4.172) 
For m = n, due to 
b 
(ynlyn) = Í o|vo[ dx (4473) 


(4.172) may only be fulfilled for (47 — À,) = 0 (ie, the eigenvalues A, must be real). 
With this it follows from (4.172) that 


(An — Am) (¥nl¥m) = 0. (4.174) 


and from this we obtain (4.168). 

The functions y; are orthogonal in the interval [a, b] with respect to the integration 
kernel o(x). For degenerate eigenvalues 1; = Àj the corresponding eigenfunctions 
y (x) and y;(x) need not be orthogonal. In this case we may introduce the new 
eigenfunctions y; and y; by a linear transformation 


Views Vi=wWranw, (4.175) 
where the coefficient a is given by 


NEU) 
(ovi 


(4176) 


‘This method can be extended to an arbitrary number of degenerate eigenvalues and is 
called the Gram-Schmidt orthogonalization method. 

In the following we assume an orthonormal system of eigenfunctions (i.e., that all 
eigenfunctions are normalized and mutually orthogonal), so that 


(Vn) = mn - (4177) 


The eigenfunctions y, form a complete set of functions and allow the expansion of an 
arbitrary piecewise continuous function f (x) into a series 


f(x) = Xov : (4.178) 
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To determine the coefficients an we multiply both sides of the equation with o (x) Ym (x) 
and integrate from a to b, to obtain 


b oo b LI 
[svi G0 A= E an f, «Gov GO vs GO = Y andane (479) 
a n=l » n=l 
From this it follows that 


un f * o(x)wh (2) f(x) dx. (480) 


The function f (x) is assumed to be square integrable with the kernel function a(x) > 0 
for x € [a,b]. We investigate the convergence of the series expansion of f(x) into 
Yn (x) and consider the series truncated after the Nth term, 


N 
OL Pd ^ (4.181) 


where the coefficients a, are given by (4.180). The y, (x) form a complete set of func- 
tions if for every function f (x), square integrable in the interval [a, b], the relation 


b 
dim. f MfG) - fe o@) dx =0 (4.182) 
is valid, After inserting (4.181), we obtain from this 
b N E 
jim f(x) - 3 ans (| o(x)dx =0. (4183) 
Fees nt 
For N > co we obtain Parseval’ theorem 
4 ss 
Í V GO o(x) dx = F lanl? - (4184) 
* n=l 


If (4.182) is fulfilled in the interval (a, b) for any piecewise continuous function f(x), 
the set of functions yn (x) is complete. 


4.14 SPECTRAL REPRESENTATION OF GREEN’S 
FUNCTIONS 
‘The inhomogeneous Sturm-Liouville differential equation for a perturbation g(x) is 
given by 
pto 3E +1900) + Aa) vo) = s. (ass) 
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The inhomogeneous Sturm-Liouville differential equation for a point-like perturbation 
at x’ described by the delta distribution 5(x — x’) is 


sie x) 


EL x) + [aG) + Ao(x)] GG, x’) = 8(x - x). (4.186) 


Green's function G(x, " is the solution at x for the point-like perturbation at x^. We 
expand Green’ function G(x, a^) into eigenfunctions y, (x) with the eigenvalues A... If 
the same boundary conditions (4.164a) and (4.164b) are assumed in (4.185) and (4.186), 
the solution of (4.185) is given by 


" 

(x) = ji G(x,x)g(x') dx’. (4187) 
Green's function G(x, x’) may be considered as a function of the variable x with the 
parameter x’ denoting the position of the point-like source. Since the solutions v; (x) 


of the homogeneous Sturm-Liouville differential equation (4.163) form a complete set 
of basis functions, we can expand G(x, x") into a series 


G(x,x!) = X es (vao), (4.188) 


where the expansion coefficients a, (^) depend on the location x' of the source. After 
inserting into (4.186), it follows with (4.163) that 


S an(t")(A= Ag) oC ¥a(e) = &(x - 2"). (4.189) 


Multiplying both sides with y (x) and integrating over the interval [a, b], we obtain 


E b 
2; as(x ^). - an) f (x), (x) yn (x) dx = am (') A - Am) 

x ns -x)dx- ys (x). (4.190) 
With this it follows from (4.188) that 


G(x, x’) = x: 5c) fee (4.191) 


Green's function G(x, x^) exhibits poles at A = À,. We note that Green's function 
is symmetric in x and x^. This expresses the property of reciprocity since we may 
interchange the point of source with the point of observation. 
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4.15 PROBLEMS 


1. Consider the superposition of two plane waves described by the electric Hertz 
form 


n, 


a) Compute the electric and magnetic field of this wave. 
b) Compute the time-dependent Poynting vector S(x, t). 
c) Compute the complex Poynting vector T(x). 
d) Compute the complex power per unit of area flowing in x-, y-, and z- 
direction. 
2. Show that the Poynting vector S(x, t) in conventional vector notation is given 
by 


(Ae Jaka) 4 Bei(-Ha-hee)) dz, 


S(x, t) = E(x, £) x H(x, t) 


and that this equation corresponds to (4.12). 

3. Consider a plane dielectric plate depicted in Figure 4.16 with thickness d = 1 cm 
and material parameters e, = 25, ui, = 1. The incident harmonic plane wave with 
frequency 1 GHz is linearly polarized with electric field amplitude E, = 107 V/m. 

a) Compute the electric and magnetic field amplitudes of the waves propagat- 
ing in positive and negative z-direction in regions 1, 2, and 3. 

b) Compute the active and reactive power densities in W/m’ of the waves in 
regions 1, 2, and 3 as a function of z. 

c) Compute the electric and magnetic energy stored per m? in region 2. 

d) For which frequencies exhibits the amplitude of the transmitted wave 
maximum or minimum magnitude? 

4. Consider a plane wave incident on a dielectric plate of thickness d with e, = 2.25 
and p, = 1 (Figure 4.16). 

a) Determine d such that a normally incident wave is not reflected. 

b) Compute reflection and transmission factors for the same thickness d and 
arbitrary polarization of the incident wave for skew incidence. 

c) Compute the Poynting form S(x, t) for x < 0,0 < x < d and x > d. 

d) Compute the complex Poynting form 7 (x) for x < 0,0 < x < d and x > d. 
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Figure 4.16: Wave incident normally on dielectric plate. 
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Chapter 5 


Static and Quasistatic Fields 


5.1 CONDITIONS FOR STATIC AND QUASISTATIC 
FIELDS 


A field invariant with time is called a static field. For static fields the time derivatives in 
Maxwells equations (2.114a) to (2.114d) vanish and we obtain 


dH=J, (512) dB-0, (5.1) 
d£-0, (5:22) dD-Q. (520) 


In the static case electric and magnetic fields are not coupled with each other. The 
source of the electric field is the electric charge and the source of the magnetic field is the 
electric current. Since in the static case electric and magnetic fields are not coupled with 
each other the electrostatic field and the magnetostatic field may be treated independently. 
Electrostatic phenomena involve time-independent distributions of electric charge and 
electric field. On the other hand, there are no free magnetic charges. Therefore magnetic 
phenomena are quite different from electric phenomena. Magnetostatic phenomena 
involve time-independent distribution of electric current and magnetic field. A detailed 
treatment of electrostatic and magnetostatic fields is given in [1-5]. 

An example of an electrostatic problem is an arrangement of two or more conductors 
insulated from each other at different time-constant potential levels and with no im- 
pressed currents. In this case an electric field, but no magnetic field exists. Figure 5.1(a) 
shows an arrangement of two narrowly spaced conducting plates. The electric field 
and the stored electric energy are mainly concentrated in the space between the con- 
ducting plates. A structure optimized for storing electric energy is called a capacitor. 
An example for a magnetostatic problem is a conductor coil or solenoid with an im- 
pressed time-constant current. The current flowing through the conductor gives rise to 
a static magnetic field only. Figure 5.1(b) shows a solenoid. A current impressed into 
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(a) 


Figure 5.1: (a) Capacitor, and (b) inductor. 


the solenoid gives rise to a magnetic field mainly concentrated inside the solenoid. A 
structure designed for storing magnetic energy when a current is impressed is called 
an inductor. 

Maxwell's equations describe the most complex electromagnetic wave phenomena 
occurring at short time scales or at high frequencies. For problems dealing with relatively 
long time scales and low frequencies truncated versions of Maxwell’s equations may be 
applied. To establish a measure for the vague characterization “slow” we consider the 
time an electromagnetic wave needs to propagate through a typical dimension of the 
system of interest. If this time is small compared with the time scale of field evolution 
in the system, we may consider the field as a so-called quasistatic field. 

Slowly varying fields in many cases may be treated as quasistatic fields [3,6]. The 
quasistatic laws are obtained by neglecting either the time derivative of the magnetic 
induction or the electric displacement current. The first approximation is called the 
electroquasistatic approximation, the second one the magnetoquasistatic approximation. 
From Maxwell's equations (2.114a)-(2.114d) we obtain 


Electroquasistatic approximation Magnetoquasistatic approximation 
dH=5D+JI, (5.32) daH 2g, (5.3b) 
dE 20, (5.4a) ål = 28, (5.4b) 
dB=0, (5.5a) dB=0, (5.5b) 
dD=Q, (5.6a) dD=Q. (5.6b) 


Due to (5.4a) the electroquasistatic field is essentially irrotational whereas (5.5b) re- 
quires the magnetoquasistatic field to be solenoidal. 
To give an example of an electroquasistatic field we consider again the capacitor 
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depicted in Figure 5.1(a). Impressing a slowly time-varying voltage gives rise to a time- 
varying electric flux between the capacitor plates and by that way to a displacement 
current flowing between the plates. To describe the capacitor in the case of an applied 
time-varying voltage we have to consider the time variation of the electric flux density 
D. However, in the low-frequency case we usually can neglect the time variation of the 
magnetic induction B due to the current flowing through the capacitor. Capacitors may 
be treated within the electroquasistatic approximation specified by (5.3a) and (5.4a). 

The inductor in Figure 5.1(b) may be considered within the magnetoquasistatic 
approximation specified by (5.3b) and (5.4b). The time variation of the current creates 
a time variation of the magnetic induction B in the solenoid and this time-varying flux 
induces a voltage in the solenoid. In the case of the inductor at low frequencies the 
displacement current may be neglected. 


5.2 STATIC AND QUASISTATIC ELECTRIC FIELDS 


5.2.1 Green's Function for the Static Electric Field 


In 1828 George Green published An Essay on the Application of Mathematical Analysis to 
the Theories of Electricity and Magnetism |7]. In this work Green developed a technique 
to solve Poisson's equation of potential theory. Green's function gives the potential 
of a point or line source of unit strength. Since arbitrary source distributions may be 
considered as superpositions of point or line sources Green's function is a powerful 
tool for solving field problems [8, 9]. 

Due to (5.2a) and (5.4a) in the electrostatic or quasielectrostatic case, the electric 
field is irrotational and may be derived from the scalar potential & as discussed in 
Section 3.1 from 

E=-do. (5.7) 


We obtain this equation also from (3.3) for the static case. From (5.6a), (5.7), and the 
constitutive relation (2.23a) we obtain the Poisson equation 


(5.8) 


We note that the Poisson equation also follows from (3.15b) for the static case. 
We calculate the scalar potential field due to a point-like unit charge located at the 
point x’. A point-like source may be described by a three-dimensional Dirac delta 
distribution 
8(x -x') = 8(x-x') ely- y) èle- z) (59) 
already introduced in (4.78). The electric charge form Q(x) describing a point-like 
unit charge located at the point x’ is given by 


Q(x) = (x -x') dx ^ dyn dz. (510) 
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Inserting this into (5.8) yields 
AGo(x,x') = -Lo(x-2"). Gn 


We have renamed the unknown function ®(x) by Go(x, x”), where x is the variable, 
and x’ is the constant coordinate vector denoting the location of the unit source 
The function Go(x, x’) is called Green’ function. It relates the source space x’ to the 
observation space x and gives the potential at point x created by a unit source at point 
x'. Multiplying this equation with Q(x’) and integrating over the primed coordinates 
yields 


AN 
A f, Gols") Qe") = ca 632) 
Comparing this with (5.8) yields 
T t g 
(x) = f, Golazo’). 613) 
We apply the Hodge operator on both sides of (5.11) and integrate over a spherical 


volume of radius r and center point x^. On the left side we apply Stokes’ theorem (A.90) 
to transform the volume integral into a surface integral. 


fis d " a 
d, rae Ga) =- f (x-2") dea dya dz= (5.14) 
We now introduce spherical coordinates (r, 0, 9) around the center point x’, Due to 
the spherical symmetry of the problem, G(x, x’) only depends on r = |x ~ x'| and we 
can write G(r) instead of G(x, x^). Since Go is constant over the surface of the sphere, 
performing the integration on the left side of (5.14) yields 


2s 
f. * dGo(x,x') = [A Se sin 0 dO A dg = An! T (6.15) 

From (5.14) and (5.15) we obtain 

Go 1 

— a (5.16: 

Br med $29 
and after integration the scalar Greens function for the electrostatic problem 

Go(r) = (547) 


p 


Green's function relates the observation space x to the source space x’, 
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Figure 5:2: (a) Closed multiconductor structure, and (b) open multiconductor structure. 


5.2.2 Capacitance 


Applying an electric voltage between two conductors yields an electric field and an 
associated electric flux density between these conductors. ‘The flux density induces 
positive and negative charges of same magnitude in both conductors. The ratio of the 
induced charge to the applied voltage is called capacitance. 

Figure 5.2 shows closed and open multiconductor structures. We consider a mul- 
ticonductor structure with N + 1 conductors. The conductor 0 is assumed to exhibit 
the potential ®o = 0. Let the voltage between conductor k and conductor 0 be vg. The 
potential field for the case when the kth conductor exhibits voltage v, and all other 
conductors exhibit voltage v; = 0 for | + k is named ®; (x). Applying the superposition 
principle yields the total potential 


N 
(x) - 5 D(x). (5.8) 
k=l 
We introduce the normalized potential y by 
® 
x(x) = Sule) . (5.19) 
With this we obtain from (5.18) 
N 
(x) = Y vedi (x). (5.20) 
k=l 


The charge of conductor / is given by the integral of the electric flux density over the 
surface A, enclosing conductor |. 


u$ D 


N 
$0. $a (6.21) 
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Figure 5.3: (a) Spherical capacitor, (b) electric field, and (c) electric flux density. 

The charges induced on conductor ! due to the voltages v, on conductors k is given by 
N 

4 7 Ð Cik ve. (5.22) 


ka 


where the partial capacitance Cip is given by 
(COME. $. * dés. (523) 


The current i; flowing into the Ith conductor is given by 


N 
petits en 6.24) 
i 


dt £d 


Let us now explicitly calculate the capacitance of some geometrically simple con- 
ductor structures. We compute the electric field of an electrically charged spherical 
conductor of radius a depicted in Figure 5.3(b). We assume spherically symmetric 
charge distribution over the surface of the spherical conductor. Due to the spherical 
symmetry of the problem the electric field as well as the electric flux density will only 
exhibit radial components F, (7) and D, (r), where r is the distance from the center of 
the sphere. In spherical coordinates the electric flux form is given by 


D(r) = D,(r)  sin8d8 ^ dg. (5.25) 


Applying Gauss’ law (2.57d) and integrating the flux density over a sphere with radius 
r 2 a yields the charge q 


4- n Q- $,? =PD,(r) $. d9 ^ dg = An? D, (r). (526) 
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From this we obtain the radial component of the flux density 


4 
D,(r) PE (5.27) 
and the flux differential form 
et 
Dlr) = 3 singd8 ^ dé. (528) 


Figure 5.3(c) visualizes the flux differential form D by cones originating at the center 
of the sphere. The cross-section of the cones are proportional to 1/7?. We consider that 
itis impossible to give a spherically symmetric tessellation of the surface of a sphere. 
Therefore the picture in Figure 5.3(c) is not spherically symmetric. However, the shape 
of the flux tubes is of no account. If all flux tubes have the same cross-section at a given 
distance r from the center of the sphere, the dielectric flux density exhibits spherical 
symmetry. With (2.322) we obtain 


SOO- dr (5.29) 


iat 


and the corresponding radial component electric field component 


E,(r) = (5.30) 


a 
Using (2.63) we compute the potential difference db; — © between the two points 2 
and 1 with distance rz and r; from the origin 


$(1)-9(1)- -fe-i (i-i). 6.31) 


"n 


Choosing the potential of reference at (oc) = 0, the potential (r) is given by 
4 = 
O(r)= s 32) 
ui 4ner 632 


Figure 5.3(b) shows the equipotential spheres. For an equal potential difference between 
neighboring spheres the distance between the spheres must be proportional to 1/r. 
Drawing the electric field lines normal to the equipotential spheres, the number of field 
lines piercing an equipotential sphere per unit of area is proportional to 1/r?. 

‘The potential of the surface of a metallic sphere with radius a and charge q is (a). 
‘The capacitance is defined as the ratio of the charge and the potential, 


(5.33) 
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Figure 5.4: Electrostatic field of a dipole. 


A sphere with radius a has a capacitance 
C - 4nea (5.34) 


A spherical capacitor is formed by two concentric conducting spheres as depicted in 
Figure 5.3(a). The inner sphere 2 has a radius a and the inner radius of the outer 
spherical conductor 1 is b. For a charge q on sphere 2 we obtain from (5.31) the voltage 


jue de [Es z) (535) 
and from this with (5.33) the capacitance of the spherical capacitor 
ASTAL (5.36) 
b-a 


The charge q on the inner sphere 2 induces a charge -q on the outer sphere 1. 

Figure 5.4 shows an electric dipole consisting of two spherical conductors of radius 
a in a distance h. We assume h > a. This means that we can neglect the perturbation 
of the field of sphere 1 when bringing the uncharged sphere 2 into the field created by 
sphere 1. In this case the potentials , and ©, on spheres 1 and 2 are approximately 


given by 
ERN! 2) ER: (2 t) 
olg 2 Sige nI pag 


where q, and qz are the charges of sphere 1 and sphere 2. If both spheres contain charge 
of equal magnitude and opposite sign, q = qı = -q2 the potential difference between 
the spheres is 


ye, - (538) 
2ne 
With (5.33) we obtain the capacitance 
C=2ne— (5.39) 


l-ajh` 
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(b) 


Figure 5.5: (a) Coaxial line segment, (b) electric field, and (c) electric flux density. 


For h >» a the capacitance C becomes independent of h and is half the capacitance of 
a single sphere. This means the dipole structure of Figure 5.4 in this case behaves like 
two spheres connected in series. 

‘The coaxial circular cylindric structure shown in Figure 5.5(a) is formed by an inner 
conductor with outer radius a and an outer conductor with inner radius b. We consider 
a segment of this structure of length !. Let q be the charge on a segment of length / of 
the inner conductor. Due to the cylindric symmetry of the structure, the electric field 
exhibits only an r-component in a cylindrical coordinate system. The electric flux form 
Dis given by 

D(r) = D,(r)rdó ^ dz. (5.40) 
Using (2.57d) and integrating the flux density over a cylinder of length ! and radius r 
a <r < b yields the charge q on the inner conductor segment of length |, 


g+ f, 2 =D) f, dé dz = 2nrlD, (7). (5.41) 
The charge per unit of length q' is given by 


=2arD,(r). (5.42) 


From this we obtain the radial component of the flux density 


D) =f. 643) 


and the flux differential form 


D(r)= i dj ^ dz. (544) 
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Figure 5.6: (a) Plate capacitor, (b) electric field, and (c) electric flux density. 


With (2.32a) we obtain 


1 EM 
El) = 2 + D(r) = fiar. (6.45) 
and the corresponding radial component E, of the electric field, 
d 
(r=. 5,46) 
BO 2ner 649 


The voltage v; between inner conductor 2 and outer conductor 1 is given by 


b d b 
yy = 0) -0 =- £=. (647) 


From this we obtain the capacitance per unit of length 


2ne 
C=— (5.48) 
nt (5.48) 


The capacitance per unit of length computed in the quasistatic approach is related to 
the inductance per unit of length and the characteristic impedance of a transverse 
electromagnetic wave propagating in the cylindric structure (see Table 72). 

Figure 5.6 shows two parallel plates with distance d. In case of infinite extension of 
these plates we obtain a homogencous electric field between the two plates if a voltage 
va is applied between both plates. The field solution for infinite extension will also give 
a good approximation for plates of finite transverse extension if b, | >> d. For symmetry 
reasons the electric field is homogeneous and only exhibits a component normal to the 
plates. The plates 1 and 2 exhibit uniform surface charge densities Qa and Q42. With 
(2.170b) we obtain 

D=-Qa = Qu = qadxn dy. (5.49) 


From (2.32a) we obtain 


Dz tae, (5.50) 
e 
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With (2.63) we compute the potential difference vz between the top plate 2 and the 


bottom plate 1. 
=“. (5.51) 


(552) 


5.3 STATIC AND QUASISTATIC MAGNETIC FIELDS 


5.3.1 Green's Function for the Static Magnetic Field 


Following (3.1) we obtain the magnetic induction form B from the magnetic vector 
potential form A via 
B-dA. (5.53) 


For static magnetic fields excited by a steady current 
To = Jox dy ^ dz + Joy dz dx + Joz dx ^ dy (5.54) 

we obtain from (3.15) the vectorial Poisson equation 
AA=-« uo (5.55) 


The solution of the vector field problem with unit point-like vectorial source is given 
by a dyadic Green’s function with the components Gi; relating the ith component of 
the field vector to the jth component of the source vector [8,9]. In differential form 
calculus dyadics may be represented by double forms. To compute the field at a point x 
excited by a point-like source located at x! we use Green's double one-form [10,11]. A 
double one-form G is defined by 


G(x, x") = Gu dx dx! + Gi dx dy! + Gis dx dz! 
+ Gy dy dx! + Gn dy dy’ + Gzs dy dz' (5.56) 
+ Gy dzdx! + Gy dzdy' + Gay dz dz' 
Green's double form relates the observation space x to the source space x’, Primed 
and unprimed differentials dx; and dx; commute (ie., in products they may be inter- 
changed without changing the sign). The rules are 


dxjdx} = dxfdx; with dx; = dx, dy, dz. (5.57) 
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With the identity kernel already introduced in (4.77) 
T(x, x’) = d(x — x") (dx dx! + dydy! + dzdz/) (5.58) 
we can express the vectorial Poisson equation (5.55) for a point-like unit source at x" by 
AG(x,x") = -uL(x,x'). (5.59) 


In (5.59) the Laplace operator acts on the unprimed coordinate variables whereas the 
primed coordinate variables are treated as constants. Forming the exterior product 
with o (x^), integrating over the primed variables and using (4.81b) yields 


^ f ^80) dole!) = ud). (5.60) 


Since the sequence of partial derivation with respect to the unprimed coordinates 
and integration over the primed coordinates may be interchanged under very general 
conditions, and considering (A.64), we obtain 


A f alax’) a ala’) =~ na. 66) 


Comparing this equation with (5.55) yields 


AG) = f "glx, x) ^ Pla’). (5.62) 


In Cartesian coordinates the Laplace operator for one-forms (A.73) is symmetric in its 
three components and leaves the three components uncoupled. Therefore (5.61) may 
be solved by 

G(x, x!) = G(x, x/)(dx dx’ + dydy’  dzdz) , (5.63) 


where G(x, x’) is a scalar Green’ function, obtained by solving the scalar Poisson 
equation 

AG(x, x’) =—pd(x-x'). (5.64) 
This problem has already been treated in Section 5.2.1. In analogy to the solution (5.17) 
of (5.8) we obtain 


G(r) = es ; (5.65) 


Inserting (5.54), (5.63) and (5.65) in (5.62) yields 


Aes f x p m P ay dyn de’. 66 
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To compute the vector potential A excited by a thin wire carrying a current Jp we have 
to perform the volume integration in (5.62) over the volume of the wire. The integral 
may be performed first over the cross-sectional area of the wire, which is transverse to 
the curve followed by the wire and then in the direction tangential to the wire. After 
the integration over the cross-sectional area we obtain 


A(x) = Io f G(x,"). (6.67) 


With (5.53) we obtain from (5.62) the dependance of the magnetic induction from the 
current as 


B(x) = f $e ^ do(x"); (5.68) 


where the exterior derivation is applied to x and integration is performed over x’. We 
introduce Green's form 


Gas(x,x') = dG(x,x'), (5.69) 
and obtain the Biot-Savart law [3] 
B(x) - f Gus) ^ ols"). (670) 


Biot-Savart’s law is often considered as the experimental postulate on which magne- 
tostatics is based [8]. Green's form Gas(x,x’) is a one-two double form since it is a 
product of a two-form in x and a one-form in x’, From (5.63), (5.65), and (5.69) we 
obtain 


Gas (x, 3) = -5 (xdx + ydy + zdz) ^ (dxdx’ + dydy + dzdz'). — (571) 


The magnetic induction B excited by a thin wire along a curve C carrying a current Jo 
is given, similar to (5.67) by 


" 
B(x) = lo J. Gas(x,x'), (5.72) 
à 
where the integral is performed over the curve C;. 


5.3.2 Inductance 


A current flowing through a conductor creates a magnetic field. The magnetic induction 
or flux density associated with this field yields a magnetic flux through a coil formed by 
the conductor. The ratio of this magnetic flux to the current creating the flux is called 
the inductance of the conductor. If the magnetic field that is created by the current in 
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Figure 5.7: Transformer, 


one conductor induces a magnetic flux through a coil formed by another conductor, 
the ratio of the flux through this coil formed by the other conductor to the current 
through the first conductor is called the mutual inductance between both conductors. 

Figure 5.7 illustrates the inductive coupling of two coils 1 and 2. The current i flowing 
through coil 1 creates a magnetic field and a total flux ©. The part of the magnetic flux 
flowing through the coil 2 is denominated with 2). If current i, changes with time, the 
corresponding time variations of ©, and z, respectively, induce voltages u and uz 
across the poles of coil 1 and 2, respectively. The arrangement of two inductive coupled 
coils is called a transformer. 

We consider two wire coils 1 and 2 following the closed curves JA, and 2A», respec- 
tively. These closed curves may be interpreted as the boundaries of the surfaces Ay and 
Ax. The vector potential due to a current io, flowing in coil 1 is given by 


P! f 1 
AQ =h fp GG. (573) 
The magnetic flux >; through coil 2 due to the current i; flowing in coil 1 is 
On= f, B(9- G, Ale). (574) 


Inserting (5.73) into (5.74) yields 


[EET f. $, gen. (575) 


The ratio Mz of flux ;; through coil 2 to the exciting current i, through coil 1 is called 


Static and Quasistatic Fields 165 


the mutual inductance between coils 1 and 2. 
92a $ $ D 
Ma--i- sx). j 
uo a Oe x) (5.76) 


We note that the expression for the mutual inductance is symmetric with respect to 
coils 1 and 2. From this it follows 


Mn =Mn- (5.77) 


If both coils exhibit the same orientation with respect to the flux flow, the mutual 
inductance is positive; otherwise it is negative. Interchanging the poles of one coil 
changes the sign of the mutual inductance. The ratio of flux and current through the 
same coil is called self-inductance or simply inductance. The inductance of coil 1 is given 


by 
=f $, 0020. (528) 


If two coils k and | are coupled magnetically, the magnetic flux ® through coil l, 
excited by a current i, through coil k is given by 


9, - Mii. (5.79) 


"The voltage v; induced in coil ! is given by 
f Mt. (5.80) 


In the following we will discuss the inductance of some simple conductor structures. 
Figure 5.8 shows a solenoid of length / and diameter 2a and n turns. It is composed of 
a thin, perfectly conducting wire, wound in a helix. We assume / > 2a. From Amperes 
law (5.3b) we obtain for magnetoquasistatic fields 


$e 6.81) 


The area A enclosed by the closed path of integration in Figure 5.8(b) is pierced n times 
by the conductor of the solenoid. Therefore the path of integration encloses the total 
current ni. Due to the assumption / > 2a the magnetic field created by the current is 
mainly concentrated inside the solenoid. For this reason we only need to integrate H 
over the part of the path inside the solenoid from the bottom 1 to the top 2. We obtain 
the relation 


2 
Í H=ni (5.82) 
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Figure 5.8: (a) Solenoid, (b) magnetic field, and (c) magnetic flux density. 


and since the field is homogeneous inside the solenoid 


(5.83) 


With (2.322) we obtain 
B-us M - B dx dy= T dx a dy. (5.84) 


The coil and therewith the path of integration is linked n times with the flux. Therefore 
the area of integration A in the above integral is n times the cross-sectional area of the 
solenoid, The flux © through the solenoid is given by 


2 
NM LL 
o f B= anB: =p Ti (5.85) 


The surface A bounded by the solenoid exhibits n layers as depicted in Figure 5.8(c) 
Therefore the magnetic flux flows n times through cross-sectional area A and we obtain 
the flux linkage 

Pann 
l 


n 


o,= f Ben [ B= naènB: = i 5.86 
Le f, Ban [Bane nb. =u i (6.86) 
by summing the flux contributions of all the turns of the coil. The flux linked by the 
coil is due to the current i itself. Since the flux linkage ©, is proportional to the current 
i the ratio of the flux linkage to the current characterizes the solenoid. The inductance 


Lis defined as 
D, 


(5.87) 
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The inductance of the solenoid is 


(5.88) 


We apply Faraday's law (2.57b) 


£s 


34r 


(5.89) 


The boundary JA; follows the conductor solenoid and is closed via the path marked by 
the thin dashed line outside the conductor. Since the electric field component tangential 
to the solenoid conductor vanishes, only the part of the path outside the conductor 
region from node 1 to node 2 contributes to the path integral over £ and gives the 
voltage between nodes 2 and 1: 


[9 £ r £--va. (5.90) 


The voltage v2) is independent of the path of integration as long as this path is not 
wound around the solenoid. 

The inductance L is the ratio between the voltage v and the time derivative di/ dt of 
the current: 


di 
yn =L a 6.91) 


A coaxial line structure also exhibits an inductance per unit of length. We assume a 
current iz flowing in the z-direction in the inner conductor 2 of the coaxial line depicted 
in Figure 5.9(a). The magnetic field must exhibit cylindrical symmetry and therefore 
depend only on r. Due to (5.5b) the r- and z-component of the flux density and the 
magnetic field vanish and we obtain 


H=Hg(r) rdó. (5.92) 
From Ampére’ law (5.1a) we obtain by integrating over the path C in Figure 5.9(b) 
fme (593) 
c 


and from this 
(5.94) 


With (2.32a) we obtain the magnetic flux density form 


Mir 
aprija ER 3 5,9: 
B-uen- den dr (5.95) 
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(b) 


Figure 5.9: (a) Coaxial line segment, (b) magnetic field, and (c) magnetic flux density. 


The flux © between the inner conductor 2 and the outer conductor 1 over a length | of 
the coaxial line is given by 


-f g-t pha elipt 
o= [.8- od T 2n m. (559) 


‘The flux per unit of length © is given by 
in, b 
$'-o/1- n= 5.97) 
der oar eon 


and the inductance per unit of length L' of the coaxial line is 


b 


dE 
U'-9[i,- Ein? 


(5.98) 
We now consider the parallel plate structure shown in Figure 5.10. On the inner surface 
of both plates surface currents with surface current densities J4 and Jaz are impressed. 
We assume the surface current to flow in the positive or negative x-direction. In this 
case the surface current differential forms are given by 


Jm--lukdy, — Kan andy. 6.99) 


We make the point that the direction of the surface current flow, the orientation of the 
twisted one-form, and the orientation of the surface normal direction form a positive 
oriented orthogonal trihedron. This explains the different signs in the equations above. 
Due to the symmetry of the structure and also due to (5.5b) between the parallel plates 
only a tangential magnetic field exists and from (2.168a) it follows 


H= Ja = IJa (5.100) 
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Figure 5.10: (a) Parallel plate structure, (b) magnetic field, and (c) magnetic flux density. 


and from this Jax = -Jazx. With (2.32a) we obtain the magnetic flux density form 
B=p+H = p Jax dz ^ dx. (5.101) 


‘The magnetic flux through the area element A of length / and height d (Figure 5.10(c]) 
is given by 

O= f Bandi Ine (5102) 
‘The current i; flowing on conductor 2 in the positive x-direction within a strip of width 
b 

is a 
ih E Jai =b Jas (5.103) 
] 
From this we obtain the inductance Li+ of a parallel plate segment of width b and 
length | 
. dl 

Lip zofhz 4 (5.104) 

Introducing the inductance Lg of a quadratic parallel plate element 


syd (5.105) 


we obtain 


o I 
Lijp * — = zlo. (5.106) 
à b 


5.4 THE LAPLACE EQUATION 


Electrostatic and magnetostatic problems involve the solution of the Laplace equation. 
For regions free of charge (i.e Q = 0), the Poisson's equation (5.8) becomes the Laplace 
equation 

AO, - 0. (5.107) 
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Figure 5.11: Potential separation plane. 


In the following sections of this chapter we will denominate the electrostatic potential 
with ©, in order to distinguish it from the magnetic potential introduced below. The 
electric field is given by 

E=-do,. (5.108) 


In the magnetostatic case the magnetic field also may be derived from a scalar potential. 
For regions where £ = 0 from (5.3b) follows dH = 0. Due to Poincarés lemma (A.61), 
the magnetic field form can be represented as the exterior derivative of a scalar potential 
Om: 

H=-dOm. (5.109) 
With (5.5b), (2.32b), and (3.13) 

A0, = 0. (5.110) 

A solution of the Laplace equation is called a harmonic function. 

In structures containing perfect electrical conductors the surface of the conductors 
are equipotential surfaces (i.e., surfaces of constant ,). The exterior derivative dd, is 
normal to the surface of a perfect conductor. The magnetic field exhibits no normal 
component at the surface of a perfect conductor. Therefore, equipotential surfaces of 
the scalar magnetic potential ®,, are normal to the surface of a perfect conductor and 
dO, is tangential to the surface. 


5.4.1 Potential Separation Planes 


Consider a wire carrying a current i depicted in Figure 5.11. Due to Ampère’ law (2.572), 
the integral of H over the closed curve c enclosing the current i is 


fumi (5112) 
c 
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Figure 5.12: Open metallic box. 


Note that the potential is multiple valued if the current carrying line is encircled more 
than once. The Laplace equation is not valid in the conductor. A path of integration 
encircling the current is not allowed. We can introduce a potential separation surface 
as shown in Figure 5.11 to make the scalar magnetic potential single-valued [3.12]. If 
potential separation planes are introduced in such a way that the complete space region 
under consideration remains connected but no current can be encircled by a closed 
path, the static magnetic field can be derived from a scalar magnetic potential y. The 
integral from side 1 of the current separation plane around the current i to the opposite 
side 2 of the current separation plane is given by 


n 
f, H= d H= ari = -Om - 92). (5.112) 


‘This expression is valid for any path of integration from side 1 to side 2 of the potential 
separation plane, 


5.4.2 Three-Dimensional Laplace Equation in Cartesian Coordinates 


In this section we investigate the scalar field solutions of the Laplace equation when 
boundary conditions are specified in orthogonal Cartesian coordinates [3]. Consider 
the three-dimensional solution in Cartesian coordinates. With (A.69) we obtain 


Fo Fo 20 


Set ot ae =0 (6.113) 


‘The function 
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(x) =e 7* = el Orten) (5.114) 
is a solution of the Laplace equation (5.113) for 
yyaytytye=0. (5.115) 
Separating the y; into real and imaginary parts a; and f; by 
yia *jBi fori=x,y,z (5.116) 
and inserting this into (5.115) yields 
«a-p: B= a, — pita- By +a7-f2=0, (5172) 
a B= ef. yf, ouf. o0. (5.117b) 
The field exhibits an exponential behavior in direction of vector a and an oscillatory 
behavior in direction of vector fj, where fi is normal to a. 
Considera metallic box as depicted in Figure 5.12. The box is open at z = 0. All other 


planes are perfectly electric conducting. Assume the metallic walls at potential &, 
the solutions fulfilling the boundary conditions are 


hed 


emn(% ¥>2) = Amn sin. (= ) sin (2 


b 


( max ji ( 

Onn + 
a 

We have an infinite number of solutions, parameterized with m and n. The fields 
belonging to these solutions are called modes. Since the solutions are electrostatic ones 


the modes are electrostatic modes. The higher the order mn of the mode is, the steeper 
is the decay of the static field in z-direction. Any linear combination 


) sinh [Amn (d - 2] (5.118) 


with 


(5.119) 


eua) s Y Y Ann sin (225) sin (722 sinh ins (4-21 (6.120) 


is a solution of the Laplace equation. The contour plot of the solution © gio is depicted 
in Figure 5.13. 

For z = 0 the modal functions ®emn(x, y, 0) are complete in the two-dimensional 
interval x € (0, a), y € (0, b). This allows to expand any potential distribution in the 
plane z = 0 into a two-dimensional Fourier series. If this Fourier series expansion is 
known, the complete field solution inside the metallic box is also determined. Assume 
an arbitrary field distribution Oo (x, y) impressed at the surface z = 0, satisfying the 
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ol LAW 


Figure 5.13: Contour plot of electrostatic field in open metallic box. 


boundary conditions Peo(0, y) = Peo(a, y) = ®eo(x,0) = Deo(x, b) = 0. We can 
expand ¢9(.x, y) into a two-dimensional Fourier series 


dal) X $5. sn (2) sin (927). (5.121) 


mal nel 


‘The Fourier coefficients Bnn are given by 


apere . [mnx\ (amy 
em ©. Iu my ~ i: 
Bee 7 2j S «osi ( a )sin( b Ja] 3r GA 


Superimposing the partial solutions of (5.120) in such a way that the obtained expres- 
sion is equal to ,o(x, y) at z = O yields the complete field solution inside the box. 
Comparing (5.121) with (6.120) 


Byun = Amn Sinh (apad) . (5.123) 


With this we obtain the electrostatic potential field b, (x) in the whole box expressed 
by the Fourier expansion coefficients of the potential field impressed in the boundary 
surface at 


$4527 X E agt (PoF) iha- (6.124) 
2% Sinh (amn 


with By, given by (5.122) and a, from (5.119). 
As an example we consider the closed metallic box shown in Figure 5.14. All walls 
are assumed to be ideally conducting. With exception of a patch of width s and height 
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y 


Figure 5.14: Metallic box with patch electrode. 


h in the center of the wall at z = 0 all walls exhibit potential b, = 0. The patch is ideally 
conducting, however isolated from the other parts of the wall and at a potential D.o 


Do fori(a-s) ex «Ma«s)A3(b-h) <y<d(b+h) 
0 elsewhere ` 


ostea] 


(5.125) 
Inserting this into (5.122) yields the Fourier coefficients 
x=1(a+s) yeh) 
Ban = | (rn as (TE) as | fe sin (009 ay 
ab | Jx=4(a-s) a y=4(b-h) b 
169.0 mms nnh 
= 2 sini in —— sin inm sin —— 
mnga sin inm sin 7 sin dn sin 77. (5.126) 
This can be simplified to 
160, . (2m+1)ns .. (2n e Drm h 
Banana = 2-1)" sin LES ant nd) ] 
mare 2a 2b 
Bann = Brmsi,2n = Bam,2n+i = 0+ (5.127) 


Figure 5.15 shows the equipotential lines in the plane y = 1b for s = 1a. 


5.5 CONFORMAL MAPPING 


‘Two-dimensional electrostatic and magnetostatic field problems can be solved in an 
efficient way by conformal mapping [13-15]. Conformal mapping is based on the theory 
of complex functions. ‘The method is general for two-dimensional potential problems. 
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Figure 5.15: Contour plot of electrostatic field in a metallic box excited by an electrode. 


In the two-dimensional case, where in the Cartesian coordinate system the field depends 
only on the two coordinates x and y, the Laplace equation (5.113) reduces to 
PO. 9o, 


ae ua cr (5.128) 


The theory of complex function [16-19] supplies efficient methods to solve the two- 
dimensional Laplace equation. Let us interpret x and y as real and imaginary parts of a 
complex number z 
z-x4jy. (5.29) 
We have underlined the complex number z in order to distinguish it from the coordinate 
z in three-dimensional coordinate systems. We define a complex function f(z) to have 
the form 
w= f(z) = u(x, y) +jv(% y). (5130) 
In the following we will discuss some general aspects of field computation by conformal 
mapping. Figure 5.16(a) shows the contour plot of a conformal mapping. The full curves 
represent the lines of constant u whereas the dashed curves correspond to constant v. 
In analogy to the derivative of a real function the derivative of a complex function 


f(2) is defined as 
GO © him LE*82)-f@ | 
dz — bz+0 bz 


(6131) 


Inserting (5.130) yields 


[OD u(x + dx, y+ dy) - u(x, y) +jv(x + 0x, y + ôy) - jvGo y) 
dz — 55e 8x + joy 
(5.132) 
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We require that the limit is path-independent (i.e., independent on the path in the 
complex plane over which dz goes to zero). The result has to be identical if we let 
first dy > O and then ôx + 0 or first ôx + 0 and then dy — 0. In the following two 
expressions, the first one describes the case where first the transition dy — 0 has been 
made and then the ôx — 0 is made. The second equation corresponds to the opposite 
sequence of the limit processes. 


af) pa KEE cui) eine) - Gn) as 
dr AEN Bx 
df) pa May dy) oue) eive) -PGs) e 
dr. ENS Jay 
This gives for the two cases of limit processes 
df(z) _ du(x,y) |. dv(x.y) 
dr a a s CE 
afte) (my) _ dule) "T 


a dy 7 3 


If the derivatives have to be path-independent, both expressions must be identical, 
hence 


Qu(x,y) | 9vG y) 


3 3 (5.1352) 
9x), Buly). (6.1356) 
Ox dy 


These equations are called the Cauchy-Riemann equations and are the necessary con- 
ditions for a unique, path-independent derivative of a complex function. A complex 
function for which the Cauchy-Riemann equations are fulfilled is called an analytic 
function. An analytic function is conformal at any point where it has a nonzero deriva- 
tive. Conversely, any conformal mapping of a complex variable that has continuous 
partial derivatives is analytic (17,20-22]. 

A conformal mapping or conformal transformation is a transformation in the complex 
number plane that preserves local angles [20-22]. The proof of angle preservation can 
be given as follows. Consider a variation from z, to z by an infinitesimal distance 62, 
where dr and $ are magnitude and phase of this variation, so 


z-z9tÓz-zQ *elPor. (5.136) 


Let w = f(z) be an analytic function of z. The variation 6z will be mapped into the 
variation dw, given by 


bw = f(z) - f(5) = f' Dens, 9 = f'(2). e" or. (6.137) 
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potential 
separation 


conductor 1 


Figure 5.16: (a) Conformal mapping w = arccosh 5, and (b) confocal elliptic cylinder structure. 


"This shows that any change of the angle ¢ of ôz yields the same variation of ôw. There- 
fore the conformal mapping is angle preserving. Since the lines of constant u and v 
respectively constitute an orthogonal grid in the w-plane and the conformal mapping is 
angle-preserving, both sets of curves with either constant u or constant v are mutually 
orthogonal. 

The angle-preserving property of the conformal mapping has an interesting impli- 
cation on the metric coefficients defined in (A.104). Inserting the Cauchy-Riemann 
equations of the inverse mapping, 


àx(uv)  3y(uv) 


xL (5.1382) 
ayluy) B) 
Gav) LL AE (5.138b) 
into (A.104) yields 
+ ice »y-Gy-(5y a 
s-(2) +(5) -(2) (2) -2 eo» 


The identity of g; and gp means that in a conformal mapping from z-plane to w-plane, 
where z, is mapped to wọ a circle with infinitesimal radius ôr and center zp is mapped 
into a circle with radius gôr and center wọ. We set g; = g2 = g. In the three-dimensional 
cylindric coordinate system with coordinates u, v, z, the metric coefficients are 


A&-&-5 g= (5140) 
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hence the Hodge operator (A.111) for the three-dimensional cylindric coordinate system 
u,v, 2 is 

xf=gtfdun dva dz, (5.1412) 

» (Au du + Ay dv + Az dz) = (Au dv A dz+ Ay dz ^ du + g°Az du^ dv). (5.141b) 

Note that z in the above equation is the coordinate normal to x and y in the three- 

dimensional Cartesian coordinate system, and has to be distinguished from the complex 


variable z. 
From the Cauchy-Riemann equations it follows directly 


Puly) Puly) _ 

a ae 0, (5.1422) 
au(x, y) Sv(ey) _ 

an F D T 0. (5.142b) 


That means that ifa function w(z) is analytic, its real part u(x, y) as well as its imaginary 
part v(x, y) fulfill the two-dimensional Laplace equation. 

Consider the exterior derivatives of the scalar fields u and v. With the Cauchy- 
Riemann equations (5.135a) and (5.135b), we obtain 


= BUC) ge, 94089) gy MOI) gy AMY) gy 


å 5.145. 
dE" dy ày ax Ose) 
LWE) gy p WE) g, Bula) NIETO 
av TEP arp TO aya EM ae May, GH) 
This yields with the twist operator introduced in (2.155): 
du=-+(dza dv) =- 1, dv, (51442) 
dy = « (dz du) 21. du. (5.144b) 


We obtain the vector field dv by rotating the vector field du locally in every point of 
space by an angle 1t around the z-axis. Vice versa, local rotation of dv in every point 
of space by an angle 27 around the z yields the field du. 

The one-forms du and dv also are related by 


du = dz.» dv, (51452) 
dv - - dz; + du. (5.145b) 


Let the electrostatic potential ©, (x, y) be proportional to u(x, y), hence 
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dvAdz 
pm 
"Rip 
y 
d 
Figure 5.17: (a) Conformal mapping w = f(z), (b) one-form du, and (c) two-form dv A dz. 
(x, y) = Aau(x y) + Aco, (5.146) 


where Aei and A,o are constants to be determined. The equipotential lines are given 
by setting u(x, y) constant. The choice of the two parameters Ae and Aco allows to 
match the solution to given potentials at two equipotential lines. If we consider only 
potential differences we can skip A,o and let Aq = Ae. With (5.7) we obtain the electric 
field form 


E(x, y) = -Ae du. (5.147) 


Figure 5.17(a) shows the equipotential lines of u and v for a conformal mapping and 
Figure 5.17(b) represents the potential surfaces of the one-form du. With the constitu- 
tive relation (2.32a) and the Hodge operator given by (5.141b) we obtain the electric 
displacement form 


D(x, y) = -eA, * du = -eA, dv ^ dz. (5.148) 


‘The flux tubes of the two-form dv ^ dz are shown in Figure 5.17(c). 

For the two-dimensional problem it is useful to introduce the two-dimensional 
electric displacement form D 4 (x, y) by integrating over dz over unit length. This means 
removing dz after bringing it to the left side. This operation can be performed by 
contracting dz with D, hence 


Da(x,y) = dziD(x, y) = eA dv. (5.149) 


The two-dimensional electric displacement form is a twisted one-form. Integrating 
Da(x, y) over a curve C in the x y-plane yields the electric flux through the side walls 
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ofa cylinder generated by C and of unit height. So the integral of D(x, y) over a curve 
gives an electric displacement per unit of length. 

Consider the cross-section through a structure of two ideally conducting general- 
ized cylinders in Figure 5.16(b). ‘The ideally conducting cylinders are defined by the 
equipotential planes of constant values v; and v2. The voltage between conductor 2 and 
conductor 1 is given by 

V = A (ua -1)- (5.150) 


We obtain the charge per unit of length Q’ by integrating the electric flux density 
per unit of length D4 over the closed curve C3. Due to the insertion of the potential 
separation plane, the curve C; in Figure 5.16(b) is equivalent to a closed curve. With 
(5.149) we obtain 


g- f Pa= f Dach) 6151) 
The capacitance per unit of length is given by the ratio of charge per unit of length Q' to 


voltage V: 


cam Lum (6.152) 
V fum- u 


Consider now the magnetic field in this structure. At the surface of a perfect electric 
conductor the magnetic field is tangential. Let the magnetostatic potential ®, (x, y) 
be proportional to v(x, y): 


Dn (x,y) = Amv(% y)- (5.153) 
From (5.109) we obtain the magnetic field form 
H =-d®,, =-Amdyv. (5.154) 
With (2.32b) and (5.141b) we obtain the magnetic flux density form 
B-u«.- -pAs dz ^ du. (5155) 
For the two-dimensional problem we introduce the two-dimensional magnetic flux 
density form B, (x, y) by integrating over dz over unit length. By contracting dz with 


B we obtain 
B, = -uAs du. (5.156) 


The current flowing through conductor 2 in positive z-direction is related to H via 
Ampère’ law (2.572). Integrating over the path C2 in Figure 5.16(b) yields 


I7 An Í. dv = Ay (v; - vi) (5.157) 
cs 
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‘The magnetic flux per unit of length ' is obtained by integrating B4 over the curve C 
in Figure 5.16(b). We obtain 


D= f Bys nAs Qa 7). (5188) 


The inductance per unit of length L' is the ratio of magnetic flux per unit of length b^ 
to the current I: 


o 
a A 159 
beh Ww (5159) 

From (5.152), (5.159), and (2.75) we obtain 
L'C' =eu = (5.160) 


This means that the product of the inductance per unit of length L’ and the capacitance 
per unit of length C’ is independent from the geometry structure as long as the non- 
conducting regions are either free-space or filled with homogeneous dielectric. The 
speed of light c is the speed of a transverse electromagnetic wave in the medium with 
permittivity e and permeability u. The propagation of transverse electromagnetic waves 
in cylindric structures will be discussed in Section 7.4. 

A cylindric structure with two unconnected conductors may be characterized by 
its characteristic impedance Zo given by 


r = (E24. (6.161) 
T v-v k 


The characteristic impedance describes the ratio of voltage to current of a transverse 
electromagnetic wave propagating in the cylindric structure with speed c in one direc- 
tion. This will be discussed in detail in Section 74. 

Interchanging u and v yields a dual field solution with interchanged electric and 
magnetic field. Replacing f(z) by j f(z) yields 


F(Z) if): u(x, y)  -vGo y); vs y) «Go y). (5.162) 


To every field solution we can find a dual field solution with interchanged electric and 
magnetic field potential lines. In the dual field solution ideal electric conductors have 
to be replaced by ideal magnetic conductors and vice versa. 


5.5.1 Field of an Elliptic Cylindric Line 


Consider the conformal mapping represented in Figure 5.16(a). This mapping is de- 
scribed by the inverse hyperbolic cosine-transformation, 


w=arccosh 2. (5.163) 
a 
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v =const. 


Figure 5.18: (a) Conformal mapping w = arccosh 2, and (b) confocal elliptic cylinder structure. 


‘The transformation from the w-plane into the z-plane is the hyperbolic cosine-transfor- 
mation 
(x+jy) 2 acosh(u jv). (5.164) 


Splitting this transformation into real and imaginary parts yields 


x =acoshucosy, (5.165a) 
yzasinhusinv. (5.165b) 


From these equations we obtain the equations for the equipotential lines 


a 35m 

$e uat, 5.1662) 

cosh'u  sinh^u GR 
2 2 

Een. (5.1660) 


cos?y sin?v 
where (5.1663) describes a set of confocal ellipses and (5.166) represents a set of 
confocal hyperbolas. In both cases the focal points are z = +a. 

A confocal elliptic cylindric line with the cross-section depicted in Figure 5.18(a) 
exhibits an inner conductor at u, and an outer conductor at uz. The outer dimensions 
of the inner conductor and the inner dimensions of the outer conductor are given 
by the widths and heights of the ellipses, bı, ba, fy, and hp, respectively. To make v 
single-valued in the interval (0, 2n), the complex z-plane is cut by the line from A to 
D and C to D, respectively, where the points A and D are located on the upper side of 
the cut at v = 0 and the points C and D are located below the cut at v = 27. 
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The ellipses defined by constant u and us, respectively, in Figure 5.18(a) are mapped 
into the lines A'D’ and B'C' in the w-plane in Figure 5.18(b). Since both ellipses are 
confocal with the focal points at z = +a, only three of these four parameters may be 
chosen independently. From (5.166a) and (5.166b) we obtain for i= 1,2: 


b; =2acoshu;, (5.167a) 
hy = 2asinhu,. (5.167b) 


Considering vz — v1 = 21 we obtain from (5.152) the capacitance per unit of length 


Q' n-n 2ne 


C= = 5.168) 
V ~~ arctanh # — arctanh t ie 
with the constraint 

bth? = bh? (5.169) 

From (5.159) we obtain the inductance per unit of length 

ou hy h 
] 
=— = (arctanh 2 — +). j 

1 «e E (aretanh ji ~arstanh d ) (6.170) 


Also in this equation the constraint (5.169) has to be considered. 


5.5.2. Field of a Coaxial Line 


To investigate the field ofa coaxial circular cylindric structure shown in Figure 5.5(a) 
we consider the logarithmic transformation [14,23] 


w= f(z) -Inz. (5.171) 


This function is analytic in the complete z-plane with exception at z = 0. Expressing 
the complex number z by its magnitude r and its phase ¢, 


z-reP, (5.172) 


yields 
w=u+jv=lnr+jġ. (5.173) 
Figure 5.19 illustrates this mapping. Real part u and imaginary part v of w are 


u=lnr, (5.174a) 
v2. (5.174b) 
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Figure 5.19: Conformal mapping w = Alnz. 


We choose the electric potential 


[7 


A.u=Aelnr, (6.175) 


where A, is a constant. From (5.146) and (5.149) we obtain with (A.151) the electric 
field form £ and the electric displacement form Da: 


E=-do, iiA dp id dr, (5.1762) 
or r 
Da=eAedv = aZ dé = cA, dé. (6.176b) 


‘The coaxial line with the cross-section shown in Figure 5.20 exhibits an inner conductor 
of diameter 2a and an outer conductor with inner diameter 2b. According to (5.150) 
the voltage V between the conductor 2 and the inner conductor 1 is 


Y = Ag(u(b) - (2) = Acla È. (5.177) 
From (5.151) and (5.174b) we obtain the charge per unit of length Q’: 
Q- $». -neA,. (5178) 


The capacitance per unit of length C' is given by 


Q' 2nc 
=, 
V hnt 


(5.179) 
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Figure 5.20: Field of a coaxial line. 


According to (5.149) and (5.156) we derive the magnetic field H dual to the electric 
field £ from the magnetic scalar potential Am»(x, y) and the magnetic flux per unit of 
length B4 from the potential function #Amu(x, y). The constant A,, depends on the 
current impressed in the conductors, 


ðv 


H= Am dv = An ag 


dé = A dó, (51803) 
Ba = uA du = me: ár- Ll dr. (5.1800) 


The current I through conductor 2 in positive z-direction is given by the integral (5.157) 
over the path C; in Figure 5.20, hence 


17 As (v(2n) - v(0)) 2214s. (5.181) 
The magnetic flux per unit of length (^ 
" y b 
o =f Ba=pAnln=. (5.182) 
; a 
The inductance per unit of length L' is 
$' pini 


SÉ te (5.183 
I 2n € ) 
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Figure 5.21: (a) Construction of the mapping w = A In £5, and (b) region map of ô. 
gw region map 


5.5.3 Parallel Wire Line 


A parallel wire line is formed by two parallel wires [14, 24]. Usually the wires are 
assumed to be of circular cylindric shape and we will consider only this case here. In 
the symmetric parallel wire line both wires exhibit the same diameter. Considering the 


mapping 


z+a 


w= f(z)=l 


as shown in Figure 5.2I(a) and representing the complex numbers z + a and z — a by 
the real distances r, r, and the phase angles $2 and di, hence 


(5184) 


z-a-rnelt, (5.1852) 
z*a-ne/f. (5.185b) 


Inserting these equations into (5.184) yields 
n 
w=In= +j($i~ $2) (5186) 
2 
Separating w into the real part u and imaginary part v gives 
u=In4, (5.187a) 
n 
vegi- $2. (5.187b) 
We obtain the equipotential lines by setting u constant. This yields 


n= (5.188) 
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= u =COnSL.t j 
y = const, u = const. jy 


Figure 5.22: Plot of the mapping w = Aln £** 


where c is a constant. From Figure 5.21 and the equations (5.185a) and (5.185b) we 
obtain 


rha(x-a)+y, (5.189a) 
no(xta)4y. (5.189b) 


From (5.188) to (5.189b) we obtain 
(x - x0)? +? pl. (5.190) 


"This equation defines circles with centers on the x-axis, given by 


_ (+e?) 
EET] (5.191) 
and radius p, given by 
2ac 
u= 5.192) 
PIT (5.192) 


Figure 5.22 shows the contour plot of this conformal mapping. The full circles represent 
constant u. The field exhibits singularities at z = +a. 
To compute the potential lines for constant v we have to set (5.187b) constant. The 


188 Electromagnetics 


angles d; and gy are given by 


$i = arctan —, (5.1932) 
x*a 


$2 = arctan . (5.193b) 
X-a 
Using the relation given in [25] 


& 0 forh&»-l 
arctan & — arctan č = arctan (Exi) +40 for&>0, G5«-1 (5194) 
23) lem for & <0, 55 «-1 


we obtain from (5.187b), (5.193a) and (5.193b) by setting v = vo constant 


2ay 
operat “tala hr = 8) = tan (vo = 8) (5195) 
where the angle ô is 


0 forx?+y?>a? 
ó-im fory<0,x7+y?<a?. (5196) 
=n fory»0,x^« y? <a? 


Figure 5.21(b) shows the region map of the angle 8, We cen rewrite (5.195) in the form 
2+ (y- yo)? =p (6.197) 


describing circles with centers on the y-axis and going through the points x = +a. The 
center of a circle is given by 


Yo = acot (vo - 8) (5.198) 
and its radius is 
p,- Vabec (5.199) 


In Figure 5.22 the dashed circles represent constant v. These circles exhibit constant 
values of v inside as well as outside the circle |z| = a. However due to (5.187b) the value 
of v undergoes a change of +n when the circle passes a singularity at z = +a. 

Let the electric equipotential lines be defined by constant u and the magnetic ones be 
given by constant v. We chose electric and magnetic potentials ©, and ® m, respectively 


©, =A,u=A,In2, (5.2002) 
2 


Dn = Am = An (P ~ 2) - (5.2000) 
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‘The constants A, and A», will be determined below. 

With (5.147) and (5.149) we obtain the electric field € from the electric scalar poten- 
tial ©, and the electric displacement per unit of length D4(x, y) from the potential 
function Aev: 


E(x, y) = -Ae du = 


a(la-la). 201 
n n 
Dalx, y) = eA, dv = eA. (dfi - dda). (5.201b) 


The constant A, depends on filamentary charges at the singularities z = +a. We obtain 
the charge per unit of length Q' at x = a, y = 0 with (5.151) by integrating the electric 
displacement per unit of length D4 (x, y) over the path Cz as 


Q'- J: Da =A, i dg, = 2meA, (5.202) 


In Figure 5.22 we have introduced the potential separation plane PSP between the 
singularities at z = -a and z = a. This can be done, since the chosen conformal 
mapping describes a field where the filamentary charges at z = -a and z = a exhibit 
equal magnitude and opposite sign. The integral over a closed contour not intersecting 
the potential separation plane yields zero. Such a path of integration encircles either 
none of the singular points z = +a or both of them. 

Following (5.154) and (5.156), we derive the magnetic field H dual to the electric 
field £ from the magnetic scalar potential (b, and the magnetic flux per unit of length 
B, from the potential function A, u(x, y). This yields 


H = - db, =—Am dy = -Am (doi - dés) , (5.203a) 
1 1 
By = -HAm du = -HAm (= dn-— dn) z (5.203b) 
"n va 
The constant A,, depends on filamentary currents impressed at z = +a. The filamentary 


current I at z = a is obtained from Ampère’ law (2.57a) by integration over the path 
C; in Figure 5.23. This yields 


Iz £u =-An $. dhit Am $, dés. (5:204) 
The path of integration C; encircles the singular point at z = a but not that at z = —a. 


Only the function $2 exhibits a singular point inside the contour of integration C2. 
Therefore only the second integral on the right-hand gives a contribution, hence 


$ 
1=Am f dé; -2nA,. (5.205) 
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v = const^wr = const.! y 


Figure 5.23: Field of a parallel wire line 


Consider the symmetric parallel wire line with the cross-section shown in Figure 5.23. 
‘The axes of the wires are separated by a distance s and their diameters are d. Since the 
boundaries of the wire cross-sections are equipotential circles we obtain from (5.191) 
and (5.192) the following relations to determine the parameters a and c 


a=2Vs?-d?, (5.206a) 


s s 
ea Rt (5.206b) 


The negative sign in (5.206b) refers to conductor 1 and the positive sign to conductor 
2. From (5.187b), (5.188), and (5.200a) we obtain the voltage V from conductor 2 to 
conductor 1 as 


IN FS s 
V =ar- Oa = Ae(u2 - u) =2Acne=2Aeln( 5 =) = 2A, arccosh | 


(5.207) 

Inserting (5.202) and (5.207) into (5.152), we obtain the capacitance per unit of length 
, 

phas e mé (5208) 


V arccosh 7 


We compute the magnetic flux per unit of length ©” using (5.158) and (5.207), 


v n By = #Am(u2 — m) = 24 Ae arccosh 7. (5.209) 
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Figure 524: Conformal mapping of (a) a polygonal line in the z-plane into (b)the u-axis of the w-plane. 


From this we obtain with (5.159) and (5.158) the inductance per unit of length L as 


1 = 2 - E arccosh o, 5.210) 
r = Éarccosh 2 (6.210) 


5.6 THE SCHWARZ-CHRISTOFFEL 
TRANSEORMATION 


The Schwarz-Christoffel transformation is a general method for conformal mapping of a 
polygon in the complex z-plane into the real axis u of the complex w-plane [20, 22, 26]. 
Consider the polygonal line with vertex z, depicted in Figure 5.24(a). On a straight 
line the argument arg dz of the interval dz is constant. Now, let the polygonal line be 
mapped onto the real axis u of the w-plane in Figure 5.24(b), such that the vertex z, is 
mapped into u;. To construct this mapping, we consider 
dz " 

ET =A(u- u) (5.211) 
with complex A and real a, u, and u. The derivative dz/ dw undergoes a discontinuous 
phase change at z, 


dz 


iz [lA(u-w)"]e) 9 foru <u 
dw 


|A(u ui )*je)* foru>u ` 


(5.212) 


For the change of the phase angle of dz/ dw, we obtain 


dz) fa(a+n) foru <u 
£j. ' 5.213 
ER á) ft foru >u pan 
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YY 2.Plane w- Plane 


Figure 5.25: Schwarz-Christoffel transformation of (a) a polygon in the z-plane into (b) the u-axis of the 
w-plane, 


Since the phase angle of dz/ dw remains constant in both regions 1 and 2 for u < ur 
and u > u, respectively, the integration of dz/ dw over du yields straight lines in every 
region Land 2. However at the vortex z, undergoes a discontinuous change by the angle 


$ài7-an. (5.214) 


Inserting this into (5.211) we see that the mapping of the real axis u of the w-plane into 
the polygonal line in the z-plane shown in Figure 5.24 has the form 


A(u - m) A, (5.215) 


dw 


If the argument of dz/ dw is constant the integration of dz/ dw over u yields a straight 
line. Due to (5.212) the argument of dz/ dw exhibits a discontinuous change when 
u passes u. Therefore the mapping z(u) consists of two straight line segments that 
are maps ofu < u and u > u, respectively. These line segments are connected in the 
vortex uj. We now can construct a function that maps the real axis u of the w-plane 
into a polygon in the z-plane as depicted in Figure 5.25. For w = u the expression 


a = A(w - ui)e (w- us)e (w - us)e 9... (w - un)e® (5.216) 


changes the argument by ¢; whenever u passes u;. A necessary condition for mapping 
the u-axis of the complex w-plane into a closed polygonal curve in the z-plane is 


$i Got s+.. 0, 72r. (5.217) 


This yields the transformation 


-wj)e * (w - w,)e ^ ...(w -w,)e 9 dw. (5218) 
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The Schwarz-Christoffel transformation is of great utility for the solution of two- 
dimensional potential problems for structures with polygonal boundaries [14,15,23,27]. 


5.6.1 The Coplanar Line 


A coplanar line consists of a strip of thin metallic film with two ground electrodes in the 
same plane as the strip and adjacent and parallel to the strip. Consider a coplanar line 
with negligible thickness of strip and ground electrodes as depicted in Figure 5.26(a) 
‘The strip width is 2a and the width of each gap is (b— a). The electrostatic field solution 
can be obtained by application of the Schwarz-Christoffel transformation [28-31]. 

The upper half-plane 3{z} > 0-plane is mapped onto the rectangle in the w-plane 
shown in Figure 5.26(b) by means of the transformation 


(5.219) 


z dz 
2054 SIT 


With x; = -b, x; = -a, x3 = a, x4 = b the appropriate transformation is given by [32] 


dz 
sa-a [TES YET 


‘The mapping of the x-axis of the z-plane into the boundary of the rectangle in the 
w-plane can be understood as follows. For the mapping of the x-axis the path of 
integration is along the x-axis. According to Section 5.6 in the map w, w,, w;, w, of 
the xi, x», xs, x4 a sharp 90? bend is introduced. Furthermore, we consider that for 
Xp € X; < x5 < x, the integrand is real for x between —oo and xi, between x; and x3 and 
between x, and oo. The integrand is imaginary for x between x, and x; and x between 
x3 and x4. Therefore, the line segments -oo < x < xj, x; < x < x3 and x4 < x < 00 
are mapped into lines with constant v, that means horizontal lines in the 2-plane and 
the segments xı < x < x; and x < x < x4 are mapped into lines with constant u (i.e., 
vertical lines in the z-plane). 
The change of variables ( = z/a and k = a/b yields the normalized representation 


(5.220) 


_A (ila di 
MOF TREE i 


‘This integral can be expressed by the inverse elliptic function [20, 33-35], defined by 


dà 


1 E € 
DEOS cece 


(5.222) 
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Figure 5.26: (a) Coplanar line, and (b) mapping into w-plane. 


We obtain 
w(z) = San (2.4) . (5223) 
D a 
‘The elliptic function sn(£ +j, k), where £ and 7 are the real and imaginary part of the 


complex argument ¢ is double-periodic with period 4K(k) in & and period 2K"(K) in 
1. The functions K(k) and K’(k) are given by 


M a M 
Ka» f. Ge’ (5.2242) 
—9 23 at 
i(k) = f RE (5.224b) 


The function K(k) is called the complete elliptic integral of the first kind, and K'(k) is 
called the complete elliptic integral of the second kind (20, 34, 35]. The complete elliptic 
integral of the second kind also may be expressed by 


O° [TEX ETE 2d 
with 
k'-4A- k. (5.226) 


The mapping from the z-plane to the w-plane is performed such that the points listed 
in Table 5.1 correspond to each other. Applying (5.152) to compute the capacitance per 
unit of length C’ it has to be considered that only the upper half-space of the z-plane 
has been mapped into the rectangle in the w-plane. The capacitance computed from 
this formula therefore has to be doubled. This yields 
eaa LUE) 


acu K(k)” (5.227) 
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Table 5.1: The Elliptic Function sn(¢) 


w -K+jK' -K 0 K K+jK jK 
(= sn(w, k) =k! zo 1 kt oo 
asn(w, k) -b -a 0 a b oo 


(b) 


Figure 5.27: (a) Inhomogeneous coplanar line, and (b) inhomogeneous coplanar stripline. 


Figure 5.27(a) shows the cross-section of an inhomogeneous coplanar line where the 
dielectric is not uniform in transverse direction. If the lower half-space is filled with 
a homogeneous isotropic dielectric with permittivity e; and the upper half-space is 
free-space, the partial capacitance of the lower half-space has to be multiplied with 
€. The partial field solutions for the lower and upper half-plane fulfill the boundary 
conditions, since for a < |x| < b the tangential electric boundary conditions are fulfilled 
at y = 0. Therefore we obtain the capacitance per unit of length as the sum of half the 
capacitance per unit of length computed with eo and half the capacitance per unit of 
length computed with &, 


-vı des K(E) 
= armen a (5.228; 
-w 773 K(k) 19) 


Yi 
C' = (eo +6 
(ara 


In computing the inductance per unit of length L’ it has to be considered that only 
the part in the upper part of the path of integration of (5.157) is considered by the 
conformal mapping in Figure 5.26. Therefore the difference uz — u has to be multiplied 
by 2 and we obtain 


mu _ 4, KK) 


DUE TC KY 


(5.229) 
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(a) 


e 


jv w - Plane 


-jK w=K+jK 


Figure 5.28: (a) Coplanar line, and (b) mapping into w-plane. 


5.6.2 The Coplanar Stripline 


‘The coplanar stripline consists of two parallel conductor strips in the same plan. Fig- 
ure 5.28(a) shows the cross-section of the coplanar stripline. The strips are of width 
b — a and are separated by a gap of width 2a. The thickness of the strips is assumed 
negligible. The coplanar stripline in Figure 5.28(a) is obtained from the coplanar line in 
Figure 5.26(a) by replacing at y = 0 the metallized regions by nonmetallized ones and 
vice versa. Both structures are dual to each other. The electric equipotential lines of the 
coplanar line correspond to the magnetic equipotential lines of the coplanar stripline 
and vice versa. This allows to use the same conformal mapping for the coplanar stripline 
as for the coplanar line in the previous section. The mappings in Figure 5.26(b) and 
Figure 5.28(b) are related by interchanging electric and magnetic walls. 

Since in our mapping now the lines of constant v are the electric equipotential lines 
and the lines of constant u define the electric flux tubes, we have to interchange u and 
v in (5.152). Furthermore we have, as discussed in the previous section, to multiply 
this expression by 2 in order to consider the contributions of the lower and the upper 
half-space to the capacitance. This yields 


TIT (5.230) 


Consider the inhomogeneous coplanar stripline with the cross-section depicted in 
Figure 5.27(b). If the lower half-space is filled with a homogeneous isotropic dielectric 
with permittivity e and the upper half-space is free-space, the capacitance per unit of 
length is the mean value of the capacitances per unit of length computed with eo and 
€, hence 


] j 
C - (a) 2 = eg Hit EX (5231) 
= 


“a ^ € KE) 


For the inductance per unit of length L’ we obtain from (5.159) by interchanging u and 
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e z-Plane 


Figure 5.29: Cross-section of (a) a stripline, and (b) one quarter of a stripline. 


v and considering a factor 2 for both half-spaces 


u-u _ 4 KR) 
w-" K(k) 


-2u (5.232) 


5.6.5 The Stripline 


Consider the cross-section of a stripline shown in Figure 5.29(a). A conducting strip of 
width 2a and negligible thickness is embedded in the middle between two conducting 
plates spaced by a distance 2h. The width 2d of the stripline is assumed to be much larger 
than the distance 2h. For this reason the field at x = +a will be negligible and we can 
assume d — oo. The structure is symmetric with respect to the planes x = 0 and y = 0. 
‘This simplifies the computational task, since it is only necessary to analyze the quarter of 
the structure depicted in Figure 5.29(b). The full lines represent the conducting planes, 
whereas the dashed lines indicate the symmetry planes. The electric field is normal and 
the magnetic field is tangential to the conducting planes. For symmetry reasons the 
electric field is tangential and the magnetic field is normal to the dashed regions of the 
symmetry planes. We can assume the dashed lines to be magnetic conductors. 

The analysis of the stripline structure by conformal mapping has been treated in liter- 
ature [9,36-41). The usual procedure is based on two consecutive Schwarz-Christoffel 
transformations, first from the z-plane into the w'-plane and then from the w’-plane 
into the w-plane as illustrated in Figure 5.30. With a first Schwarz-Christoffel trans- 
formation the quarter cross-section of the stripline in Figure 5.30(a) is transformed 
into the plane v' = 0 of the w-plane. The vortices z,, z;, Z3» z, are transformed into the 
points ul, u4, u4, u4 on the w'-axis. With a second Schwarz-Christoffel transformation 
the structure of Figure 5.30(b) is transformed into the structure shown in Figure 5.30(c). 
The field in this structure is homogeneous and isotropic with equipotential lines given 
by constant v. 

For the first mapping we can represent the inverse mapping by a Schwarz-Christoffel 
transformation. The mapping from the w-plane into the z-plane is performed by the 
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(b) w'-Plane (©) w-Plane 


uy us [ E Wo u 


Figure 5.30: (a) Quarter of a stripline, mapping into (b) w’-plane, and (c) w-plane. 


Schwarz-Christoffel transformation 


- Avi, f : dw’ +B. (523) 


~ uy)(w! = u3) (w = uh )(w! =a) 


The constants A and B will be determined below. The factor ,/uju', may be considered 
to bea part of the arbitrary constant A. It has been introduced to get a finite limit of 
this expression if we let uj and u4 go to the point at infinity. Note that the complex 
number plane exhibits a single infinite point, irrespective in which direction we move 
to infinity. For uf, u4 > oo we obtain 


1 
/\= — dy’ " » 
P4 citer es NOR 


z 


We note that in the complex plane there is only one point at infinity. The transformation 
to the point at infinity does not occur in the Schwarz-Christoffel transformation. We 
now choose uj = -1 and u% = 0 and obtain 


dw! +B=2Aln(yw+yw+i)+B. (5235) 


We determine A and B such that z(-1) = 0 and z(0) = jh and obtain 


2Aln V-1+ B=jnA+B=0, (5.236a) 
jh=B. (5.236b) 


This yields 
P w( Vir + [n +1) «jh. (5237) 


The point w’ = —u, in the w’-plane is mapped into 


NEN Ti- exp( 36). (5.238) 


a in the z-plane, hence 
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This can be expressed as 


na 
ul, = cosh? (5) n (5.239) 


We now perform a second Schwarz-Christoffel transformation from the w'-plane 
shown in Figure 5.30(b) to the w-plane depicted in Figure 5.30(c). We require this 
transformation to map w' =-u, > W, =0, W =u, =-1>w, =1,W =u} =0> 
W, =1+jvo, W' = uj = 00 >W = jvo, where v vo is a real constant to be determined. 
Considering that the transformation of the infinite point does not occur explicitly in 
the Schwarz-Christoffel transformation, we obtain 


w dw’ 
')=C SS 5.240; 
e) wre ao 
With the change of variables w' = —(? we put the integral into the form 
w(w'y = FE Í MD. RENS (5241) 
Vis va - ej) - 8) 


where č is a complex variable and k is the modulus of the elliptic function (5.222). 
Elliptic functions are treated in [20,34]. Using the inverse elliptic function we represent 
(5.241) by 


sa? (Cw), u +D. (5242) 


Fulfilling the above formulated requirements for the mapping of the points u/, 1, 0 
of thew'-plane into the points 0, 1, 1+j vo of the w-planeand considering sn! (0, k) = 
we obtain the equations 


BC riu ui) D=0, ra) 
a 
2jC 44, ul?) 4D-1, (5.243b) 
Vue 
D=1+jv. (5243c) 


From these equations we can determine C, D, and vo as follows: 
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‘Table 5.2: Stripline Parameters 


2a]h u, Khu”) k(ü-w)"P) vo 
05 1162 2.731 1.760 1.552 
07 1.334 2441 1.854 1316 
10 — 1755 2461 2.015 1.075 
l4 — 2782 1.949 2.258 0.8632 
2.0 6296 1.775 2.667 0.6661 
30 — 2833 1.654 3.411 0.4848 
40 1344 1.606 4.185 0.3838 
50 6445 1.587 4.968 0.3194 
6.0 3.09810 1.578 5.752 0.2743 
7.0  149010* 1.574 6.538 0.2408 
80 716910 1.572 7.323 0.2147 
9.0 3.449 10° 1.572 8.108 0.1938 
10.0 1.659105 1571 8.894 0.1767 
1 jut! 


From 


we obtain 


S Iende (ui, u, 2) Len tur V?) * 


ERCAH aay 
© eniu, u?) — ent wt)” 


-jsn (Luz) 


rn u.s?) - st uz) 


sn(K) = 1, 
sn(K - jK) =1/k 


sn! (Lk) =K, 
sn (E k) -K-jK'. 


With this we obtain from (5.244c) 


_ K(k)  K(B 
“K(k K(Vi-R) 


Yo 


(5.2442) 


(5.244b) 


(5.244c) 


(5.2452) 
(5.245b) 


(5.2462) 
(5.246b) 


(6.247) 
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With (5.239) we obtain k as 


$ li 
k- (5.248) 
i, cosh s 
Inserting this into (5.247) we obtain 
K ((cosh T 
MM. 5.249) 
107 UK (tanh 28 


To compute the capacitance per unit of length we apply (5.152). However, we have 
to consider that compared with (5.152) the roles of u and v are interchanged in Fig- 
ure 5.30(c). The equipotential lines now are the lines of constant v. Furthermore, we 
have considered only a quarter of the cross-section of the complete stripline shown 
in Figure 5.29(a). Therefore we have to multiply the capacitance per unit of length 
computed for the quarter cross-section by a factor of 4 and obtain by this way the 
capacitance per unit of length for the complete stripline: 


P 
T NECI M A (5250) 
Yo K ((cosh L3 ) 


Table 5.2 summarizes the stripline parameters for several values of the ratio 2a/h. 


5.7 PROBLEMS 


. A spherical capacitor consists of two concentric metallic spherical surfaces. The 
inner sphere exhibits a diameter of 5 mm and the outer spherical shell has an 
inner diameter of 6 mm, The space between the spheres is filled with a dielectric 
with e, = 20. Compute the capacitance. 

. Two spheres of 1 cm diameter are arranged in a distance of 10 cm. Compute the 
capacitance between these two spheres and derive the electric field. 

3. Three spheres of 1 cm diameter are arranged in a line every 15 cm. 

a) Compute the mutual capacitances between these three spheres. 
b) Compute £ as a function of the potential of the three spheres. (Give an 
approximate solution that does not exactly match the boundary conditions.) 

. In a box defined by 0 < x < a, 0 < y < b, 0 < z < d, an electrostatic potential 


P 


a 


©. (x,y,z) = Mo sin axsin Bysinh yz 


is given. The boundary conditions are, = 0 at x = 0, x = a, y = 0, y = b. 


202 


Electromagnetics 


fio 


ne v(t) 


U 
2a 
Figure 5.31: Disk capacitor. 


a) Determine a, f and y. 
b) Compute £. 

5. Discuss the discharge of the disk capacitor with diameter 2a and plate distance 
h, depicted in Figure 5.31 on the basis of Poynting’s theorem. At the time fo the 
voltage across the capacitor is v(to). 

a) Compute the capacitance of the capacitor. 

b) Compute the electric energy stored in the capacitor. 

€) Connect a resistor R in parallel to the capacitor. Compute the decay of the 
voltage across the capacitor with time. 

d) Apply Poyntings theorem to compute the power flowing out from the 
capacitor. Where is the power going? 

6. Consider a coaxial line. The diameter of the inner conductor is 0.5 mm. The inner 

diameter of the outer conductor is 1.25 mm. The space between inner and outer 

conductor is filled with a dielectric with e, = 2.25. Compute the capacitance per 
meter and the inductance per meter. 

Consider a symmetric stripline. The distance between the top and bottom elec- 

trodes is 2 mm. The conducting strip of 1 mm width is located in the middle 

between the top and bottom electrode. The stripline is filled with a dielectric with 
€, = 4. The transverse extension of top and bottom electrodes can be assumed to 
be infinite. 
a) Compute the capacitance per unit of length and the inductance per unit of 
length. 
b) Compute the characteristic impedance of the stripline. 

. Consider the coaxial line of the previous example. Let the inner conductor be 
biased with a pc voltage of 1 V with respect to the outer conductor and let a pc 
current of 20 mA flow in positive direction through the inner conductor. 

a) Compute the electric energy stored per unit of length by integration of the 
electric energy density. 

b) Compute the electric energy stored per unit of length from the capacitance 
per unit of length. 


x 


p 
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Corner Wedge 
r 


>- 


Figure 5.32: Corner and wedge. 


ZZ 


Figure 5.33: Wedge above ground electrode. 


c) Compute the magnetic energy stored per unit of length by integration of 
the magnetic energy density. 

d) Compute the magnetic energy stored per unit of length from the inductance 
per unit of length. 

e) Compute the de power flowing through the coaxial line from the electric 
and the magnetic field using Poynting’s theorem and compare the result 
with the power computed from voltage and current. 

9. Show that Biot-Savart's law in conventional vector notation 


(ens!) Se) aay 


Be =a PETS 


is equivalent to (5.70). 

10. Figure 5.32 shows a corner and a wedge formed by two not quite touching half- 
planes. Assume in both cases that one half-plane is grounded and the other is on 
potential o. Compute the charge distributions on the half-planes. 

Consider the two-dimensional electrode configuration depicted in Figure 5.33. 
‘The ground electrode is on potential ® = 0 and the wedge electrode is on a de 
potential ®o. Use the Schwarz-Christoffel transformation to compute the electric 
potential field.. 


1. 
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Chapter 6 


Waves at the Surface of Conducting Media 


We consider the propagation of an electromagnetic wave along a plane conducting 
surface. To simplify our considerations we assume the conducting plane to be infinitely 
extended in the yz-plane. According to Figure 6.1 the space is subdivided into two 
half-spaces 1 and 2 by a plane surface at x = 0. The half-spaces Land 2 each are filled with 
homogeneous and isotropic media. This problem is encountered when the propagation 
of electromagnetic waves along the Earth’s surface or the propagation of electromagnetic 
waves along metallic surfaces is considered. Assuming region 1 to be filled with an ideal 
conductor a TEM wave with electric field perpendicular to the plane z = 0 and magnetic 
field parallel to this plane fulfills the boundary conditions. In the conductor surface 
the tangential magnetic field induces a surface current, shielding region 1 from the 
magnetic field. The tangential magnetic field is directed perpendicular to the direction 
of wave propagation, whereas the surface current is flowing in the direction of wave 
propagation. 

If, however the region 1 is filled with a conductor of finite conductivity, the electro- 
magnetic field and the shielding current are penetrating into the conductor, Due to the 
finite conductivity, the current flowing in the direction of propagation gives rise to a 


Region 2 


Region 1 


Figure 6.1: The plane surface. 
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longitudinal electric field component. The field in both regions 1 and 2 is transverse 
magnetic. Due to the conductor losses, the electromagnetic wave is attenuated in the 
direction of propagation. In transverse direction, the field is strongly decaying in the 
conductor region 1 and weakly decaying in region 2 if region 2 is free-space or filled by 
a dielectric. We call such a wave a surface wave. Zenneck was the first to give a solution 
of Maxwell’ equations describing a surface wave guided by a plane interface separating 
any two media [1]. Therefore this type of wave also is called Zenneck wave. Treatment. 
of surface waves is also given in [2-5]. 


6.1 TRANSVERSE MAGNETIC SURFACE WAVES 


We seek solutions of the field equations that describe a plane wave propagating parallel 
to the surface, Without any restriction in general we assume the z-direction to be the 
direction of propagation of the electromagnetic wave. According to (3.84) a transverse 
magnetic wave can be derived from a Hertz form that has a z-component only. Therefore 
we make the ansatz 


Bei (*) = Hezi(*) dz (61) 


for the Hertz form in either half-spaces i = 1,2. We are only considering a wave 
propagating in positive z-direction and can therefore describe the z-dependence of the 
Hertz vector by a factor e~’*. This assumption corresponds with an electromagnetic 
field generated from a source at z = oo. Thereby we obtain the following ansatz for 
the z-component of the Hertz vector for both half-spaces 1 and 2: 


ILj(3,2) = Iezo; (x) e dz. (6.2) 


The propagation coefficient in the z-direction must be equal in either regions 1 and 
2, since only in this way the solution in both half-spaces can be matched along the 
boundary at x = 0. From (3.40) and (6.2) we obtain the Helmholtz equation for the 
z-component of the Hertz vector for both half-spaces 1 and 2: 
2, Test 
Ox? dz? 


~ olla 70. (63) 


In this equation yo; and yoz are the complex propagation coefficients of the plane wave 
in medium 1 and 2, respectively. According to (3.42) and (3.49) we obtain 


Yor =~ 7 uii. (64) 


The sign of the yo; is determined by (3.50). We now solve (6.3) for either half-spaces 1 
and 2, Afterwards we match these partial solutions along the boundary surface x = 0. 
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Inserting (6.2) into (6.3) yields 


ls +O? - yor) Deo (65) 
Introducing the propagation coefficient in the x-direction y; defined by 
Xx-Yu-Y (6.6) 
we obtain 
(6.7) 
The solution of this equation is given by 
IL,; - A;e!* +B e, (6.8) 


where A, and B; are complex amplitudes not yet determined. The sign of x; is deter- 
mined via the condition 


Rx} 2 0. (6.9) 


‘The solutions exponentially decaying for |x| > co are given by 


Ien = A,expQnx - yz). (6102) 
IL; = B; exp(-yox - yz). (610b) 


With (3.85) and (3.86) we obtain the following relations for the field intensities E and 
H in both subspaces: 


PL 
Eu (6.la) 
um 
(611b) 
(6.11) 
(61d) 
(6.110) 


(6.11f) 
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Inserting (6.10a) and (6.10b), we obtain the field quantities 


Egy = -41V expQnx - V2) > (6.12a) 
E, = XA expGax - ya) (6320) 
Hy = -jeemA expGQax - yz)» (6.12¢) 
Ej = xayB, exp(—X2* - Y2) > (612d) 
E, = -14B exp( -142% - ye) (6.12e) 
Hy, = juez; B, exp(-yax - yz) (6.12f) 


in both subspaces. Due to the continuity of the tangential components of the electric 
field intensity at the boundary surface, 


> (6.13) 


we obtain 
XA = ib (644) 


In the same way from the continuity of the tangential components of the magnetic 
field intensities at the boundary surface, 


(615) 


Hy 


we obtain 
eA = ~€2x2By (6.16) 


From (6.4), (6.6), (6.14), and (6.16) we obtain the equation for the propagation coeffi- 
cient y of the wave propagating along the boundary surface: 


(6.17) 


From y and from (6.6), we also may determine the transverse propagation coefficients 
ya and y». In the important special case, where both half-spaces exhibit the same 
permeability, (6.17) reduces to 


for ia = p2- (618) 
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Before discussing the solution we will make further simplifying assumptions. We 
consider the case where half-space 1 is filled by a nonmagnetic conductor and half- 
space 2 is free-space. For this case we obtain 

WE KO, M-Hp 676» ike. (6.19) 


In half-space 1 we can neglect we{ compared with o, and with 


Vio d= p+) (6.20) 


we obtain 
Yo = jupo = V/3opon (1j) . (6.21) 


For the free-space region 2 we obtain 
` EER”. 
Yo2 = ju /Ho€» = jo ds (6.22) 


where fq is the phase coefficient of the free-space and cy is the propagation velocity 
of the plane electromagnetic wave in free-space. Inserting (6.21) and (6.22) into (6.18) 


yields 
1 
y *jfo I. (6.23) 
VITE 
Under the assumption ceo «« qj, we obtain the following approximation 
we 
y=0+jp=o(S2 +)). (6.24) 


The transverse propagation coefficient in the quasi-conductor y; can be computed from 
(6.6). Due to veo « c; we can neglect y? compared with y2, in (6.6) and with y? = yà, 


we obtain from (6.21) 

m= Vteuon(1 s j) . (625) 
To compute the transverse propagation coefficient in the free-space, y», we eliminate 
from (6.4), (6.14), and (6.16) the e; as well as the B, and A, and obtain 


X 
n--n a, (6.26) 
Yor 


After inserting (6.21), (6.22), and (6.26) we obtain 


dés 
3 7 Boy/ m 


=j). (6.27) 
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The field is decaying with increasing distance from the boundary surface in the free- 
space as well as in the conductor. Inside the conductor the field decays with 


1 


^^ sug 


(6.28) 


bya factor 1/e. This effect is called the skin effect, and do is called the skin penetration 
depth. Within the chosen approximation we obtain from (6.25) and (6.28) 


d j— 
m 


Also in the free-space the field intensity decays with increasing distance from the 
boundary surface. Within the transverse extending height ho, given by 


(6.29) 


1 
ho =——, 6.30) 
o Rna} (son) 


the field intensity decays by a factor l/e. From (6.27) and (6.30) we obtain within our 
approximation 


(6.31) 


In Figure 6.2 the frequency dependence of the skin penetration depth do and the 
transverse extending height ho are shown for copper and wet soil. For the frequency 
dependence of the skin penetration depth in copper, we obtain 


_ 66mm 


vfz 


for copper. (632) 


We now compute the field intensities E and H by inserting (6.24), (6.25), and (6.27) 
into (6.12a) to (6.12f). Furthermore we use (6.15) and express the complex amplitudes 
A, and B, by the complex magnetic field amplitude H,, at x = 0, z = 0, given by 


Hy(x=0,2=0)=H,,(x=0,2=0). (633) 
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Figure 6.2: (a) Skin depth do, and (b) transverse characteristic height ho depending on frequency f for 
copper (ø = 5.8-107 $m-!) and wet soil (a = 10?Sm^!, e = 10). 


We obtain 
Zi 
Ba = Zp Hy exp(nx - v2), (6.343) 
En = ZnHyg expQnx - yz). (6.34b) 
Hy, = Hyyexp(ux - yz). (6.34c) 
En = ZroH yy exp(- ax - yz), (6.344) 
Ej = Zn Hyo exp(-jox - yz). (6.34e) 
Hy, = Hyyexp(-x2x - y2). (634f) 


Within our approximation, we < o the wave impedance Zp, of the quasi-conductor 


is given by 
Te... I ? 
Za =a) = y E exin). (635) 
à j 


The wave impedance of the free-space, Zo, is given by 


Zio e] a (636) 
£o 
Figure 6.3 shows the time dependence of the electric field intensity at the boundary in 


the free-space as well as in the conductor. The longitudinal component E, of the electric 
field intensity is continuous at the boundary plane, whereas the normal component of 
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Ey E, 


Figure 6.3: Time dependence of electric field intensity in the quasi-conductor and in free-space. 


the electric field E, is discontinuous, Usually the magnitude of the wave impedance Zp, 
of the quasi-conductor is by order of magnitudes smaller than the wave impedance Z ro 
of free-space. From (6.34a), (6.34b), (6.34d) and (6.34e) it follows that the magnitude 
|E,9| of the transverse component of the electric field in free-space is considerably 
larger than the magnitude |E,,| of the longitudinal component, whereas in the quasi- 
conductor the magnitude of the transverse component of the electric field E „| is by 
orders of magnitude smaller than the magnitude [E,, | of the longitudinal component of 
the electric field. Furthermore longitudinal and transverse components of the electric 
fields are — neither in free-space nor in the quasi-conductor - in phase with transverse 
component of the electric field. In free-space the transverse component of the electric 
field is delayed by 45° with respect to the longitudinal component, whereas in the 
quasi-conductor the transverse component advances the longitudinal component of 
the electric field by 45°. In the vector picture the tip of the arrow of the electric field 
vector moves on an elliptic trace. 

We now consider the surfaces of constant phase and constant amplitude of the 
surface wave. From (6.24) and (6.25), we obtain 


" 

exp(ix — yz) = exp (visas z Ze.) exp [i (Vienn = 2j] . (637) 
ico o 

‘The first exponential term at the right side of (6.37) gives the space dependence of the 


amplitude, whereas the second exponential term describes the space dependence of 
the phase. From (6.24) and (6.26) we obtain for region 2 


w [ae p ,e( [wa 
exp(- jx - yz) = exp EE (« + $2.) lexp [2 h Er = ;. 
(658) 
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ay 


Figure 6.4: Planes of constant amplitude and constant phase. 


We obtain the areas of constant amplitude in both regions by setting the first exponential 
factor on the right side of (6.37) or (6.38), respectively, constant. We obtain the surfaces 
of constant phase by setting the second exponential factor constant in either equation. 
The surfaces of constant amplitude as well as constant phase are all planes parallel to the 
y-axis. Figure 6.4 depicts the planes of constant amplitude and constant phase for either 
half-space. The planes of constant amplitude enclose angles Yf and V2. respectively, 
with the plane x = 0. The planes of constant phase enclose the angels Y? and VP with 
the plane x = 0. From (6.37) and (6.38) by setting constant either constant exponential 
terms we obtain 


3 2 
wt 5 (22), 3%) tant = 2, (6.396) 
a | 


i (6.40a) int =y/22 


tan ¥f = 
2a, we 


(6.40b) 
For soil with c; = 10? S/m we obtain at a frequency f = 1 MHz the angles Y? = 
3°, WP = 87°, VÀ =1', YP = 6°, where the superscript prime denotes the arc minute. In 
the case of a good conductor with a > wet, the planes of constant phase in free-space 
are nearly perpendicular to the boundary surface, whereas the planes of constant phase 
in the conductor are nearly parallel to the boundary plane. The planes of constant 
amplitude are nearly parallel to the boundary plane in either subspaces. 

The electric field lines are depicted in Figure 6.5. In metallic conductors the depth 
of penetration is very small. The transverse extending height exceeds the dimensions 
of circuit elements or systems considerably and may be considered to be infinite. In 
free-space the electromagnetic field distribution is not considerably influenced by a 
finite conductivity of the conductors. Therefore in the electromagnetic modeling of 
transmission-lines and distributed circuits in a first step, for the computation of the 
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Figure 6.5: Electric field lines of the surface wave. 


electromagnetic field in the free-space and dielectric regions, the metallic surface may 
be considered to be perfectly conducting, In a further step of the analysis the power 
losses may be computed from the surface current distribution and the finite surface 
conductivity due to the skin effect. The surface current distribution for the power loss 
computation is directly obtained from the tangential magnetic field distribution at the 
metallic surfaces. 

‘The behavior of electromagnetic surface waves also is important for the understand- 
ing of wave propagation phenomena along the Earth’s surface, The surface wave may 
be considerably attenuated by losses in the Earth's surface. In this case the transverse 
extending height cannot be neglected. Surface waves can only be used up to the medium 
frequency ranges for radio transmission. Below about 10 m wavelength the surface 
wave will be attenuated within a short distance. In the short-wave range long-distance 
propagation is achieved by making use of the ionospheric reflection of the wave radi- 
ated into space, whereas in the wavelength region down from meter-wave range only 
line-of-sight propagation is possible. 


6.2 SURFACE CURRENTS 


We now consider the case of metallic conductors in which c exceeds we’ by orders of 
magnitude. In this case the electric field in free-space is nearly normal to the conductor 
surface, whereas the electric field in the conductor is nearly parallel to the conductor 
surface. Using (6.24), (6.25), (6.29), and (6.34b) we obtain the longitudinal component 
of the electric field in the conductor, 


Ea(x,2,t) =R (Es(x, z) ej) 


= |ZriHyo|exp (-az + à) cos (wt + do -fe+#), eo) 
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(b) 
LG), 


Figure 6.6: Skin effect: (a) The x-dependence of Ex (x, 0, 0) for $ = wt + o, and (b) current distribution 
in the conductor. 


where ġo is the phase of Zr H,. The x dependence of E, is shown in Figure 6.6(a). 
Since the field as well as the current penetrates into the metal only to a depth of the 
order dọ we can describe the current by a surface current. From (6.342), (6.34b) and 
(6.34c), we obtain 
Zn 
E= Zr Hyg exp(x - yz) Zu dx + dz], (6.42a) 
FO 
H= Hyg expQnx - yz) dy. (6.42b) 


Corresponding to (2.61) we obtain for the conductor region x > 0 the relation between 
the current density J and the electric field intensity £, 


J-a*£. (6.43) 


Inserting (6.422) into (6.43), considering |Zr;| < Zro and integrating J over x over 
the interval (—oo, 0), we obtain the surface current density form 


I (uv) = Jes (uv, n) = 228 (644) 


n 


At the surface the magnetic field only exhibits a tangential component. Therefore we 
have set H| _ = 2£,|,. Since in a metallic conductor |Z| << Zo is fulfilled we may 
neglect inside the conductor the electric field component normal to its surface and 
obtain from (6.42a) the approximation 


o 


E = £, = Zn Hyg exp(%x - yz) dz (6.45) 


218 Electromagnetics 


Figure 6.7: Orientation of H, Ja, E: (a) Wave propagation in z-direction, and (b) arbitrary orientation. 


Figure 6.6(b) shows the current distribution under the surface of the metal. Using the 
twist operator (2.155) we can express the relation between the tangential electric and 
magnetic fields (6.42b), (6.45) on the conductor surface by 


E= Zr 1n Hy, 
34 7» -Zg bn £j. (6.46) 


Hi 

‘The magnitude of the surface current density is equal to the magnitude of the tangen- 
tial magnetic field at the surface. The surface current field is orthogonal to the tangential 
magnetic field at the surface. As we can see from Figure 6.7, the surface normal vector 
n, the magnetic field H, and the surface current density J4 form a positive-oriented 
orthogonal trihedron. 

We now consider the relation between the surface current density and the electric 
field in the conductor. The vectors n, H, and E form the positive-oriented orthogonal 
trihedron depicted in Figure 6.7. Equation (6.46) gives the so-called practical boundary 
condition. We can apply this practical boundary condition also to curved surfaces, if 
the radius of curvature is large compared to the skin depth. In this case we assume the 
surface to be replaced in every point by its tangential plane. From (6.44) and (6.46) we 
obtain 


Er Zn inda, 
Ja = Sit dn E- (6.47) 


The relation between the surface current density J, and the tangential electric field E, on 
the surface is given by the wave impedance Zp of the conductor. On a conductor surface 
the tangential magnetic field and the surface current density have equal amplitude and 
are mutually orthogonal. The surface current field lines are obtained by rotating the 
magnetic field lines counterclockwise by 90°. 

Consider the rectangular surface element shown in Figure 6.8. Let the longer side I 
of this rectangular surface element be parallel to the direction of the surface current 
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(a) 


Figure 6.8: Conductor surface element: (a) electric field, (b) magnetic field, and (c) Poynting field. 


and assume a surface current flowing in z-direction. The surface current form J , and 
the tangential electric and magnetic field forms £, and H, are given by 


J,-],d» €,=E,dz, H,=H,dy. (6.48) 
With (6.46) and (6.47) we obtain 
E= Zu], de, H=, dy (6.49) 


The surface current flowing through this area element in the z-direction is given by 


I= [" Z,-M (6.50) 
i 
The voltage across the longer side of the area element is 
- 
Y= f^ &- 1E - IZa]I,,- (6.51) 
^ 


From this we obtain the impedance Z of the rectangular area element of length | and 
width b. The impedance of the rectangular area element oriented in parallel to the 
surface currents only depends on the ratio side lengths } and b and the wave impedance 
Zr of the material, 


IS 


(6.52) 


"E 


A square area element exhibits an area impedance equal to the wave impedance Zp; 
independently from its size. At low frequencies we may define for any thin conducting 
layer with a thickness d a surface impedance Z4 = 1/od. If the skin effect occurs, also 
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for thick conductive layers the current is only flowing within a thin layer under the 
surface of the conductor. Due to (6.35) the skin effect surface impedance Z4 is given by 


7 wHo 4 
Za=Zpy = \/— (1+ 6.53) 
a7Zn- a CH) (653) 
‘The real part of the surface impedance is the surface resistance R given by 


Ra =R{Za} = oa RS (6.54) 


The surface resistance an is equal to the surface resistance of a conducting layer with 
thickness dq and the conductivity o. The imaginary part of the surface X4 of the 
surface impedance is equal to its real part. The imaginary part of the surface impedance 
corresponds to a surface inductance originating from the penetration of the magnetic 
field into the metal, 

Xa=Ra (6.55) 


If we are only interested in the electromagnetic field in the free-space or in the dielectric 
material, but not in the field distribution inside the conductor, the practical boundary 
condition (6.46) allows us to simplify the field computation considerably. We solve the 
field equations in free-space or in the dielectric material, respectively, and match the 
electric and magnetic field intensities together at the surface of the conductor using 
the practical boundary conditions, Let us consider for example the surface wave along 
a plane. From (6.12d) to (6.12f) we obtain 


fa. Ly (6.562) 
Hu joa 

fa. on. (656b) 
Hy jon 


From the practical boundary conditions (6.46) we obtain 


En 
Zr. 6.57; 
H, e (5 


Hy 
From (6.4), (6.6), and (6.56a) to (6.57) we obtain y and x2, which coincide with the val- 
ues obtained from (6.24) and (6.27). Thereby we have determined the electromagnetic 
field in region 2 completely without computing the field in region 1. 

"The results of this section may also be applied to a wire with a circular cross-section, 
if the cross-sectional radius is considerably larger than do. In this case small surface 
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Figure 6.9: Current distribution in conductor with circular cross-section. 


elements of the wire can be approximated by their tangential plane and the practical 
boundary conditions may be applied. Due to the symmetry of a conductor with circular 
cross-section, the current distribution over the circumference of the conductor is 
uniform. In Figure 6.9 the current distribution of the current in the circular conductor 
for dy < a is shown [6]. With the surface impedance Z4 according to (6.53), we obtain 
the impedance of a conductor of length I, 


Z=R+jX= (+j). (6.58) 


1 
2no doa 
The impedance Z exhibits an inductive imaginary part X, which is due to the penetra- 
tion of the magnetic field under the conductor surface. This inductive part, however, 
in general can be neglected in comparison with the inductance due to the magnetic 
ficld outside the conductor. At high frequencies due to the small penetration depths, 
the real part of the impedance Z may be much larger than the DC resistance 


Ro= (659) 


1 
a?n oy ^ 
Figure 6.10 shows the results of an exact computation of R and X for the conductor 
with a circular cross-section. 


6.3 SURFACE CURRENT LOSSES 


Surface currents in a conductor yield power loss by conversion of electromagnetic 
energy into thermal energy. This power loss is the reason for the attenuation of the 
electromagnetic surface wave. Let us now compute the surface current losses per unit of 
area. Since the electromagnetic field under the conductor surface decays exponentially 
with a very small penetration depth do, we can assume that the electromagnetic energy 
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Figure 6.10: Exact values of R and X for a conductor with a circular cross-section. 


flowing through the surface into the conductor is converted there directly into heat. 
‘The power loss P; in the conductor consequently is equal to the active power flowing 
into the conductor through the surface. From (4.37) we obtain 


P= (fr) : (6.60) 


The negative sign in (6.60) occurs since the area normal vector n is directed towards the 
conductor outside, whereas we are computing the power flowing into the conductor. 
From (4.19) and (6.46) we obtain 


P= 


an{ Senti) S Zan H) — 
Introducing the surface impedance operator 

Zr = Zp Ln. (6.62) 
with (C.172) we can express (6.61) as 
Py 238 {(H,|ZmH,) 4} - (6.63) 


In an orthogonal coordinate system (u, v, n) with the coordinates u and v tangential to 
the surface and n normal to the surface and the corresponding basis forms sı, 5z, and 
n, the magnetic field form is 

H-H,s*H,&, (6.64) 


and we obtain 


HEA (Ln Hi) = IP + 1H?) s ^s = IB ^m (6.65) 
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and from this 1 
Bie; f. RalH,|?5, A s2- (6.66) 
A 


Since the magnetic field due to (2.114c) is free of divergence and since the magnetic 
field disappears inside the conductor, the magnetic field exhibits only a tangential 
component at the conductor surface. We therefore may set H = H,. Ifthe magnetic field 
at the conductor surface is known, (6.63) and (6.66) respectively allow us to compute 
the conductor losses. This allows a further simplification of the field computation, 
which we will apply in the following as far as possible, The field distribution in the 
free-space or in the quasi-dielectric, respectively, does not change considerably, if a 
metallic conductor is replaced by an ideal conductor, Therefore we can proceed in the 
field computation in two steps: 


1. The field is computed for an ideal conductor (c = oo). 


2. From the tangential component of the magnetic field at the conductor surface, 
the losses are computed using (6.66). 


If we are using this method, we have to consider the following: If we let & > oo, 
this does not influence the normal components of the electric field and the tangential 
component of the magnetic field considerably, whereas the tangential component of 
the electric field at the conductor surface is going to zero. However, this does not cause 
essential changes in the field distribution, since the tangential component of the electric 
field in the case of metallic conductors is by orders of magnitude smaller than the 
normal component. 

Let us now consider as an example the power loss in the area element according to 
Figure 6.8. Inserting (6.48) in (4.19), we obtain the complex Poynting's form 


T 


5 dy A dz. (6.67) 


With (6.49) it follows that 


„o 7 allay dz. (6.68) 
The loss of power flowing into the conductor per unit of area is given by 


afr 


NEL (6.69) 


With (6.60) the power loss flowing into the area element according to Figure 6.8 is 
given by 
By s BRURAJPA | (6.70) 
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(a) (b) 


Figure 6.11: (a) Wire in distance a parallel to a conducting wall, and (5) mirror wire. 


Similar to (6.52), the real part of the impedance of the area element is 


I 
=-R4. : 
pk (6.71) 


With (6.50) we obtain from (6.70) the power loss 
Py = 4R\P| (6.72) 


as the electromagnetic active power flowing into the surface element and being dis- 
sipated there. This is exactly the power loss occurring in a resistor R, if a current [ is 
impressed. 


6.4 INDUCED SURFACE CURRENTS 


A static magnetic field can penetrate a nonmagnetic conductor without any perturba- 
tion. Contrary to this a high-frequency electromagnetic field induces surface currents 
on the conductor, which shield the electromagnetic field from inside the conductor. 
If the skin penetration depth do is small in comparison with the linear dimensions 
of the conductor, we can assume the electromagnetic field, to be completely shielded 
from inside the conductor. If the alternating magnetic field is known at the conductor 
surface, the surface current density may be computed from (6.46). However, we have 
to consider that the induced surface currents contribute to the electromagnetic field too. 

In the following example we consider a straight circular conductor in parallel to 
a plane conducting surface, as depicted in Figure 6.11(a), We assume the circular 
conductor as well as the conducting plane to have infinite extension. The distance 
between the circular conductor and the conducting plane is a. The plane conducting 
surface is positioned at y = 0. The circular conductor is oriented in parallel to the z-axis. 
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Figure 6.12: (a) Magnetic field around a straight wire in free-space, and (b) introduction of a mirror 
conductor. 


We assume that the radius of the circular conductor may be neglected in comparison 
to the distance a. We first compute the magnetic field generated by a current J flowing 
through the conductor in the negative z-direction without assuming the presence of 
the conducting plane. Due to the symmetry, the magnetic field lines in this case are 
concentric circles with the circular conductor in the center. 

We compute the magnetic field due to the current i flowing through a straight wire 
in free-space. From Amperes law we obtain the magnitude of the magnetic field Hy at 
a distance r from the axis of the wire given by 


pn (6.73) 


At the plane y = 0 the tangential component of the magnetic field, Ho, is given by 


(6.74) 


as can be concluded directly from the similarity of the two triangles {r, a,x} and 
(H, Hi, Hy} in Figure 6.12(a). If we now insert the conducting plane at y = 0, the 
magnetic field H induces a current in the conducting wall, shielding the magnetic 
field from inside the conductor. For symmetry reasons all the induced wall current 
flows parallel to the z-axis. The magnetic field Hy generated by the induced wall current 
exhibits tangential components that are antisymmetric with respect to the plane y = 0. 
Since the magnetic field Hi, which is generated by the wall currents, is compensating 
the primary field Ho inside the conductor, it follows that outside the conductor the 
tangential components of H, and Ho exhibit equal magnitude and equal sign. From 
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Figure 6.13: (a) Wire normal to a conducting plane, and (b) mirror wire. 


this we obtain the surface current density 


(6.75) 


In Figure 6.12(b) a mirror conductor is introduced. The wall at y = 0 is removed and 
an image conductor at y = a is inserted. In the image conductor a current ~i with 
the same magnitude and opposite direction is flowing. In the half-space y « 0 this 
image conductor produces the same magnetic field as the shielding currents in y = 0. 
Figure 6.11 illustrates the mirror principle. 

We obtain the total current induced in the wall, ina by integrating the area current 
density induced in the wall over x: 


ina - f i Idx =i. (676) 


The total current induced in the wall has the same magnitude as the current flowing 
in the wire and exhibits opposite direction. We also can use the mirror principle to 
compute the total magnetic field due to the current in the wire and the current in 
the wall. If we remove again the wall in the plane y = 0 and arrange a mirror wire at 
y = a with a current —i impressed, the total magnetic field can be computed as the 
superposition of the field contributions from both wires. 

Figure 6.13 illustrates the application of the mirror principle to a wire normal to a 
conducting plane. In the arrangement of a conducting plane and a straight wire shown 
in Figure 6.13(a), positioned normal to the conducting plane according to Figure 6.13(b), 
the conducting plane is replaced by the mirror image of the line in the region x < 0. In 
the case of the wire normal to the plane, the direction of the current in the mirror wire 
is the same as in the original wire. 
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We may further generalize the mirror principle to wires of arbitrary shape. We can 
replace any arrangement of conductors and an infinitely extended wall by the original 
arrangement of conductors plus the mirror image of this arrangement. The mirror 
plane is the plane of symmetry. The currents in the mirror conductor arrangement 
have opposite components in parallel to the symmetry plane and identical components 
normal to the symmetry plane. If charges are mirrored at a conducting wall the mirror 
charges have the opposite sign. The mirror currents and the mirror charges are the 
sources of mirror electromagnetic fields. With respect to the plane of symmetry the 
tangential components of the magnetic field and the normal component of the electric 
field are keeping their sign, whereas the tangential components of the electric field and 
the normal component of the magnetic field are changing their sign. 

If we use a perfectly magnetic conducting wall as the mirror, the mirror currents 
have the same tangential components and opposite normal components, and the 
mirror charges have the same sign as the original charges. Furthermore the tangential 
components of the electric field and the normal component of the magnetic field are 
keeping their sign, whereas the tangential components of the magnetic field and the 
normal component of the electric field are changing their sign. 


6.5 PROBLEMS 


1. A linearly polarized time-harmonic plane electromagnetic wave with electric 
field amplitude E, is normally incident from free-space on a plane copper surface 
(c = 5.8-107$m ). 

a) Compute the electric and magnetic field components of the incident and 
reflected waves in free-space and the electric and magnetic fields in the 
metal. 

b) Compute the complex Poynting vector in the metal and give an interpreta- 
tion of the meaning of its real and imaginary parts. 

c) Compute the reflection coefficient for the frequencies 1 GHz, 100 GHz and 
10 THz. 

2. At2.5GHz the biological tissue has the following material properties: Fat: e, = 13, 
€ = 0.4 S/m, cartilage e, = 21, ø = 0.13 S/m; muscle: e; = 50, e = 22 S/m. 
Compute for these three cases for an incident power density of 1 mW/cm? the 
specific absorption rate in watts/kg as a function of depth. The specific absorption 
rate is the absorbed power per unit of mass of the medium. For this calculation 
we assume that the media exhibit the same mass density as water. 

3. The y-z-plane is the boundary surface between the two half-spaces 1 and 2. Half- 
space 1, x < 0 is filled with a homogeneous isotropic material, and half-space 
2, x > 0 is free-space, A transverse magnetic surface wave propagates along the 
boundary surface in positive z-direction. 
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a) Half-space 1 is filled with iron (4, = 300, ¢ = 8.0 - 10° Sm“). Compute 
the longitudinal propagation coefficient y, and the transversal propagation 
coefficient x; and x, the penetration depth do, the height ho, and the 
surface impedance of the iron surface Z4 for the frequencies 50 Hz, 1kHz, 
and 1 MHz. 

b) Half-space lis filled with dry earth (e = 5, uy = 1, o = 10? Sm~), Compute 
the longitudinal propagation coefficient y and the transversal propagation 
coefficient x, and x; for the frequency 10 MHz. 
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Chapter 7 


Transmission-Lines and Waveguides 


7.1 INTRODUCTION 


A transmission-line or waveguide allows the guidance of electromagnetic energy along 
a certain path. Usually the radiation of energy from the line into the environment and 
also the excitation of waves on the line by environmental fields should be avoided. The 
transmission-line concept is based on the description of the guided wave by voltages 
and currents, whereas the term waveguide is related to the field description of the 
guided wave. In its narrower sense the term transmission-line applies to structures 
of two or more unconnected conductors between which voltages can be applied. The 
introduction of generalized voltages and currents, however, allows the application of 
the transmission-line concept to other types of waveguides. Particularly with regard 
to the gencrality of the field concept, transmission-lines may also be considered as 
waveguides. Therefore the decision whether the term transmission-line or waveguide 
is more appropriate is also related to the methodology we apply for the investigation 
of the respective structure. Waveguides and transmission-lines are treated in detail 
in [1-5]. 

We use the expression waveguide to denote various structures that have the purpose 
to guide electromagnetic energy. We therefore introduce the following definition: A 
waveguide is a structure consisting of various materials that can guide electromagnetic 
waves along a given curve in space. A homogeneous cylindrical waveguide has the 
shape of a generalized homogeneous cylinder. A generalized cylinder is a surface that 
is generated by moving a closed curve in parallel to a line. A homogeneous cylinder is 
invariant with respect to translations in the direction of the generating line. 

Figure 71 shows examples of various types of homogeneous cylindric waveguides. 
The parallel wire line, Figure 7.1(a), and the coaxial line, Figure 71(b), exhibit a two-fold 
connected cross-section. These lines have no cutoff frequency and can be used for all 
frequencies from DC upwards. The cutoff frequency of a certain type of a guided wave 
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Figure 7.1: (a) Parallel wire line, (b) coaxial line, (c) rectangular waveguide, (d) circular waveguide, 
(c) microstrip line, (f) circular dielectric waveguide, (g) image line, and (h) optical fiber. 


is the frequency below which this type of wave cannot propagate. In the coaxial line the 
electromagnetic field is confined within the region between the inner conductor and the 
outer conductor. Therefore the coaxial line is completely shielded. In the parallel wire 
line the electromagnetic field is not confined within a transverse cross-section of finite 
extension. Therefore from the parallel wire line and other open waveguide structures, 
radiation may occur as a leakage effect yielding radiation loss and electromagnetic 
interference. At higher frequencies therefore the coaxial line is preferred compared to 
the parallel wire line, since the coaxial line exhibits no radiation losses. Hollow-pipe 
waveguides simply are called hollow waveguides as the rectangular waveguide shown 
in Figure 71(c) and the circular waveguide shown in Figure 71(d) exhibit only a single 
connected metallic boundary. The region inside the waveguide is either empty or filled 
with dielectric material. Hollow-pipe waveguides exhibit a lower cutoff frequency, since 
there is no electrostatic field solution for the region inside the hollow waveguide. In a 
hollow waveguide waves can only propagate if half the wavelength of a plane wave is 
smaller than the largest cross-sectional dimension of the hollow waveguide. By filling 
the hollow waveguide with the dielectric material, the lower cutoff frequency can be 
moved to lower values. This, however, will increase the waveguide losses. In comparison 
with coaxial lines, hollow waveguides exhibit lower conductive losses and are preferred 
at frequencies above 10 GHz compared with coaxial lines. In order to transmit high 
power, hollow waveguides are also used at lower frequencies below 1 GHz. At millimeter- 
wave frequencies and higher frequencies, hollow waveguides also exhibit considerable 
conductor losses. Therefore, for submillimeter waves, infrared waves and in the optical 
wavelength region, dielectric waveguides are preferred. Figure 71(e) shows a microstrip 
line, consisting of a metallic strip on an insulating substrate with metallic ground plane. 
‘The microstrip line is a planar structure and can be fabricated using printed-circuit 
techniques. Figure 71(f) shows a circular dielectric waveguide. The dielectric waveguide 
exhibits a higher permittivity than the surrounding dielectric material or free-space, 
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‘Table 7.1: Classification of Waveguide Modes 


Mode Type Longitudinal Longitudinal 
Electric Field Magnetic Field 


TEM or L modes E,-0 
(Lecher modes, transverse electromagnetic modes) 


TE or modes 
(transverse electric modes) 
TM or E modes E, #0 


H,#0 


(transverse magnetic modes) 
Hybrid modes E,+0 H,+0 


respectively. The electromagnetic field is not strictly confined within the dielectric 
waveguide, but decays exponentially in a transverse direction outside the core region 
of the dielectric waveguide. The image line depicted in Figure 71(g) is a dielectric 
waveguide mounted on conducting substrate. The electromagnetic field is mirrored 
on the substrate, Compared with the dielectric waveguide in Figure 7.1(f), the image 
line provides a mounting of the waveguide without perturbing the electromagnetic 
field. For very short wavelengths, especially in the optical region, a dielectric waveguide 
as depicted in Figure 71(h) is advantageous. The core of this waveguide with higher 
permittivity is embedded in a dielectric material with lower permittivity. In the outer 
region of the waveguide, the electromagnetic field is rapidly decaying, and at the 
boundary of the outer region the electromagnetic field has decayed sufficiently so that 
the field is not perturbed by the mounting of the waveguide. Also a cladding deposited 
onto the outer region will not increase the attenuation of the electromagnetic wave. 
Circular dielectric waveguides with core and cladding are realized as optical fibers. 

We now consider a homogeneous cylindric waveguide. We assume that the wave- 
guide is oriented along the z-axis of our cylindric coordinate system. We seek a solution 
of Maxwell's equations exhibiting the form 


) «£s y), (71a) 
Holz, y)”. Cb) 


Due to the translational invariance of the waveguide geometry in the z-direction, we 
can decompose the expressions for the field intensities into the exponential factor e*?* 
and the forms depending only on the transverse coordinates, £ (x, y) and Ho (x, y), 
respectively. We will see that there is an infinite number of solutions existing with 
distinct transverse field structures £¢ (x, y) and Hy (x, y), respectively. Each of these 
solutions is called mode. We can subdivide the modes into propagating modes and 
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evanescent modes. In the case of a lossless waveguide, the propagating mode exhibits an 

imaginary propagation coefficient y = j 8, whereas the evanescent mode exhibits a real 

propagation coefficient y = a. If a mode exhibits a cutoff frequency, below this cutoff fre- 
quency the mode will be an evanescent mode, and above the cutoff frequency the mode 
will be a propagating mode. The number of existing propagating modes increases with 
increasing frequency. If below some cutoff frequency there exists only one propagating 
mode, this propagating mode is called the fundamental mode of the waveguide. We 
also may classify the modes with respect to the occurring field components. Table 7.1 

summarizes the classification scheme of waveguides, The transverse electromagnetic 
modes or Lecher modes exhibit only transverse field components. The transverse electric 
modes (TE modes) exhibit no electric field components in the longitudinal direction, 
whereas the transverse magnetic mode (TM modes) exhibit no magnetic field compo- 
nents in the longitudinal direction. The hybrid modes have electric longitudinal field 
components as well as magnetic longitudinal field components. 


7.2 PHASE AND GROUP VELOCITY 


For a propagating mode we obtain from (71a) for a wave propagating in the positive 
z-direction the electric field intensity 


E(x, t) = RE, (x. y) e) 8-52), (72) 


The velocity by which a plane of constant phase is propagating is called the phase 
velocity. We obtain the phase velocity by setting the exponential term in (72) constant 


c= 


w 
B (7.3) 
A harmonic electromagnetic wave exhibits a phase velocity, which in general depends 
on frequency. The frequency dependence of the phase velocity may be caused by the 
geometric properties of the waveguides as well as by the frequency dependence of 
the permittivity and permeability of the material filling the waveguide. A wave packet 
as depicted in Figure 7.2 may be considered a superposition of harmonic waves. The 
electric field of such a wave packet may be described by 


-— 
B(x, t) sad a als so) e199 du) : (74) 


We assume the phase coefficient f ( w) to be frequency-dependent. Considering a narrow- 
band wave packet, the phase term wt — B(w)z may be expanded in a certain frequency 
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Figure 7.2: A periodic wave train. 


interval around the center frequency wo into a Taylor series, 


wt Bla)z= wot - Bos) (a - x) (1- 3|, 2). (5) 


After inserting (25) into (74), we obtain 


uote 


ite) (-# 


Ej.) e 


E(x, or Cea "I 2 (76) 


-ôw 


‘The exponential term describes a harmonic wave propagating in the z-direction with an 
angular frequency wo. This harmonic wave propagates according to (73) with a phase 
velocity c. The integral in (7.6) describes the envelope of the wave. Setting t~(48/dw)z 
constant we obtain the velocity vg of propagation of the envelope, 


v= (#7 g (77) 


This velocity vg is called the group velocity. Energy and information propagate with the 
group velocity. The phase velocity is only a virtual velocity of the phase planes and does 
not determine the velocity of transmission of energy or information, respectively. 


7.3 THE FIELD COMPONENTS 
In this section we discuss the way to evaluate the electromagnetic field components 


in linear waveguides. Without any restriction in general we assume the waveguides 
to be oriented in the z-direction. Furthermore, we assume that the cross-section of 
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the waveguide may be subdivided into subsections and that each of these subsections 
is either empty or filled by conducting material or homogeneous isotropic lossless 
dielectric material. One strategy to solve Maxwell's equations for such structures is 
to seck the partial solutions for every subsection and to match the solution along the 
boundaries. If the metallic conductors are considered to be perfectly conducting, we 
do not need to solve the field equation inside the metallic regions. By superposition 
of partial solutions the boundary conditions may be fulfilled. The mathematical effort 
may be reduced considerably, if we can choose a cylindric coordinate system in which 
boundary surfaces of the waveguide may be defined by setting constant one coordinate. 
In this case a single partial solution may already represent the field distribution of a 
mode. 

We may derive transverse magnetic modes from the electric Hertz form [1, and the 
transverse electric modes from the magnetic Hertz form /7,,. We can choose an electric 
Hertz form fT, or a magnetic Hertz form [1,,, which exhibits only a longitudinal field 
component II,, or I „a respectively. The electric and magnetic Hertz forms and the 
scalar wave equation for the longitudinal components of the Hertz forms are given by 


Transverse Magnetic Field Transverse Electric Field 
H,=0 E,=0 
L(x) = I, (x) dz, (78a) T), (x) = I1, (x) dz, (78b) 
(7.92) ATI, 7 yo Ils, 70, (9b) 
(710) 
[,-»d«dfi, (b) 
(7122) £z jou» dl, (712b) 
The field components in Cartesian coordinates are 
Transverse Magnetic Field Transverse Electric Field 
E, =0 
Pn 
13 =<, 3 
(713) HAE (713b) 
P 
slua, ; 714b 
E, 33: (7442) (714b) 
(715a) (715b) 
(7162) (216b) 
(717a) E, =jou =, (717b) 


(7182) E,-0. (718b) 
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For hybrid modes, a linear combination ofa longitudinal electric Hertz vector according 
to (78a) and a magnetic Hertz vector according to (7.8b) may be chosen. 


7.4 WAVEGUIDES FOR TRANSVERSE 
ELECTROMAGNETIC WAVES 


Transverse electromagnetic or TEM waves exhibit no field components in the direction 
of propagation [2-5]. Choosing the z-direction as the direction of propagation, we 
obtain E, = 0 and H, = 0. Therefore we can derive the transverse electromagnetic 
wave from (7.8a) as well from (7.8b). We are choosing the formulation (7.8a). In this 
case the Helmholtz equation (7.9a) is valid and the field components in the Cartesian 
coordinate system are given by (7.13a)-(7.18a). With E, = 0 we obtain from (715a) 


PIL. " 
RD falls (719) 

‘This equation is satisfied by 
TL (9) = 1G (x, y) e" + ED) (x, y) ela (720) 
For lossless lines we obtain y, = j mo. Due to (710) the phase velocity of the TEM 


wave is equal to the phase velocity of the plane electromagnetic wave. In the following 
we assume ideal conductors in lossless media. From (79a) and (7.19), we obtain 


Pleo PI 
ax?” ay 


(721) 


which holds for 11} (x, y) as well as 11‘) (x, y). This equation is the two-dimensional 
Laplace equation known from electrostatics. Due to (713a), (7.14a), (716a), and (7172) 
the Pe dimensional Laplace equation must also be satisfied by the components E,, 

, and H,, The transverse field distribution therefore corresponds to the field 
Ano of the static two-dimensional problem. Furthermore, from the validity of 
the two-dimensional Laplace equation for the transverse field components it follows that 
ina waveguide bounded by a connected conductor a transverse electromagnetic wave 
cannot occur. Transverse electromagnetic waves only may occur if the waveguide cross- 
section exhibits at least two unconnected conductors. Figure 7.3 shows schematically the 
cross-sections of two transverse electromagnetic waveguides. Figure 73(a) generalizes 
the parallel wire line according to Figure 7.1(a). The transverse electromagnetic field 
is infinitely extended, In the waveguide cross-section depicted in Figure 7.3(b), the 
outer conductor 1 completely surrounds the inner conductor 2. The electromagnetic 
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Figure 7.3: Paths of integration C, and C3 for (a) parallel wire line, and (b) shielded line. 


field therefore is bounded to the region between the inner conductor and the outer 
conductor and is shielded from the outside region by the outer conductor, 

Using (2.63) we now compute the voltage between conductor 2 and conductor 1 in a 
transverse plane (i.e, in a plane normal to the z-axis). The integration is performed 
along a path of integration Cj. We obtain 


Yal) =- J, E (722) 


For any transverse plane (i.e. for a certain z), we obtain a voltage V; (z), which is 
independent from the choice of the path of integration. The independence from the 
path of integration is due to the circumstance that in the transverse electromagnetic 
mode, no longitudinal magnetic field occurs and any closed contour of integration 
yields a zero contribution to the path integral (7.22). We therefore may define for a 
certain transverse plane a voltage between the two conductors 2 and 1. The voltage 
Va, (z), however, depends on the longitudinal coordinate z. Figure 74 shows the arrow 
for the voltage V.,(z). In the following we shall use the simplified notation V (z) 
instead of V,,(z). We now determine the current J, flowing through conductor 2. To 
do this we insert (2.65c) into (2.572) and integrate over the closed path C; surrounding 
the conductor 2. Since the transverse electromagnetic mode exhibits no longitudinal 
electric flux, the integral of the magnetic field over the closed path C» is equal to the 
current flowing through the inner conductor in positive z-direction. We obtain 


LG)- $. &. (723) 


‘The arrow for the current L, (z) is shown in Figure 74. In the following we write 
A(z) instead of I; (z). If the waveguide cross-section exhibits only two unconnected 
conductors, the currents flowing into these conductors are of equal magnitude and 
opposite direction. E, = 0 is only valid for ideal conductors with ø = oo. In the case of 
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finite conductivity there also occurs a small z-component of the electric field. However, 
in most cases we do not need to consider the finite conductivity c of the metallic 
surfaces for computing the electromagnetic field distribution of the modes. Electric 
losses and conductor losses may be calculated on the base of field distributions of 
lossless lines. Furthermore we restrict our considerations to electromagnetic waves 
propagating in the positive z-direction. From (213a), (714a), (216a), and (7.17a) we 
obtain for the transverse field components in the lossless medium 


B= ifa Me, H, joe, (7242) 
E =-j € (724b) 
From (2.79) and (710) it follows that 
E,=2rH,, B,--ZH,. 725) 
‘These equations may be generalized in differential form notation as follows 
£7 Zr» (dz ^ 21), (726a) 
H= z- RD. (726b) 


‘The electromagnetic field distribution is completely described by specifying I(z) and 
V (z). We can express the complex field intensities E(x) and H(x) as a product of the 
complex scalar amplitudes V (z) and I(z) with normalized real field vectors e(x, y) 
and h(x, y), 


E(x) = V(z)e( y), (7272) 
H(x) = I(z)h( y) - (727b) 


We call e(x, y) the electric structure function and h(x, y) the magnetic structure function 
of the rem mode. The structure functions are given by 
" 
eG y) = [es Y) 0 )]' > (282) 
T 
h(x, y) = [ha (x y) (e. y)] > (728b) 


where x(x, y), ey (x, y), le (xs y) and hy(x, y) are the components of the structure 
functions. The corresponding differential forms are the electric structure form e(x, y) 
and the magnetic structure form h(x, y), given by 


e(x, y) = e Qo y) dx + ey (x,y) dy, (729a) 
h(x, y) = ha (xs y) dx + hy (x, y) dy. (229b) 
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Vai) 


Figure 7.4: Arrows for V (z) and I(z) in the Tem line. 


With this we can express the electric and magnetic field forms by 


E(x) = V(z)e(x, y) , (7302) 
A(x) =1(z)h(x, y) . (730b) 
From (722), (7.23), (230a), and (230b) we obtain 
2 ey) =1, (2312) 
$, h(x, y) 21. (731b) 


Due to the uniqueness of the solution of the two-dimensional Laplace equation (7.21) 
the field vectors in distinct transverse planes only differ by a factor independent from x 
and y. The structure forms eand h are independent from z. The lossless EM waveguide 
may be characterized by the capacitance per unit of length C' and inductance per unit of 
length L'. Let us consider the charge per unit of length Q' on conductor 2. We determine 
the charge QAz stored within a section of length Az by 


Q'Az zef *£ (732) 
‘Ad 
‘The volume of integration V is the cylinder shown in Figure 75. The side surface of the 
cylinder is generated by the curve C2. Due to the transverse character of the electric 
field we only have to integrate over the side surface of the cylinder. 
Inserting (7.26a) into (732) yields 
Q'Az= -eZ [den eZ, [ Ha de. (7333) 
e Ar ‘Ar 


Q'- eZ, £. H=eZpl. (733b) 
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Figure 7.5: Volume for integration to determine the charge. 


Inserting (7272) into (7.32) we obtain 


j 
Az= 2 
Q'Az vef xe (734) 


Inserting (7292) yields 


Q'as- Ye f, (exdy ^ dz+ ey dz dx) 
i 


(735) 
sVe f, (exdy~eydx) 0 dz. 
"The capacitance per unit of length, C’, is given by 
- x dy-e,dx) . 7.36) 
af ety 0 on 


If the electromagnetic wave is propagating only in the positive z-direction, the ratio of 
voltage and current due to (733b) and (736) is given by 


(237) 


Zy is the characteristic impedance of the transmission-line. The characteristic impedance 
is the impedance of a line with infinite length. With (2.75) and (2.79) we obtain 


Z=- (7.38) 


The characteristic impedance depends on the phase velocity and on the capacity per 
unit of length. The phase velocity c of the transverse electromagnetic wave is equal to 
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Figure 7.6: Area of integration to determine the magnetic flux Az. 


the phase velocity of the plane electromagnetic wave propagating in the same dielectric 
medium that is filling the space between the conductors in the transverse electromag- 
netic waveguide. The capacitance C’ per unit of length is identical with the electrostatic 
capacitance per unit of length. 

To determine the inductance per unit of length, we consider the line segment of 
length Az. Between both conductors a magnetic flux per unit of length ' is flowing. 
From (2.130b) we obtain 


O'Az=4 f. +H. (739) 
i 


‘The integration is performed over the area A1, which is obtained by parallel translation 
of the curve C, in z-direction by a distance Az (Figure 7.6). With (726b) we obtain 


T u 
-É eet . " 
ase Ff, dene=—z [Er ae (740) 
This yields directly 
(41) 
With (722) we obtain 
(7.42) 
(743) 
From (727b) and (7.39) we obtain 
S'Az- 1p f. (hedyn dz +hydza dz) 
mt (744) 


=1u f (he dy hyd)» dz. 
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This yields directly 
9 -1u f (ha dy hyde) « (745) 

With (7.43) we obtain 
ep J (he dy - hy dx) . (7.46) 


Using (737), (742), (7.43), (2.75), and (2.79) we can express the characteristic impedance 
Zo of the transmission-line by the phase velocity c of the electromagnetic wave and the 
inductance per unit of length L’, 


= Zy zcl/. (247) 


Furthermore, we obtain from (2.75), (738) and (747) 


a 

Z= T (748a) 

ec Lol. (748b) 
VUC s ` 


We now consider wave propagation in positive z-direction and in negative z-direction 
as well, and derive the transmission-line equations for V and J. To investigate the 
variation of V (z) with z we evaluate the difference of the voltages V (z) and V (z+ Az) 
drawn in Figure 7.7(a). Since the tangential component of the electric field vanishes at 
the conductor surface, the difference of the voltages V(z) and V (z + Az) is given by 


V(e+b2)-Via)= g £- f. dé. (249) 


Using Faraday's law (2.123b), (739), and (7.43) we obtain 


V(z* Az) -Y(2) - -j on f *H--jed'Az--jel'IAz. (750) 
Ay 
After performing the transition Az + 0, 
dv 1 
—— -= lim — [V Az) - Vi 7.5L 
d AM, az EE + Ae) LO (n 


we obtain the differential equation for the variation of V (2), 


(752) 
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Figure 7.7: (a) Application of Faraday's law, and (b) application of Ampére’s law. 


We can compute the difference of currents [(z + Az) and I(z) applying Ampéres law 
(2.572), and integrating over the cut cylindric surface in Figure 77(b). The circulation 
integral along 23 is composed of the circulation integrals in the transverse planes at 
z and at z + Az. These circulation integrals yield the current contributions J(z) and 
—I(z + Az). The contributions of the path integrals parallel to the z-axis from z to 
z + Az compensate each other and therefore give no contribution to the circulation. 
‘Therefore we obtain 


Izan)-I2-- f, H aH. (753) 


As 
In the area integral we can replace the cut surface A; by the uncut surface Az according 


to Figure 7.5. Since the area Az is not penetrated by a conduction current, Ampére’s 
law (2.123a), together with (2.130a) and (732) yields 


I2 + Az) - I(2) = -joe f x E=-joQ' Az=-juC' V Az. (754) 
m" 2 
With the transition Az — 0 we obtain 
NT i 
AE 7 lim Ue + A2) - 162]. (755) 
and therewith it follows from (754) that 


i --joC'y. (756) 


Equations (752) and (7.56) are the first-order transmission-line equations. We can elimi- 
nate V or J, respectively, and we obtain the second-order transmission-line equations, 
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Figure 7.8: Equivalent circuits for a lossless TEM line of length Az: (a) elementary equivalent circuit, 
(b) T-cquivalent circuit, and (c) [1-equivalent circuit. 


K 
"Az 


also called telegrapher’s equation 


[24 


za +B1=0, (257a) 
dv 
um * By -0, (757b) 
with 
B7 Buo 7 ov L'C'. (258) 


The transmission-line equations for the lossless TEM line are (751), (756), (7.57a) and 
(757b) and describe the z-dependence of V and I. The phase coefficient f of the TEM 
mode is identical with the phase coefficient Smo of the plane wave propagating in 
the same dielectric material. For short line segments we can use equivalent circuits 
with lumped elements. Figure 7.8 shows three of these equivalent circuits for lossless 
TEM lines of length Az. The equivalent circuits provide a good approximation, if Az is 
very small in comparison with the wavelength. Let us consider the equivalent circuit 
according to Figure 7.8(a). As we can see easily, the relation of the four amplitudes and 
both pairs of nodes of the equivalent circuit is given by 


V(z+ Az) = V(2)-joLdzl(z), (2592) 
A(z + Az) = I(z) -jw C'AzV(2). (259b) 


Taking the limit Az + 0, we obtain (7.52) and (7.56). This means that we can approximate 
a line segment with arbitrary accuracy, if we are choosing a sufficiently small Az. If we 
have to model longer line segments by this equivalent circuit with high accuracy, we 
can cascade several of these equivalent circuits. The T-equivalent circuit according to 
Figure 78(b) and the IT-equivalent circuit in Figure 7.8(c) are obtained by connecting 
two equivalent circuits according to Figure 7.8(a). 

We can improve the equivalent circuit for the line segment by replacing (7592) and 
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Figure 7.9: Equivalent circuit for a lossless TEM line of length Az. 


(759b) by a more accurate integration scheme, 


Yle Az) = V(2) -jw L'Az5 (Iz) + Ie à2)] » (71602) 


(2+ Ae) = Ie) -ju Cz [V(z) + V(z+ A2)] . (7605) 


From these equations we obtain the admittance representation 
K Y (X, L v 
E + o) 2 (e ¥,) (v+ Az) Vsn 


ljoAzC' 


with 


ljeAzC'- (762) 


1 y 1 
Joar — 77 jeAzL'" 
The corresponding all-pass equivalent circuit is shown in Figure 79. 

Up to now we have considered lossless TEM waveguides only. In the real waveguide, 
however, losses occur due to the finite conductivity of the metallic conductors. Due 
to the skin effect these losses are increasing with frequency. If the line is filled with a 
dielectric, we also have to consider the dielectric losses. The skin effect losses as well as the 
dielectric loss increase with increasing frequency, In the case of unshielded transmission- 
lines at higher frequencies also radiation loss has to be considered. Radiation loss 
occurs if the longitudinal homogeneity of the transmission-line is perturbed. Also 
longitudinally homogeneous transmission-lines may radiate in the case of improper 
excitation when the sum of the currents through the conductors does not vanish. In 
that case the transmission-line is said to be excited in an antenna mode. If an antenna 
mode is excited the radiation can be computed by the methods discussed in Chapter 13. 

Let us first compute the losses in the dielectric material. If the dielectric material 
has an ohmic conductivity o * 0, due to (2.61) a conduction current is flowing in the 
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dielectric material, The conductive current I; Az flowing within the length interval Az 
from conductor 2 to conductor 1 is given by 


Laz=o fi £8. (263) 
; 


Ij is the dielectric loss current per unit of length. The integration is performed over the 
arca A; in Figure 75. Inserting (732) and (736) we obtain the conductive loss current 
1, per unit of length, 


=Q'=-C'V. (7.64) 


e= 
We define the conductance per unit of length G' as the ratio of the current flowing per 


unit of length from conductor 2 to conductor 1 and the voltage between conductor 2 
and conductor 1, 


G's Ze oC an ôa. (265) 


Ifa loss current J’, is flowing from conductor 2 to conductor 1 per unit of length, we 
have to modify (756) as follows: 


i z-joC'v - l; (7.66) 


With (7.64) and (7.65) we obtain 


dI 
dz 


GeC' +G')V. (767) 


The dielectric losses are considered by the loss conductance per unit of length G’. 

To compute the skin effect losses in conductors 1 and 2 we use (6.66) and integrate 
over the areas A’ and A" in Figure 710. We introduce a cylindrical coordinate system 
(n, v, z) with the transverse coordinates n and v and the longitudinal coordinate z. The 
coordinates v and z are tangential to the conductor surface and the coordinate n is 
normal to the conductor surface. The corresponding basis differentials are n, s, dz. 
With (6.66) we obtain the skin effect losses Az Py within a line segment of length Az 


ES 1 
Piae= > ts R4lH, |? dz ^ s = sch Pals (768) 


CC 


where R4 is the skin effect surface resistance defined in (6.54). This yields 


Pt = 
182 Jono" 


LU: s. (769) 
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Figure 7.10: Area of integration to determine the skin effect losses. 


The skin effect losses per unit of length are proportional to the square of the line current 
(i.e. the skin effect losses may be expressed by a resistance per unit of length R’). The 
power loss due to the skin effect surface resistance is given by 


P; -iRuP. (770) 
Using (223), (769), and (770) we can express the skin effect resistance per unit of length, 
R’, by 
Forson RalH. PS 
LI. 
(fc, tiis) 


Due to the resistance per unit of length, R’, the voltage decreases per unit of length by 
R’L Therefore we have to modify (7.52) as follows: 


(7.71) 


E: --(oL' RI. (72) 


For a line segment of length Az of a lossy Tem waveguide, we obtain the equivalent 
circuit Figure 711. We note that due to the conductor losses also a very small longitudi- 
nal electric field component occurs. Nevertheless, we still call this waveguide mode 
transverse electromagnetic, We can again eliminate V (z) or I(z), respectively, from 
(767) and (7.72) and obtain the telegrapher’s equation for the lossy transmission-line 


TX-YyY-0, (7734) 


I-YIz0. (273b) 
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Ca Caz 


Figure 7.11: Equivalent circuit for a lossy TEM line of length Az. 


Vz) 


ler lm, 
hike 2RA 
Figure 7.12: Modified equivalent circuit for a lossy TEM line of length Az. 


Figure 712 shows the modification of the equivalent circuit depicted in Figure 79 for 
the lossy transmission-line, The admittances Y, and Y, in (761) are given by 


rap’ DAY cm (274) 

with 
Z-jel'«R', Y'-jeC'«G. (175) 

‘The complex propagation coefficient y is given by 

y = (GeO + G')Gor +R’). (776) 
The solution of (773a) and (773b) is given by 

v) viera vier, (1773) 

Iz) =D ev «iem. (1776) 


If the electromagnetic wave propagates only in one direction, the ratio of current and 
voltage due to (7.67) and (272) is given by 


V(z) = #Zol(z), (778) 
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‘Table 7.2: Data of Some Important TEM Waveguide Structures. 


Parallel Wire Line Parallel Plate Line 
a&b 


3a 
[T 
f a 
Capacitance per unit. me E 
oflength C' arcosh rs 
Inductance per unit u, b n H ga 
oflength L^ L2 gri D 
Conductance per unit no te ob 
of length G" In? arcosh = 
Resistance per unit of Mil EA 
length R * G + i) d 
Characteristic Par : 
impedance Zo iia LN: zi 
(lossless case) im 4 dies] D 


where the complex characteristic impedance Zy is given by 


BE: (779) 
jac 4 G'' o 


The positive sign in (778) is valid if the electromagnetic wave is propagating in the 
positive z-direction, whereas the negative sign corresponds to a wave propagating in 
the negative z-direction. For small losses, i.e., G' << WC’ and R’ «< wL', we obtain 
the following approximation for the propagation coefficient and the characteristic 
impedance, 


Zo 


Ww fi^ 
serez 


a [v f, 3 fR 
asya [- Em (5 ; nl 


(7802) 


Transmission-Lines and Waveguides 249 


n 


Figure 7.13: Multiconductor transmission-line. 


Table 7.2 summarizes the data of some important TEM waveguide structures, 


7.5 MULTICONDUCTOR TRANSMISSION-LINE 


A multiconductor transmission-line is a transmission-line with more than two parallel 
cylindric conductors as shown in Figure 713. In a multiconductor transmission-line all 
conductors are mutually coupled and signals are coupled from one conductor to the 
other. If the coupling is unintended this effect is referred to as crosstalk, Multiconductor 
transmission-lines play a role in flat cables for high-speed data transfer, in printed 
circuit boards, and in monolithic integrated circuits. Multiconductor transmission-lines 
are treated in detail in [6-10]. 

In this section the TEM modes of multiconductor transmission-lines filled with 
homogeneous isotropic dielectric are treated. It will be shown that in the homogeneous 
multiconductor transmission-line with n + 1 conductors n TEM modes can propagate. 
All these modes propagate with the same velocity, that is, the TEM plane wave velocity 
c for the dielectric material given in (2.75). 

Figure 7.13 gives a schematic view of the general cylindric multiconductor transmis- 
sion-line. The current flowing in the kth conductor in positive z-direction is ix (2, t) 
and the voltage from conductor k to conductor l is vy; (z, t). Usually a transmission-line 
is operated in such a way that the sum of the currents through all conductors vanishes. 
Therefore, for a multiconductor transmission-line with n +1 conductors only n currents 
can be chosen independently. Also from the 3(n &1)n voltages vı (z, t) only n voltages 
may be chosen independently. Consequently we can choose one conductor as the 
reference conductor and describe the state of the multiconductor transmission-line by 
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the currents in the other conductors and the voltages between every conductor and the 
reference conductor. We number the conductors of a multiconductor transmission-line 
with n + 1 conductors from 0 to n with conductor 0 as the reference conductor. The 
voltages v1, v2, . . . Vn between conductors 1, 2,... n and the reference conductor 0 and 
the currents ij, í;,... i, through the conductors 1 to are summarized in the vectors 


v" (2, t) = [n( f) va). vn t)] > (281a) 
iT (z, t) = [à(z t) (2 ti. in(2,t)] - (231b) 


Let £, (x, t) be the electric field form describing the electric field for the kth conductor 
at potential v, (z) and all other conductors at potential zero. Furthermore, let Hg (x, t) 
be the magnetic field created by the current through conductor k when through all 
other conductors (with the exception of conductor 0) no current is flowing. This partial 
field is given by 


£x, t) = vi(z t)e (x y), (7822) 
Hela, £) = iC Ohio y) (5820) 


where ey (2, y) and h(x, y) are electric and magnetic structure forms as defined in 
(7292) and (729b). Since we are seeking TEM wave solutions the structure forms are 
transverse (i.e., they exhibit no dz-components). Consider that the cases where only 
one of the conductors 1... n exhibits a voltage unequal to zero and where only one of 
these conductors is carrying a current are different in the following sense. In the first 
case all conductors apart from the kth one are grounded, whereas in the second case 
all conductors except from the kth one are open at their ends. Generalizing (731a) and 
(731b) for the multiconductor case we obtain 


$ h(x, y) = Sts (283a) 
x 
Í er(x, y) = -àÓu (783b) 
eu 


The total electric and magnetic field of the multiconductor transmission-line is repre- 
sented by the differential forms 


EdE (7.84a) 
k=l 

(x,t) = X350. (784b) 
ka 


For a TEM field the structure functions must satisfy the two-dimensional Laplace 
equation (7.21) and correspond to the two-dimensional electrostatic and magnetostatic 
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fields. According to Section 5.4 the structure functions may be derived from normalized 
scalar electric and magnetic potentials d, (x. y) and x(x, y), respectively, hence 


ex(x, y) = dger(x, y), (785a) 
hys y) = dome (x, y). (785b) 


From Poincarés lemma (A.61) follows 
dex (x,y) =0, (786a) 
dhy(x, y) - 0. (786b) 


With this we obtain from (7.82a) and (282b) the exterior derivatives of the partial 
electric and magnetic field forms, 


anlar D) 


d£ (t) = dz ^ ek( y), (2872) 


dH,(x,t)- ma BRI hc Gasy). (287b) 


Inserting (782a), (282b), (734a), (284b), (287b), and the constitutive relation (2.322) 
into Amperes law (2.1142) yields 


gen» anen Dasrhley)= een ante) 


ki A 


vex y). (7.88) 


Contracting this with dz and inserting (2.165b), we obtain 


» Laon (xy)= pue 9 a; ioi (y)- (789) 
k=l kal 


Integration over the closed curve cz; yields 


DEED $ ny) 


ka 


Paat) 


2] $. de; «ey, y). (290) 


Inserting (7832) for the integral in the left-hand side of this equation and defining 
1 =e $ dzax e,(x,y) = ef [es Qo») dy —exy(x, y) dx] (791) 
yield the first set of multiconductor transmission-line equations 


ate) Ü)o PE 


ntn zt) T 
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The coefficients Cj, are the mutual capacitances per unit of length. 

To obtain the second transmission-line equation we insert (7.82a) (7.82b), (7.84a), 
(784b), (7872), and the constitutive relation (2.32b) into Faraday’s law (2.114b). This 
yields 


S AED usas y) o n: HED ctt y). (7.93) 
[2 m ot 


Contracting this with dz yields 

" 

D x, we Bele) ay se hale, 794) 
»- ». 

kel Y CO» 
We integrate this over the curve ¢ and obtain 
so t $ 
"d A nn p MS D df TUR (795) 


» an 


We insert (783b) in the left-hand side of this equation and define the inductances per 
unit of length 


2 =f, dz h(x, y). (796) 


This yields the second set of the multiconductor transmission-line equations 


vlz) — 1 Oi, (2, Ü) 
a nuc at en 


Summarizing the voltages and currents in the vectors (71a) and (781b) and the el- 
ements Cj, and L7, in the matrices C' and L’ we can write both sets of first-order 
multiconductor transmission-line equations in matrix form as 


9i(z,t) P gn t) 


E a cores 
vni) __,,di(2,t) 
TM. (798b) 


From this we obtain the second-order multiconductor transmission-line equations 


O^v(z,t) -ro 26 t) 


aA T ap oc 22) 
Pilet) uui) 
UM or. (799b) 
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Due to reciprocity the capacitance and inductance matrices satisfy 


Cac? (71002) 
Ip. (7100b) 


‘To derive an important relation between L’ and C' we insert Ampéres law (2.1142) into 
Faradays law (2.114b) and obtain 


PE 7 
fded£- um. 7101) 
With (282a), (2842), and (7872) this yields 
à 5k 2 
YES, dena denen ey) = -ue Y HED a(x, y). — C02) 
& ae ae 
With (A.176) and (A.179) we obtain 
* dza» dz A e (x, y) =12 e G5 y) = -ek(x, y) (7103) 
and with this 
n Pvz t) 2 & dvlat) 
pie ae y- my See an ey). (7104) 


We integrate this equation over the curve cyr, 


L OP ve(z, Ovi (Z 
DE [ an D» AG Df e(my) (7105) 
zi 


and obtain a second-order transmission-line equation for vj, 


wet) 1 vt) 


22 c aa (108) 


In a similar way we can derive a second-order transmission-line equation for the ij. 
We can write these equations in matrix form as 


ov(z,t) 19v(zt) 
a 2 ae C 

Bilz t) 1 dilz, t) 
a a a oC 


(71072) 


(71076) 
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Comparing this result with (7.99a) and (799b) yields 


1 
ab (7108) 


IC =C'l'= 


where 1 is the unit matrix. This means that all TEM modes of the multiconductor 
transmission-line exhibit the same velocity c, which is phase and group velocity as well. 
Such modes are called degenerate modes. 


7.6 Quasi-TEM MODES OF TRANSMISSION-LINES 


7.6.1 Quasi-TEM Modes of Two-Conductor Transmission-Lines 


Inhomogeneous transmission-lines (i.e., transmission-lines with transversely inhomoge- 
neous dielectric) are important components in microwave technology. The fundamental 
mode of a two-conductor inhomogeneous transmission-line exhibits no lower cutoff 
frequency, and it also exhibits longitudinal electric field components. Examples of 
inhomogeneous transmission-lines are the microstrip line and the coplanar waveguide. 
In these cases the cross-section exhibits metallic, dielectric, and free-space regions. The 
longitudinal field components are required to satisfy the boundary conditions at the 
interfaces between dielectric and free-space regions or between dielectric regions of 
different permittivity. If the longitudinal field components are very much smaller than 
the transverse ones, these fundamental modes are called quasi-TEM modes. For static 
field also an inhomogeneous two-conductor transmission exhibits transverse electric 
and transverse magnetic field solutions. From these transverse static field solutions 
we can compute capacitance and inductance per unit of length. However, as we have 
shown in Section 7.4 a TEM wave exhibits the same velocity as a plane wave in the same 
medium. In an inhomogeneous waveguide the guided wave propagates with an average 
velocity, deviating from the TEM velocities corresponding to the material in the various 
parts of the waveguide cross-section. 

Consider a coaxial waveguide, partially filled with a dielectric with permittivity c 
and partially empty with the cross-section depicted in Figure 7.4. From (5.1763), (5.177), 
(5.1802), and (5.181) we obtain the static electric and magnetic fields for applied pc 
voltage V and pc current J, 


v 


£ z dr, H=Andv=-Lap. (7109) 
nt 2n 


Aedr= 


rl 


This field is not influenced by the dielectric. However, the electric displacement D is 
increased by a factor cj, in the dielectric region. Capacitance and inductance per unit 
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2b 


Figure 7.15: Inhomogeneous transmission-line. 


of length follow from (5.179) and (5.183) as 


Toll + err) r 


[od 
b 
Ing 2n 


From this and (748b) we obtain the wave velocity 


1 2 
UG Vice 


and from (7482) the characteristic impedance 


y 2 Z b 
2o=\/—= ins, 
c l-á,2n a 


255 


(7110) 


(7411) 


(7112) 


Consider the inhomogeneous transmission-line with the cross-section shown in 
Figure 715. Let the permittivity c and the permeability x of the material between the 
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conductors depend on the transverse coordinates u and v. To verify the accuracy of 
the quasi-TEM approximation of inhomogeneous transmission-lines we expand the 
field and the phase coefficients into power series of the frequency [11,12]. At first we 
decompose the field forms £, H into transverse parts Er, H; and longitudinal parts £z 
Hy 


E=E, +E. (7.113) 


Ina general cylindric coordinate system with transverse orthogonal curvilinear coordi- 
nates u, v and the longitudinal coordinate z this decomposition is done by 


E, = dz(dzi£) = E, dz, (71142) 

E =E-E, =E, du +E, dv. (114b) 

The electric and magnetic field of wave propagating in positive z-direction with a phase 
coefficient £ is described by 

E(u,v,2) = £o v)e P, (1152) 

H(u,v, z) = H(u, v)e P. (7.115b) 


Exterior derivation of £ and H yields 
d£- d£, e^ + d£, c -jBdzA£,e P, (71162) 
d= die) + dite -jBdz A Tie. (7116b) 
Mes HE! J t 


Inserting (7.113) to (7.116b) in the complex Maxwell’s equations (2.124a) and (2.124b) 
and separating transverse and longitudinal parts yields 


jeu(u v) «H,, (71172) 
jep(u, v) +H, * jBdz ^E,, (717b) 
dH, = jwe(u,v) «£,. (7c) 
dfi, = jwe(u,v) xÈ, « jBdz a H. Qu7d) 


d£, 


Choosing a coordinate system where at the metallic surfaces du is normal to the surface 
and dv is tangential to the surface the boundary conditions are 


dunk 
dv nH 


(71182) 
(718b) 


We seek an asymptotic series solution for equations (71172) to (7.118b) represented by a 
power series with the normalized frequency 


Q - w/w, (7119) 
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where wo is a frequency of reference which may be chosen arbitrarily. Considering 
that the complex field forms £, (v). È, (w), H, (w), £L (w), in (7117a) to (7.1174) are 
related to the real time-dependent field forms £, (£), £; (t), H4 (t), H(t) via Fourier 
transform, as 


E(w) = E E(N do. (7120) 


From this it follows 
2,(-w) =È; (w). (32) 


Hence the real part of a field function is an even function and the imaginary part is 
an odd function of w. In the static limit the transverse field forms £,(«) and H,(@) 
become real. Therefore we can assume the transverse field forms to be even functions 
of w and therefore to be real. Due to (71172) and (7117c) in this case the longitudinal 
field forms È, (w) and H, (w) are odd functions of w. Also the phase coefficient f is an 
odd function of w. This becomes obvious when considering its linear approximation. 
‘Therefore the power series expansion of the field forms and the phase coefficient is 
given by 


£ «£g «OQ! dE, + (71222) 
£,-0£4 * A:N AE (71225) 
Hy - Has O3 dH suus (71220) 
H, - 0, e 0 d Hat. (7122d) 

B» Ob, + bot... (74220). 


Inserting these expansions into (71172) to (7117d) and separating the equations by order 
of Q we obtain the zero and first-order equations 


d£. 20, (71232) 
d£, = -jwp(u v) * Hio * jBdz ^ £a, (7123b) 
dfi, -0, (7123c) 
dE, 7 jec(u v) + Ëo * jBdz ^ Fio. (71234) 


The higher-order equations are given by 


d£, 4, = -jonQus v) * He ae (71242) 
d£, a = -joulu v) + Fy a Baz ^£ s, (7124b) 
45,5, = joe(u v) +E, reas (1246) 


95, 4, = jae(u v) Ea + dz ^ HL. Ca24d) 
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‘The electrostatic and magnetostatic field approximations for the multiconductor trans- 
mission-line must satisfy (7123a) and (7.123b). However, these equations are not suffi- 
cient to determine the electrostatic field solutions. Also the divergence relations (5.1b) 
and (5.2b) have to be considered. To obtain the electrostatic and magnetostatic field 
approximations of the multiconductor transmission-line we derive the electric and 
magnetic fields from the scalar potential ® and the magnetic vector potential A. From 
(5.2b), (5.7), and the constitutive relation (2.23a) for the electric potential b(u, v) we 
obtain 


d [e(u, v) d@(u,v)] =0, (7125) 


and for the magnetic vector potential A from (5.1b), (5.7) and the constitutive relation 
(5.53) for the magnetic vector potential form A(u, v) we obtain 


af ads dA(uy)] =0. (7126) 


From (71182) and (7.118b) we obtain the boundary conditions for ® and Aas 


du ^ e(u, v) dd(u, v) =0, (71272) 
1 
dyn Alun) = 0 (7127b) 


Equations (7125) to (7127b) contain all the information necessary to compute the 
electric and magnetic fields in the static zero-order approximation. Different from 
the homogeneous transmission-line, electric and magnetic field functions are now 
independent from each other. There exists no simple relation between L' and C' ' and 
both values have to be computed independently. 

Similar to (7.91) and (796), we can derive the capacitance per unit of length C' and 
the inductance per unit of length L’ as 


-$ e(u,v) dza (uv), (21284) 


- f iG) dear fno). (71286) 


‘The integrations are performed over the paths c; and c;; shown in Figure 715. Since in 
the static approximation no longitudinal field components exist, the integrals in both 
equations are independent from the paths as long as c; is going from conductor 1 to 
conductor 2, and c22 is encircling conductor 2. 

‘The first-order approximation of the longitudinal fields may be computed from 
(7123b) and (7123d) whereas (7.124b) and (7.124d) yield the higher-order field approxi- 
mations. 
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Figure 7.16: Inhomogeneous multiconductor transmission-line. 


7.6.2 Quasi-rEM Modes of Multiconductor Transmission-Lines 


The quasi-TEM modes have been investigated for inhomogeneous multiconductor trans- 
mission-lines in [12,13]. Figure 716 shows the cross-section of a general multiconductor 
transmission-line. The above treatment of the field components also holds for the 
multiconductor transmission-line case. We derive the capacitance per unit of length 
matrix elements C/, and the inductance per unit of length matrix elements L7, as 


Ge -$ c(u, v) dz» ex(u,v), (71292) 
t=- f u(u, v) dzo» h(u,v)- (7129b) 
eu 
"The paths of integration are shown in Figure 716. Considering the longitudinal field 
components the degeneration of the modes is canceled and the modes exhibit different 


velocities. The transmission-line equations (798) and (798b) remain valid also for the 
quasi-rEM multiconductor transmission-line but not so (707a) and (7107b). We obtain 


E =-jwC'V(z), (71302) 
avi -joL'I(z). (7130b) 
dz 


‘The modes of the multiconductor transmission-line must be determined by diagonal- 
ization of (7.99a) and (7.99b) via solution of the eigenvalue equation 


wL'C'V(z) = P V(z), (7131a) 
«^ C'L'I(z) = f(z). (7131b) 


Different from the TEM case for the quasi-TEM modes, the voltages and current vectors 
describing modal solutions are not be chosen arbitrarily but must be eigenvectors of the 


260 Electromagnetics 


ZEE, 


Figure 7.17: Microstrip line. 


matrix L'C' and C'L', respectively. The solution of the multiconductor transmission- 
line equations will be discussed in Section 8.6. 


7.7 PLANAR TRANSMISSION-LINES 


Planar transmission-lines are formed by metallized plane dielectric plates [14-17]. Planar 
transmission-lines play an important role as the basic line structures in hybrid and 
monolithic integrated circuits. 


77.1 The Microstrip Line 


The microstrip line is depicted in Figure 7.17. In the microstrip line the electromagnetic 
field is not confined to the substrate, but spreads over the free-space. The microstrip 
line is an inhomogeneous waveguide since the transverse dielectric region is nonhomo- 
geneous. Due to this circumstance the fundamental mode is not a TEM mode, but a 
quasi-TEM mode. The quasi-TEM mode approaches a TEM mode if the frequency goes 
to zero. 

The analysis of microstrip lines only can be performed using numerical methods. 
Accurate methods of modeling (integral equation method, spectral domain method, 
partial wave synthesis, finite difference method, transmission-line matrix method) 
in some cases may require a high numerical effort. The easiest approximation is the 
quasistatic approximation. In the quasistatic approximation the transmission-line wave 
is approximated by a TEM wave and the transmission-line properties are calculated from 
the electrostatic capacitance. This approximation can be used if the transmission-line 
width as well as the thickness of the substrate are very small in comparison with the 
wavelength. In the following we give simple formulae for the quasistatic approximation. 

Let C, be the capacitance per unit of length of the microstrip line for the case in 
which the dielectric is replaced by free-space and let C be the capacitance per unit of 
length with dielectric. The wave impedance Zo and the phase coefficient f are given by 


Zo - Mey/CC, >» (71322) 
B= k(C/C,)'? = ks feret (132b) 
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with 
€rett = (Ao/Ac)? = C/Cas (7133) 


where Ao is the free-space wavelength and A, is the wavelength of the guided wave. 
Closed-form expressions for Zo and €, etr have been given by Wheeler [18,19], Schnei- 
der [20] and Hammerstad [21]. 

The maximum frequency up to which a microstrip line may be used is limited by 
the losses that increase with frequency. This is in particular due to the excitation of 
substrate waves. The cutoff frequency fes, beyond which a strong coupling between the 
quasi-TEM mode of the microstrip line and the surface wave of lowest-order occurs, is 
given by 

_ 150 
" nh 


with the cutoff frequency f. in GHz and the height h in millimeters. From this it 
follows for a GaAs substrate with e, 12.9 that for a frequency of 100 GHz the maximum 
thickness of the substrate should not exceed 0.3 mm. 

Furthermore, the maximum substrate thickness is limited by the radiation losses 
excited at transmission-line discontinuities. For a } resonator the Q-factor due to 
radiation approximately is given by 


an^! e, GHz mm. (7134) 


_ 3€,ZoA3 
32 moh? ` 


(7135) 


At 100 GHz a GaAs substrate therefore must be thinner than 0.125 mm to achieve a 
Q » 100. 

In the following the approximate formulae for the computation of the parameters of 
a microstrip line are summarized [16]. The approximation formula for the characteristic 
impedance is given by 


zh zd in (0253) QEMBER S 
Jes +1993 + 0.667In (X +1444) forw/h> 1, 
with 
w St (1+In™) forw/h<1, 
—- 7.137, 
h 3b) forw/h21. (nn) 


(7138) 
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with 
(1+ 2h/w)? +0.04(1-w/h)? forw/h <1, 
F(w/h) = 7139) 
(wih) erus for w/h>1. pun 
‘The attenuation coefficient is given by 
32-(w'/h)? 
EE E a ; forw/h «1, (uo) 
CderxmosEAS [rne Sel) A for w/h 21, 
with 
Ded (1+ L! 4 ES dn hs, 
* dE zn) for w/h< qua) 
arene 125 4 128 in) forw/h>1. 


‘The microstrip line is the most common planar transmission-line structure. The full 
metallization of the bottom side of the substrate facilitates the mounting. The insertion 
of circuit elements in series can be done without difficulty; however, parallel circuiting 
of circuit elements requires either wire holes or the realization of short circuits via 1A 
lines. The latter solution is possible within a narrow-band only. 


7.72. Quasistatic Approximation for the Microstrip Line 


Figure 718 shows a cross-sectional view of the shielded microstrip line. The microstrip 
line exhibits a conductor strip of width w on a dielectric substrate of height h. The 
permittivity of the substrate is e1. The ground plane of the substrate of a microstrip 
line usually is fully metallized. The thickness of the strip conductor is neglected. For 
computational reasons we have embedded the microstrip line in a waveguide of width 
aand height h. We assume a and h to be sufficiently large, so that the influence of the 
embedding on the characteristics of the microstrip line may be neglected. 

We apply a quasistatic approximation [22] to analyze the shielded microstrip line 
where we assume that in subregions with constant c the transverse electric field is 
governed by the two-dimensional Laplace equation 


s 
2. > =0. (7142) 


‘The boundary conditions for the electric potential (x, y) are 
(4a, y) = © (ža, y) =  (x,0) = b (x,b) . (7143) 
We expand «(x, y) into products of the basis functions $, (x) and yn(y) 
D(x, y) = Lenbnlx)¥ny) . (7144) 
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Figure 7.18: Cross-section of the shielded microstrip line. 


As the basis functions ¢ (x) we choose 
n(x) = cos = with 1 =1,3,5,... (7145) 


Presupposing that each term in the sum at the right-hand side of (7.144) fulfills the 
Laplace equation (7.142), it follows that 
vs (y) = sinh T for 0<y<h (7146) 
and we obtain for the region 0 < y < h the series expansion 
O(xy)= Y, eco E sinh E for 0«ysh. — (7147) 
nzlj3,5,. a a 


In a similar way we obtain for h < y < b the series expansion 


Oo(x,y)9 J dncos 


MAAS Spo 


sinh 


m mot for hcycb. (7148) 


On the boundary surface y = h the area charge density p is given by 


(7149) 


A surface charge density pa * 0 only exists on the conductor, that means in the region 
|x| < dw. This condition is enforced by extending the Fourier integral for determination 
of the coefficients r, only over the interval [-w, 4w]: 


2 "^ nux 
ni DD cos ae. (7150) 


264 Electromagnetics 


On the boundary surface x = h the continuity condition 
Q(x, h) = o(x, h) (7.151) 
must be fulfilled. From this it follows that 
d, sinh vu = cy sinh E * (7152) 


From the boundary condition for the electric flux density it follows that 


a a 
"asy Poly) ras di) npa, (7153) 


and from this 


h 
+ €1¢n cosh 5 ) Tae (7154) 
a 


From (7148), (7.150), (7152), and (7.154) we finally obtain 


aux ps nme! 
,h)- M ^) cos — dx! (7155) 
O(a) E gue Jis Pies TE ar (7155) 

with " ] 
"— — (7156) 


nT ej coth 2 — eg coth 1306-9 


In (2155) the integration is only performed over the interval [-3w, }w] since the 
integrand vanishes outside this interval. We put this equation into the form. 


w/t 
Vo=O(s,h) - f Gs pa (s) de" for ||siw, (7157) 


where Vp is the potential of the conductor strip and the Green’ function for this problem 
G(x, x’) is given by 


j 
G(nx)s Y gu cos cos EE (7158) 


n=13,5,... a 
For b — oo we obtain from (7156) 


2 1 


nm & coth 224 + e; 


(7159) 
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Figure 7.19: (a) Coplanar waveguide, and (b) coplanar stripline. 


The charge per unit of length q’ is 


w/2 
Pes 
q= ZOL (7160) 


‘The capacitance per unit of lengths C’ of the microstrip line is 


(7.161) 


77.3 Coplanar Waveguide and Coplanar Stripline 


Figure 719 shows the coplanar waveguide and the coplanar stripline. On coplanar wave- 
guides and coplanar striplines, quasi-TEM modes may propagate. The approximation 
formula for the characteristic impedance of a coplanar waveguide is 


. £m K(K) 
AVéret K(k) 


and the approximation formula for the effective relative permittivity of a coplanar 
waveguide is 


Zo (7162) 


cog ne ETIKOKI) 

nett = 2 KKK) 
with k = a/b, a = 3s, b = 4s + w, and ky = sinh (na/2h)/ sinh (xb/2h). The functions 
K(k) and K' (k) = K(k’) are the complete elliptic integrals defined in (5.224a), (5.224b), 
and (5.225). The function K(K) is called the complete elliptic integral of the first kind, 
and K'(k) is called the complete elliptic integral of the second kind [23-25]. The ratio 
K(k)/K'(k) is given by the following approximation formula 


(7163) 


im(2tyE foro<sk<07 
K(k) _ Jin EVE m 
KE. 7.164 
ii im(2i) — foro7<k<1 
Li m eis: 
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Figure 7.20: Hollow waveguide. 


The approximation formula for the characteristic impedance of a coplanar stripline is 


pa Zr KU) 
Venett K(k) 


‘The approximation formula for the effective permittivity of a coplanar stripline is also 
given by (7163). 


(7165) 


7.8 HoLLow WAVEGUIDES 


In 1897 Lord Rayleigh in his paper “On the passage of electric waves through tubes, or 
the vibrations of dielectric cylinders” suggested that electromagnetic waves could prop- 
agate through metallic tubes or dielectric cylinders [26]. A hollow waveguide exhibits 
a single connected metallic boundary. Figure 7.20 shows the schematic drawing of a 
cylindric hollow waveguide. Since electrostatic fields cannot occur inside closed hollow 
tubes TEM modes will not exist. However, electromagnetic wave solutions with either a 
longitudinal electric field or a longitudinal magnetic field exist. Hollow waveguides 
play an important role in microwave technology, especially for low attenuation and 
high power applications and as basic elements of microwave circuits. In the following 
we discuss the general properties of TE-, and 1M modes. For a first reading the reader 
may directly proceed to Section 7.9. 


7.8.1 TE Modes 


Consider a closed uniform general cylindric hollow waveguide with cross-section A 
and bounded by perfectly conducting walls at A as depicted in Figure 720. Let the 
waveguide be filled with a lossless dielectric, To represent the electromagnetic field in 
the waveguide we choose a general cylindric coordinate system with the coordinates 


Transmission-Lines and Waveguides 267 


u, v, z where z is a linear coordinate and u, v are orthogonal curvilinear coordinates 
transverse to z. Furthermore, we choose the transverse coordinates such that the wall 
of the waveguide is a boundary surface (i.e., a surface defined by setting one of the 
transverse coordinates constant). In Figure 7.20 the boundary is defined by setting v 
constant. In this case du is tangential and dv is normal to the waveguide wall. If the 
waveguide wall exhibits wedges (e.g., in the case of the rectangular waveguide) the 
coordinates u and v may change their role of being tangential or normal. We denote 
the coordinate normal to the waveguide boundary with n. In Figure 7.20 we have v = n 
since we usually denote the coordinate normal to the boundary surface with n. 

Following (28b) we can derive all components of a TE field propagating or decaying 
in positive or negative z-direction from a magnetic Hertz form J7,, (x) exhibiting a 
z-component II,,, (x) only. We set 

Dn (x) = I, (x) dz = Y™ (u, ve"? dz, (7166) 
where ¥™ (u, v) is a scalar potential defining the transverse field distribution and y is 
the propagation coefficient of the TE mode. 

‘The negative sign in the exponent of the above equation corresponds to a wave 
propagating or decaying in positive z-direction whereas the positive sign occurs when 
the wave is propagating in negative z-direction. The following formulae are given for 
waves propagating or fields decaying in either positive and or negative z-direction. 
‘The upper sign of + and ¥ always corresponds to propagation or decay in positive z- 
direction case whereas the lower sign corresponds to propagation or decay in negative 
z-direction. The real part a and the imaginary part £ of y are the attenuation and phase 
coefficients, 

y=arjp (7167) 


From (29b) and (710), we obtain the Helmholtz equation for the z-component of the 
magnetic Hertz vector describing the TE waveguide modes, 


ATG” + Pho; 


(7.168) 


According to (710), the plane wave phase coefficient f yo of the plane wave in lossless 
media is 


Bao =w ype (7169) 


This yields the two-dimensional scalar Helmholtz equation for Y™ (u, v) 
ADT Qus v) + BENT (s v) =0 (7.170) 


with the two-dimensional Laplace operator A, defined in (A.138). For a bounded wave- 
guide cross-section of finite extension, this two-dimensional elliptic partial differential 
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equation usually exhibits an infinite number of solutions belonging to a discrete eigen- 
value spectrum of 8,,7.. In the lossless case the propagation coefficient y either is purely 
real or purely imaginary. The waveguide propagation coefficient y is related to the plane 
wave phase coefficient B mo 


y =a = Beas -Pho for Buo < Bere» (71712) 
Y =)P =y Bh 7 Pas for Bmo > Beare» (171b) 


where rx is the cutoff phase coefficient. For Byo < Bere, the TE mode is evanescent 
whereas for fijo > fS? the Te mode is a propagating wave. Inserting (7.166) into (78b), 
(711b), (712b), and using (7.170), we obtain 


E™ - EM = -jou « df - juu» (dz ^ d, Y" (u, v)) e^, (1722) 
H” =+ da di -MP MP (7172b) 
HE -syd V" (u,v), 0720) 
HI =-AY™ (u,v) dze? = BL. VI (u,v) dze”, (7172d) 


where £7" and H?” are the transverse electric and magnetic fields and H7* is the 
longitudinal magnetic field. In Cartesian coordinate notation the TE field components 
are 


9V'*(x, y) 2v? (x, y) tye 
TRY = A) » TAT: 
E (=) ion ( 3, dx ae Qe", (732) 
m Ts 
H” (x)= (2 xs 3) ay OY im 4er. (71736) 
x 
HI (=) = Bras VI Gy) dze t. (7173) 
From (71722), (7172c) and (2.155) we obtain 
EP ==Zr s(dzAH,) = Zu Le Hy» (71742) 
1 1 
Mt *(dz^£,)- ze £, (7174b) 
with the wave impedance of the TE mode 
Zoe = ee . (7175) 


‘This means that the transverse electric and magnetic fields are orthogonal and their 
ratio is independent from the transverse coordinates and given by the wave impedance 


Transmission-Lines and Waveguides 269 


of the TE mode. The wave impedance is imaginary below the cutoff frequency and real 
above the cutoff frequency. With (71712) and (771b) we obtain 


foro <a, (71762) 


ES VELOHESO M veu 
Ev erm TES M. era 


with the wave impedance of the homogeneous isotropic medium filling the waveguide 


given by 
Zpe NH (77) 
€ 


and the angular cutoff frequency oss, 


Ze = Bx for w > we (7.176b) 


Beas 


(07178) 


Were = 


Ve 


On 2A the tangential component of the electric field must vanish. In accordance with 
(2.1730) this yields 
n^£-0. (7179) 


With (71722) we obtain for the potential V?* the boundary condition 
n^ (diff) 2 no [+ d (¥™ (u, vje?” dz)] - 0, (7180) 
where n = gn dn is the unit differential form normal to the boundary 9A. From this we 


obtain = n 
dna (ae au STU ay) <0, (7181) 
àv ET 


Introducing a local coordinate system where either du or dv is identical with dn yields 


Quy: 
ðn 


=0; (7182) 


This condition is called the Neumann boundary condition. It can be applied if a co- 
ordinate system can be chosen, where the boundary of the waveguide cross-section 
is defined by setting u constant and v is the normal coordinate and vice versa. In 
cases where the waveguide cross-section boundary exhibits 90° edges for parts of the 
boundary u and for other parts v may be the normal coordinate. 

The partial differential equation (7168) together with the boundary condition (7182) 
define an eigenvalue problem. Since the field is bounded in transverse directions the two- 
dimensional Helmholtz equation (2170) exhibits a discrete eigenvalue spectrum of f£ yy- 
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The eigenfunctions ¥™ (u, v) belonging to the eigenvalues f, define the waveguide 
modes. The set of eigenfunctions and eigenvalues usually are numbered with two 
indices m and n as Ymn and Be,remn- Eigenvalues are usually distinct. Eigenvalues that 
coincide are said to be degenerate. 


78.2 1M Modes 


To investigate the TM modes in a closed uniform cylindric hollow waveguide with 
cross-section A and bounded by perfectly conducting walls at 2A shown in Figure 720, 
we essentially proceed as in the previous section. Let the waveguide be filled with a 
lossless dielectric. According to (78a), for a 7M field propagating or decaying in positive 
or negative z-direction, choose an electric Hertz form exhibiting a z-component only. 


TIM (x) = II?" (x) dz = Y™ (u, v)e*"* dz, (7183) 


where Y?" (u, v) is a scalar potential defining the transverse field distribution, uw, v 
are orthogonal curvilinear coordinates, and y is the propagation coefficient of the TM 
mode. The negative sign in the exponent of the above equation corresponds to a field 
propagating or decaying in positive z-direction, whereas the positive sign occurs when 
the field is propagating or decaying in negative z-direction. From (79b) and (710) 
we obtain the Helmholtz equation for the z-component of the magnetic Hertz vector 
describing the TM waveguide modes, 


AIT?" f I2" 


» (7184) 


with Smo given in (7169). This yields the two-dimensional scalar Helmholtz equation 
for Y™ (u,v) 
ACE (u,v) BEI (us v) 20 (7185) 


m 
with the two-dimensional Laplace operator A, defined in (A.138). For a bounded wave- 
guide cross-section of finite extension, this two-dimensional elliptic partial differential 
equation usually exhibits an infinite number of solutions belonging to a discrete eigen- 
value spectrum of fi... In the lossless case the propagation coefficient y either is purely 
real or purely imaginary. The waveguide propagation coefficient y = a + j f is given in 
(2171a) and (7171b). For Bao < Berm the TM mode is an evanescent mode Baro > fcu 
and the TM mode is a propagating wave. With (7183), (282), (711a), (7.12a), and (7185) 
we obtain 


EM - dedit" = EM +EM, (71862) 
£T" = syd, VT" (u, v)e?"" , (7186b) 
£j" - -A Y™ (u, v) dze” = B2, EP (u,v) dze "^, (7186c) 
H™ =H™ = jwes AIE" = -jwe » (dz ^ d ¥™(u,v)) e, (71864) 
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where £7" and 47" are the transverse electric and magnetic fields and £7" is the 
longitudinal magnetic field. In Cartesian coordinate notation the TM field components 
are 


aY™(x,y) V? Qs y 
EP (x) = sy (TED. + aen dy Je?*, (71872) 
£T" (x) = BL, VI (x, y) dze"'", (7187b) 
AM ie) = ipe I) gy 29 Ge y) ) ys 
H™ (x) zie 3 k x ayer. (71870) 


From (7.186d), (7.186b) and (2.155), we obtain 
E = #Zrn (dz AHi) = Za Ls His (71884) 
u- 


1 1 

a a(denE,)=47— 1s Ey (7188b) 
m rm 

with the wave impedance of the rm mode 

ean (7189) 


This means that the transverse electric and magnetic fields are orthogonal and their 
ratio is independent from the transverse coordinates and given by the wave impedance 
of the TM mode, The wave impedance is imaginary below the cutoff frequency and real 
above the cutoff frequency. With (71712) and (7.171b) we obtain 


Blau 7 Bio 


: ja Y.  forø<øe — (0901) 
jwe w 
[RF JÄ 
Aube Pin. Fix E d forw>we  — (190b) 
we 


with the wave impedance of the homogeneous isotropic medium filling the waveguide 
Zp given in (7177) and the angular cutoff frequency we defined in (2178). 
On ðA the tangential component of the electric field must vanish. In accordance 
with (2.173c) this yields 
n^£-0, (7191) 
where n = gn dn is the unit differential form normal to the boundary JA. With (71865) 
and (7186c) we obtain for the potential V?" the boundary condition 


dn ^ de?" (u,v) «0, (71922) 
dn ^ dz¥™(u,v) - 0. (7192b) 
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From (71922) we obtain 


m T 
dn ^ (7 au BO as) o. (7193) 


ðu v 
We can introduce a local coordinate system where the boundary is ðA defined by 
either constant u or constant v. Let us introduce a local coordinate system where u is 
tangential to JA and n = v is normal to JA. Let the boundary be defined by v = vo. For 
VM (uv) 20 (7194) 


the equation (7192b) is fulfilled. From (7.194) follows 


ay™(u.vo) _ 
uu 


(7195) 


and therefore also (7.192a) and (7193) are fulfilled. ‘That means that the tangential 
electric field component at JA vanishes if and only if (7.194) is fulfilled. This condition 
is called the Dirichlet boundary condition. If a coordinate system can be chosen, where 
the boundary of the waveguide cross-section is defined by setting u constant, then v 
is the normal coordinate and vice versa. In cases where the waveguide cross-section 
boundary exhibits 90° edges for parts of the boundary u and for other parts v may be 
the normal coordinate. 

‘The partial differential equation (7184) together with the boundary condition (7194) 
define an eigenvalue problem. Since the field is bounded in transverse directions the 
two-dimensional Helmholtz equation (7.185) exhibits a discrete eigenvalue spectrum 
of B? su- The eigenfunctions V" (u, v) belonging to the eigenvalues B™ define the 
waveguide modes. The set of eigenfunctions and eigenvalues usually are numbered 
with two indices m and n as Ym» and Be,rumn- Eigenvalues are usually distinct. 


7.8.3 Modal Expansions in Waveguides 


Any electromagnetic field in a waveguide can be expanded in a series of all possible 
te and TM modes. We first proove that in the non-degenerate case each waveguide 
mode is orthogonal to all others. We consider Te and Tm modes numbered with k with 
associated scalar potential functions YZ" (u, v) and V7" (u, v), fulfilling the Helmholtz 
equation (7170) for the eigenvalues f. x, respectively. In this section we number the 
modes with one index. The TE mode belonging to the eigenvalue 8, x is called the TE; 
mode. Dealing with specific waveguide structures it will be reasonable to denominate 
every mode with two indices. 


Transmission-Lines and Waveguides 273 


From (71722), (7172c), (7186b), and (7.1864) we obtain the transverse electric field 
and the transverse part of the magnetic field of the TE, and TM, modes, 


£i 7 jou * (dz ^ deg (u, v)) e? , (71962) 
Hir = Fyr d Ve Qo v)e" nt, (7196b) 
£i = Fyk di Ve (u, ve", (7196c) 
Hir = ~jwex (dz ^ dV; (u, v)) e”? (71964) 


We can express the transverse field forms as products of electric and magnetic structure 
forms etë (u, v) and hf (u, v) with complex amplitudes depending on the z-coordinate 
only, such that 


Bhi “(air on. OM) sv), (71972) 


H= = L (yen - yr Ye) Hu v) (71976) 
pk 


where r stands for TE or TM. The structure forms are given by 


ef (u,v) = (dz ^ de Vi*(u,v)) =- «(dz ^ hi*(u,v)), (71982) 
hi (u,v) = - d Vi (u,v) = «(dz ^ ei v), (71980) 
ej" (u,v) 2 - d We" (u, v) = «(dz ^ hj" (u,v)), (7198c) 
hi" (u,v) = -+ (dz ^ de WP" (u,v)) = — «(dz ^ e (u,v)). (71984) 


Inserting Vz*" (u, v) and Y7 (u, v) or V7" (u, v) and Vf" (u, v) into the two-dimen- 
sional form of Green's second scalar theorem (4.149) yields 


J, QI G9) et n9) = VE Guo) BAKE 9D) gage du ^ án 


E prey ptv) yer, yy CLINT 
-- án (uv) rm HEA) Beau, (7199) 


where p stands for either rx or Tm. In the TE case V/*(u, v) and V?* (u, v) fulfill the 
Neumann boundary condition (7182) on A and the right-hand side of (7199) vanishes. 
In the TE case Y7” (u, v) and V?*(u, v) satisfy the Dirichlet boundary condition (7195) 
on 2A. Therefore, also in this case the right-hand side of (7199) becomes zero. Inserting 
(7170) on the left-hand side yields 


Bla Bis) [E Ge) HE (a) gaps du dn = 0. (7200) 
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From this it follows 
f. VP Qu, v) V (uv) gugn dun dn - 0. for Box + Boa (7201) 


‘The scalar potentials V? (u, v) and ¥? (u, v) are orthogonal for f., + f... For k =! 
the integral assumes a positive and real value. We normalize the potential functions 
Y? (u,v) so that 


[Gon EG») guts dun dn = ar Bua 7202) 


is fulfilled, where a, is a positive real quantity to be determined in an appropriate way. 
Now we insert V?" (u, v) and V? (u, v), Green's first identity in two dimensions (4.143) 
and obtain 


[Gee ur) ^ diu, v))adz s [ore v) do * dY? (u, v))adz 0. 
(7203) 
For P = TE as well as for P = M the right-hand side of this equation vanishes since 
in the TE case the V?* (u, v) fulfills the Neumann boundary condition (2182) on 2A, 
and in the TM case V7" (u,v) fulfills the Dirichlet boundary condition (7195) on dA. 
Transforming the second term of the left-hand side of this equation in the form of 
(4.146) and considering the Helmholtz equation (7170), we obtain 


[att v) ^x d Vi (u,v))adz = B2, [mos Vr (u, v)) gugn du ^ dn. 
(7204) 
Inserting (7202) and choosing a = BZ} we obtain 


[AE Can) = d ¥? (u,v) adz = bu. (7205) 


At first we prove the orthogonality of the TE and TM modes. Inserting (71982) and 
(198b) into (7205) yields 


S EE v) nt (uv) = Bea f CR CLADE dun dn, (7.206) 


where we have considered that e}? (u, v) and ej" (u, v) both exhibit no z-component. 
We obtain the orthonormality relations for the exterior product of electric and magnetic 
structure forms, 


f, ef (u,v) ^ Ri (u,v) = 8u- (7207) 
à 
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The dual set of structure forms ef^ (u, v) and hr" (u, v) is called a biorthonormal set of 
structure forms. We can write this in Dirac notation (C.173) as 


(ei Thi"), =~ Ule) = Ser (7208) 


Ina similar way we can derive the orthonormality relations for the electric and magnetic 
structure forms of the TE modes. Inserting (7.198c) and (7198d) into (7205) yields the 
orthonormality relations for the product of electric and magnetic structure functions 


Jf eB Gs n APC) = (CRAP, = (OPER), = 8. 209) 


We now show that every TE mode is orthogonal to any TM mode. With (7.198a) and 
(7198c) we obtain 


[eee v) an e" (u v))adz = nc ^ de VI (us v) A d WI (u, v)) dz. (2210) 
Using (A.59) and Poincarés lemma (A.61) we obtain 
dz ^ dV] (u,v) ^ dI" (u,v) = -d(dz YE (u,v) ^ de" (us v)) C21) 
This yields 
nc ^ dVi (uv) ^ de WI" (u, v) ada 
=- f mto v) ^ d VP" (u, v)) dz =0 (7212) 


‘The right-hand side of this integral vanishes since V7" (u, v) fulfills the Dirichlet bound- 
ary condition and V7" (u, v) fulfills the Neumann boundary condition, both on A. 
From (2205) and (71982) to (7198d) we obtain the orthogonality relations for the prod- 
uct of TE electric with TM magnetic structure functions and the product of rw electric 
with re magnetic structure functions, 


Jf Gy) ^ B" Quo) = (I), 


[sn iQ) = (PB), = 0. (72136) 


0 


j (72132) 


From (7198), (7.198b), (7.198c), and (7198d) we derive further useful relations between 
the structure forms, 
* de» ek (u,v) = * di (dz ^ d, Vr (u,v)) - 0, (72142) 
* dos Bi (u,v) = -A'Vg (u, v) = BYE (u,v), (7214b) 
* de + e (u,v) = -A Vg" (u,v) = BREW (u,v), (7214c) 
x do hj" (uv) =- * di (dz ^ d WP" (u,v)) =0. (7.2144) 
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This yields 
dy + de + e&f (u,v) =0, (72152) 
dy * dy + hi (uv) = -BiR hi Qus v), (7215b) 
d, * dy + ej (u,v) = - Bre ez us v), (7215c) 


di « de hi (u,v) = (72154) 
Ina similar way we obtain 

+ di dy etë (u, v) = Biel (uv), (7216a) 
+ die di è (u,v) =0, (7216b) 
x de» dy ef"(u,v) = 0, (2216c) 
x do» dy hi (u, v) = BE Ra" (av). (72164) 

Inserting (7.215a) to (7.215d) into (3.14) yields 
Ael (uv) = -pii (uy), (2217) 
Ahi (u,v) = -ph (uv) , (217b) 
hé (uy) = -Br ei Qv), (amo) 
A Bj (u,v) = -pe Pe Qo v). (72174) 


7.9 RECTANGULAR WAVEGUIDES 


Figure 721 shows a rectangular waveguide (ie., a waveguide with a rectangular cross- 
section and the inner dimensions a and b). The waveguide may be empty inside or filled 
with dielectric material. We first consider the lossless case and assume the waveguide 
walls to be perfectly conductive and the inner region to be either empty or filled with a 
homogeneous isotropic lossless dielectric. 


794 Transverse Electric Modes 


The electromagnetic field transverse electric (re) or H modes can be derived from a 
magnetic Hertz form [1,, exhibiting only a longitudinal component II, as introduced 
in (28b). In the lossless case the Helmholtz equation (7.9b) is given by 


AIL, + Bitollms = 9 (2218) 
where the phase coefficient fo is given by 


Bao = v ep = Bov/ertis . (7219) 
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Figure 7.21: Waveguide with rectangular cross-section. 


For a wave propagating in the positive z-direction we choose 
TL, (x) = Lo y) e7*. (7220) 


Furthermore for IT 


Ipo (x, y) we choose 


ILyG6 y) = X(x) YO) (7.221) 
and obtain from (7218), (7219), and (7220) 


ex igy 
E TEE 


x i (Biuo - P) = 0. (7222) 


Since the first term in (2222) depends on x only and the second term on y only, this 
equation can be satisfied only if both terms are constant. Therefore the equations 


(72232) 
(7223b) 
must be satisfied and B, and $, have to fulfill the condition 
Bz +B; = Bio P. (7224) 
The general solutions for X(x) and Y (y) are given by 
X(x) =A’ sin psx + B' cosB,x, (7225a) 


Y(y) = C'sinfyy + D' cos pyy. (7225b) 
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Since we have assumed perfectly conducting waveguide walls, the tangential electric 
field components must vanish at the waveguide walls. From (7.16b), (7.221), (7.225a), 
and (725b) we obtain C’ = 0, if E, has to vanish at y = 0. Furthermore it follows 


bv for n=0,1,2..., (72262) 


if E, 70 has to be satisfied. In the same way we obtain from (717b) A’ = 0 and 


Bec for m=0,1,2..., (7226b) 
a 


if E, has to vanish at y = 0 and y = a. From (7.221) and (72258) to (226b) we obtain 
therefore niic. niit 
Tyo (4 y) = Acos “= cos n , (227) 
a 


where A is a complex wave amplitude. The quantities f, and £, are determined by 
the cross-sectional dimensions a and b of the rectangular waveguide and by the posi- 
tive integer numbers m and n. The waveguide modes are indicated by m and n. The 
transverse electric mode belonging to the indices m and n is called TEmn mode or Hmn 
mode, respectively. From (2227) and (7.220) we obtain for the wave propagating in the 
positive z-direction 


IL, (x) = A cos ™™ cos P7 eite, (2228) 
a b 
After inserting into (7.218) we obtain 
[o (2229) 


with 


iR ERI em 


he relation between the wavelength of the plane wave in free-space Ao and the phase 
coefficient Amo of the plane wave in the medium is given by 


je awe (7231) 
Bo Bao 
"The guide wavelength Ay is given by 
Ag= ae (7232) 
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We define the so-called cutoff wavelength A. by 


mn 2ye 


Pe Wy 


M = Verte (7233) 


From (7.229) to (7233) it follows 


(7234) 


mM 

veri AY 
(2) 

A waveguide mode can only propagate if the free-space wavelength Ao is smaller than 


the cutoff wavelength A+. The cutoff wavelength A, depends on the mode and decreases 
for increasing m and n. The cutoff frequency 


fT (7.235) 


is the frequency corresponding to the cutoff wavelength. For a > b the fundamental 
mode (i.e., the mode with the largest cutoff wavelength), is the TE10 mode. For the TE19 
mode we obtain 

Ae 72a Seri; (7.236) 
Ifin a rectangular waveguide a side ratio a/b = 2 is chosen in the frequency interval 
between the cutoff frequency and the double cutoff frequency, only the fundamental 
TE;o mode can propagate. The modes TE», and Eo; have twice the cutoff frequency of 
the fundamental mode and all other modes have higher cutoff frequencies. From (7.3), 
(7231), (7.232) and (7234) we obtain with co = w/Bo the phase velocity c of the guided 


wave 
pat ee: ET 
Jerr h-( &) 3 


The group velocity of the waveguide wave is "M from (77) under the assump- 
tion that the permittivity of the dielectric material filling the waveguide is frequency- 
independent. From (7229) we obtain 


(7237) 


E 726p, gs = ertr > a (7.238) 


and from that using (77) and (7.237) the group velocity v, of the waveguide wave 


7 
+) r (7239) 
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Figure 7.22: Wavelength dependence of crs and vers. 


Figure 722 shows the wavelength dependence of the phase velocity and the group 
velocity of the waveguide wave. For small wavelengths the phase and group velocities 
approach the velocity of the TEM wave propagating in the waveguide medium. If the 
wavelength approaches the cutoff wavelength, the waveguide group velocity approaches 
zero, and the waveguide phase velocity goes to infinity. The group velocity in the 
waveguide never can exceed the propagation velocity of the plane wave in the waveguide 
medium. If two or more modes exhibit the same cutoff frequency these modes are 
called degenerate modes. Degenerate modes exhibit same frequency dependence of 
phase and group velocity. 

We obtain the field components of the TEmn mode from (713b) to (718b) and (7228) 
as follows 


(7240a) 

cos = e, (7240b) 

E, (7240c) 

H, = j6 (7) Asin E cos s TY eite, (72404) 
a a b 

H "dé ) Acos TE sin T BTY ibe, (7240e) 
? b b 

H, = Bii Acos = cos Te eitz, (72408) 


For the wave propagating in the negative z-direction we have to replace ef" by e/F* 
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Figure 7.23: Field distribution of some waveguide modes of waveguides with a rectangular cross-section. 


and due to the partial derivation with respect to z in (7.13b) and (214b) the sign of 
(7.240d) and (7240c) must be changed. Figure 723 shows the field distribution of 
some waveguide modes of waveguides with a rectangular cross-section. From (7.240a), 
(2240b), (7.240d) and (7.240e) and using (2.79), (7231), (7232) and (7234) we obtain 
for the wave propagating in the positive z-direction 


E 
£m (7241) 
We define the wave impedance Zrs of the TE mode by 
Zm = "E (7242) 


j 
A 

k) 
In the general notation of (7241) we obtain with (2.155) for the waveguide wave propa- 
gating in the positive z-direction 


£y = -Zu te Ha (7243) 


Eq, and H, are the transverse electric and the magnetic field forms 


£y, = E, dx +E, dy, (72442) 
Hu =H, dx « H,dy. (7244b) 
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For the wave propagating in the negative z-direction we have to replace Zre in (7243) 
by minus —Z,,. For the TE; mode we obtain from (7.240a) to (7.240f): 


(72452) 
(2245b) 
(7245) 
(7245d) 
(7.245e) 
(7245f) 


Waveguides with the side ratio a/b = 2 have a maximum monomode frequency range 
from f, to 2f, and are in general used in a frequency region from 1.25 f, to 1.9f,. For 
frequencies below 1.25f, the dispersion and the attenuation become too large. For 
frequencies above 1.9 f; the attenuation coefficient of the higher modes becomes too 
small so that evanescent modes with cutoff at 2 f; can reach too far into the waveguide. 
In Table 73 the data of standardized waveguides with a rectangular cross-section are 
summarized. The frequency regions of standardized waveguides are overlapping. 


7.9.2 Transverse Magnetic Modes 


To investigate transverse magnetic TM- or E-field types we start with an electric Hertz 
form £ with a longitudinal component [1,, as given in (7.8a). The derivation is per- 
formed as in the preceding section. Equations (7.229)-(7235) and (7.237)-(7.239) are 
also valid for TM modes. These modes are named TMmn or Emn modes. Instead of 
(2228) we obtain using (713a) and (714a) for the waveguide wave propagating in the 
positive z-direction 


mx in I oe (7246) 
b 


IL, (2) = Bsin TEE sin TZ 


Using (713a) to (718a) we obtain the field components of the TM» modes: 


“iB (= ) Boos "TE sin T2 mmy Qm, (22472) 
-=0(F ) sin "TE cos TE, (72476) 
mnz nny 


EL (72476) 


= Bi, Bsin —— sin = 
= fi Bs T 
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‘Table 7.3: Data of Standardized Rectangular Waveguides for the TE10 Mode. (Frequency range given by 
125f, € f € 1.9f,, attenuation « for copper metallization with oc, = 5.8 - 107 S/mat 1.5 fe.) 


Type Frequency Range Dimensions Attenuation at 1.5 fe 
EIA DIN a b 
1.5f-  theor max accept. 

(GH2) (mm) (mm) (GHz  (dB/m)  (dB/m) 
WR230 — R3 0.32 -0.49 584.2 292.1 0385 000078 0.001 
WR200 — R4 0.35 - 0.53 5334 — 2867 0422 000090 00012 
WR1800 — R5 0.41 -0.62 4572 2286 049 00013 0.0015 
WR1500 — R6 049 - 0.75 38.0 — 1905 059 000149 0002 
WRISO — R8 0.64 - 0.98 2921 14605 077 000221 0.003 
WR975 — R9 0.76 - 115 247.65 123.82 0.91 0.00283 0.004 
WR770 R2 0.96 - 1.46 19558 9779 115 000405 0.005 
WR60 — RH 113-173 165.1 8255 136 0400522 0,007 
WRSIO — RI8 145-22 12954 — 6477 174 — 0.00748 0.01 
WR430 R2 172-261 10922 S461 — 206 000967 0013 
WR340 — R26 247-33 86.36 4318 — 26 00138 0.018 
WR284 — R3 26 -3 7214 — 3404 — 3.2 0.0188 0.024 
WR29 — R40 322-44 5817 29.08 387 009 0.032 
WRI87 — R48 394-5. 47549 22149 — 473 — 00354 0.046 
WRI59 — R58 464 - 74 40386 20195 5.57 0.0430 0.056 
WRI — R70 538-8. 34849 15799 — 645 — 00575 0.075 
WRII2 R84 6.57 - 9. 18499 12.624 789 0.0791 0.103 
WR90 — R100 32-125 22860 10160 984 0.110 0.143 
WR75 R120 9.84 - 15.0 19.050 9525 118 0133 
WRG2 R140 119 - 180 15799 789 — 142 — 0176 
WRS1 R180 145-220 12954 6477 — 174 — 0236 
WR42 — R220 176-267 10668 4318 — 21.1 0368 
WR34 — R260 217-330 8636 4318 260 0436 
WR28 — R320 263-400 7112 3556 316 0538 
WR22 — R40 329-501 5.690 — 2845 395 0815 
WRIS — R500 39.2 - 59.6 4775 2388 471 1058 
WRIS R620 49.8 - 75.8 3.759 1880 — 598 1.52 
WRI2 R740 60.5 - 91.9 30998 1544 726 — 202 
WRIO — R900 738-112 25400 12700 885 — 275 
WROS — R1200 92.2- 140 20320 10160 1107 — 31 
WROG R1400 113-173 1.651 08255 1362 — 521 
WROS R1800 145 -220 12954 0.6477 1736 — 749 
WRO04 — R2200 172-261 10922 0.5461 2059 968 


WRO3 — R26001 217-330 0.8636 04318 2602 — 1376 
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H, = jue ( = )asn ^7 DER "Re e)», (72474) 

H,=-jwe(™= ) Boos ™ sin BEY oi Be (7247e) 
a b 

H,=0. (7247f) 


The field distribution of the TM and TMz modes are shown in Figure 723. From 
(72472), (7.247b), (7.247d) and (7.247e) we obtain with (2.79), (7231), (7232) and (7.234) 
for the wave propagating in the positive z-direction: 


(7.248) 


Zam = Zp (7249) 


In the general notation of (7.248) we obtain with (2.155) for the transverse magnetic 
wave propagating in the positive z-direction 


oe aye (7250) 


79.3 Power Flow in the Waveguide 


‘The active power P flowing through the waveguide is obtained from (4.37) as the real 
part of the integral of the complex Poynting form 7 over the waveguide cross-section 
Al; at the longitudinal coordinate z, 


b a 
PEER fi TOLER S, Tle) den ay) «o f ("to de) ay). 

(7251) 

In the lossless waveguide the active power is independent from the longitudinal coordi- 
nate z. 

Let us first compute the power transmitted by the TE», mode. From (4.19) and 

(7243) we obtain for the electromagnetic wave propagating in the positive z-direction 

T, -4(E,H; - E,H;) = 3Z« (IH, «IH, P). (2252) 


EE, T EUH, 


We now insert (7240d), (7.240e) and (7.252) into (7251). Using 


f [ sin? T cost T dedy = 4ab(1- 659) (1 dno) > (7253) 
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where 6,,,, is the Kronecker symbol defined in (A.8), we obtain the power P transmitted 
through the waveguide 


a 


Pedes PAP [( 2) 0- 0mo 1 Be) (2) (Bund du] 


(7254) 
From this we obtain 
! Mui. 
me _ | $4bZre,mnB°BizclAmnl> fo ms0n*0 
Pran -{ SabZremaB’BialAmal? for n=Oorm=0 (7255) 


‘Transverse magnetic modes only exist for m * 0, n + 0. For the TM modes evaluation of 
the integral (7251) under consideration of (72472), (7.247b), (7248) and (7249) yields 


ab 
PN = 
mt 8Zrm,mn 


B’Bitc|Buonl? - (7.256) 


7.9.4 Orthogonality of the Waveguide Modes 


Under general excitation conditions several modes may propagate in a waveguide. The 
electromagnetic field is represented by 


E(x) = D, [Emn (*) + £m 2] ^ (7257a) 
Hx) = D [Hein G0) + Hn (2)] - (72576) 


The summation is performed over all propagating modes. Inserting these modal expan- 
sions of £(x) and H(x) into (4.19) and (4.37) we obtain the active power P flowing 
through the waveguide cross-section Alz at the longitudinal coordinate z as 


P=] f, £o 920°} 
=F DM fh, Stes sacra} . 


man M 


(7258) 


where the superscript M may assume TE or TM. With (7.240a), (7.240b), (7.240d), 
(7.240), (7.247a), (7.247b), (7.2474), (7.247e), (7255) and (7.256) we obtain the orthogo- 
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nality relationships 


i f ERCE) A200) = Bn Son Py (12599) 
am(f, ERE AHR} = eee. (72590) 
in[ f, ez eate] c. (72586) 
m| f, ERE ^35, 0) =0, (72594) 


where Ômn is the Kronecker delta function, defined in (A.8). The orthogonality of 
functions is discussed in Section 4.13. Inserting these equations into (7.258) yields 


OFER S, emere] zm f, 20a] - 
d dn (7260) 


79.5 Generalized Currents and Voltages in Waveguides 


Section 74 has shown that for TEM waves the transverse complex field vectors E and H 
may be represented as products of scalar complex amplitudes and real vector structure 
functions, The complex scalar amplitudes only depend on the longitudinal coordinate 
z, whereas the structure function only depends on the transverse coordinates x and 
y. This decomposition of the transverse electric and magnetic field functions into a 
real structure function and a scalar complex amplitude has been very useful, since 
the vector structure function only depends on the mode, and hence is independent 
of the excitation of the waveguide. The excitation of the waveguide only determines 
the scalar amplitude. Since in the waveguide longitudinal field components also ex- 
ist, the integrals defining voltage and currents now are dependent on the paths of 
integration. It is, however, also possible to introduce complex scalar amplitudes for 
hollow waveguides. One possibility may be to introduce scalar amplitudes as path 
integrals of the complex field intensities E and H over specified paths of integration. 
Another way to introduce integral field quantities is to define complex amplitudes via 
area integrals of the field quantities. We demonstrate this method for the TEj9 mode. 
We introduce a generalized complex current I(z) and a generalized complex voltage 
V (z) for the electromagnetic wave propagating in the positive z-direction. We impose 
the condition that the generalized voltage V (z) and the generalized current I(z) are 
related in analogy to (737) via the wave impedance Zr, of the waveguide 


V(2) = Zrel(z)- (7261) 
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Furthermore, we want to introduce the generalized voltage V (z) and the generalized 
current I(z) such that the transmitted active power can be described in the usual way 
by 

P(z) -3RUV(2)I(2)*) - (7262) 
With (7.261) it follows that the wave propagating in the positive z-direction is carrying 
the active power 

HOLEN OE (2263) 

Using (7255) and (2263) we now can express the complex amplitude A by the general- 
ized current I(z), and we obtain 


(2264) 


where we have to impose a condition for the choice of the phase of I(z). Using (7261) 
and (7264) we can express the transverse field components of the TE) mode in (7245b) 
and (7.245d) by the generalized voltage V(z) and the generalized current I(z). The 
phase of I(z) in (7263) has been chosen such that V(z) and E(x, y, z) both are in 
phase. For the wave propagating in positive z-direction, the z-dependence of V (z) and 
(2) is given by an exponential factor e~/#*, and for a wave propagating in the negative 
z-direction the z-dependence of V (z) and I(z) is given by the exponential factor ¢!**, 
In this case (7261) has to be replaced by 


V(z) = -Zul(z). (7265) 


Now we allow wave propagation in both directions and use the equations 


Z 5. 
V mpi sm m, (72662) 
af 3 ataysin (2266b) 
ab^ a’ j 


with not yet determined V (z) and I(z). From Faraday’ law (2.57b) it follows that 
a 


jwuH,. (7267) 


ox 


We now can express the longitudinal component H, of the magnetic field by the 


generalized voltage V (2) 


22-3 ve, (7268) 
mr a 
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Figure 7.24: Equivalent circuit of a waveguide segment of length Az excited in the TE1 mode. 


Furthermore it follows from (2.57b) 


az, 


ge T eH (7269) 


E 


Inserting (72662) and (7266b) we obtain 


dV 
E = oul. (7270) 


From Ampère’ law (2.57a), it follows that 


Oz dx 


= jweE,. (7271) 


(7.272) 


av 
uL (22733) 


dl i( TEES | ) 
B --|j|[wc-—; v. (273b) 
dz vL 
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The series inductance per unit of length L{, the parallel inductance per unit of length 
C/,, and the parallel capacitance per unit of length L% are defined in the following way 


(7.274a) 
(7274b) 
av z 
its «(2) = d i (7274c) 


From the transmission-line equations (7273a) and (7273) we obtain for a short line 
segment of length Az the equivalent circuit as depicted in Figure 724. Due to the parallel 
inductance L///Az the equivalent circuit exhibits high-pass behavior. This corresponds 
to the high-pass property of the waveguide. 


79.6 Attenuation Due to Conductor Losses 


Due to conductor losses the guided wave is attenuated. In this case the propagation 
coefficient y = « + j f is complex. For small losses « < f the field distribution and the 
phase coefficient f can be calculated disregarding the losses. The conductor losses then 
are computed from the current distribution in the waveguide walls and the surface 
resistance. Considering that the transmitted active power P; is proportional to the 
absolute square of the amplitude of the guided wave, for an attenuated wave propagating 
in the positive z-direction the relation 


P(z) = Py e?** (275) 


must hold. From this it follows that 


z =-2aP, (7276) 

and therefrom we obtain id 
oS. 1277) 
asa (7.277) 


Therefore we can calculate the attenuation coefficients a, if we know the transmitted 
power P(z) and the power loss per unit of length P; = - $. Initially we consider the 
field solution for the lossless waveguide and compute the power losses due to the wall 
currents using (6.66). We integrate (6.66) over an infinitesimal wall surface element of 
length dz according to Figure 7.25. The power loss in this area element is equal to ~ dP, 
and we obtain 

dP |» 


e AL 2 
L=- E72 $, Rall? ds. (2278) 
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Figure 7.25: The wall currents in the rectangular waveguide. 


We compute the power losses due to the wall currents for the TEmn mode of the 
rectangular waveguide. From (7278) we obtain 


i ! 
P= s (Cu? +P axl + Raf +P o 0279) 


With (7240d) to (7.2408) we obtain 


2 
(ie? euam m (ZE) asin? phula co T m, (7280) 
m a a 
(H+ P EG [Ap sin? P V pi Af co? TE. qnm 


From this it follows with (7.279) for the power losses due to the wall currents per unit 
of length 


nua [p (™ a ömo)a+ 


; 
+ Bison B(T) (1 d50)b + Ble(1+ Sro)b] C282 
Inserting (7.254) and (7.282) into (7.277) we obtain the attenuation coefficient 


P 2Ra 
2P ^ abZ.f 
BUCY alt- bno) + CE)" Bea da] + Fl ruo + (+ 6094) 
[e (1 59) (150) + (2E)? (1+ Smo) (1 ~ 59)] 


(2283) 
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Using (7.229)-(7.234) and (7.242) we obtain 


2Ra 
abZ; 


(EU dmo) fa-5)- a(g H) [O+ bno)a+ (1+ nodol 


Vi- G5) [G2 a- bno) 949) + (2 8590 7 9] 


(7.284) 
For the TE) mode it follows with Sino = 0, Sno = 1, 
2 
gs 2R — (1,bAÀ). (7285) 
MV aA 
Ze i- (32) 


For the TE} mode the theoretic losses and the maximum losses allowed due to the 
DIN standard are summarized in Table 73. To compute the wall current losses for the 
Mio modes we obtain from (7278) 


a b 
neu f, IHPa em [uno] ,. (7.286) 
After inserting (2247d) and (7247e) and applying (7.230), (7.248) and (7.249) we obtain 


2 29g 
-2 -prane (2) o+(™) JE : (7287) 
d 


With (7.256) we obtain the attenuation coefficient of the TM,,, mode 


2 2 
zy be (2'a 
a Gre a 
EM (ey + (2) 

79.7 Attenuation Due to Dielectric Losses 

If a waveguide is filled with lossy dielectric material in addition to the conductor 
losses dielectric losses will also occur. In case of dielectric losses the free-space TEM 
wave propagation coefficient ymo becomes complex. With the complex permittivity 
introduced in (2.125) we obtain 


Ymo = amo + jPmo =jwy (e - je”)Ho (7289) 
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We generalize (7229) to 


Y = Yio + Bue- (7290) 
Inserting (7289) yields 


e 
y sjy ole = je")uo - Bh = iy ie (7291) 


with 
we! uo - ffi. (7292) 


For weak dielectric losses characterized by e" < e' we can approximate 


NC wen 
1-j 7 z1-j XB (72932) 
Buo = oe! Ho (7293b) 

and the attenuation coefficient a and the phase coefficient f are 
n ote" 

== =. (7294a) 

2B Biro Pine 
B= [Blas - Bare: (7294b) 


With the dielectric loss angle 5, introduced in (2.126) we can put (72942) in the form 


_ Bao tend. __t/ertande 
i-r 


If the waveguide exhibits conductor losses as well as dielectric losses, the total at- 
tenuation coefficient ou; is the sum of the attenuation coefficient cong, due to the 
conductor losses and the attenuation coefficient «aie, due to the dielectric losses, 


(7295) 


[rm (7296) 


7.10 CIRCULAR CYLINDRIC WAVEGUIDES 


710.1 The Circular Waveguide Modes 


Figure 7.26 shows a circular waveguide with inner diameter 2a. We investigate the 
lossless circular waveguide with a perfectly conducting wall and free-space inner region. 
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" 
Figure 7.26: Circular cylindric waveguide. 
To investigate the TM and TE modes of the circular cylindric waveguide we derive the 


fields either from an electric Hertz form /1, or a magnetic Hertz form /7,, exhibiting 
only a z-component 


(72972) 
(72976) 
For both cases the Helmholtz equation (3.28) has the following form: 
AIL, + BI, = 0 em (7298) 
with ff = w?eopio. With (A157) we obtain for circular cylindric coordinates 
POs 13s , LPS 2I gy =o, (2299) 


an t7 ar Pop 


We seek solutions for waves propagating in the positive z-direction and choose the 
separation formulation 


T(r. 4.2) = R(r)/(0)e?^. (7300) 
From this it follows that 


ËR ,1dR Rd 
at Lae ESS -PR =o. (7301) 


We introduce the parameter ke given by 


Kr = Bo -P (7302) 
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and obtain 
ph PR pra af 
Rade Rar fag 
The first two terms of this equation are dependent on r only, whereas the third term 
only depends on ¢, This equation therefore can be fulfilled only if the sum of the first 
two terms and the last term as well as the third term each are independently constant 
Therefore we set the third term equal to -n° and obtain 


+k =0 (7.303) 


2 
E: +n°f =0 (7304) 

The solution of this equation is 
f($) =A’ sinng +B! cosnó. (7305) 


Since f ($) is periodic with 2n, the parameter n must be an integer. Furthermore A’ = 0 
without loss of generality, since both solutions in (7305) only are distinguished by a 
rotation of the field distribution around the z-axis by 90°, For R(r) we obtain from 
(7.303) Bessel's differential equation 


dR dR 
2 ak? ndR= 
rart a tR (7306) 
The solution is given by 
R(r) = CJ, (ker) + D'Y (ker), (7307) 


where J, (x) and Y, (x) are the ordinary Bessel functions of the nth-order and first 
and second kind. Since Y, (x) for x = 0 exhibits a singularity, D’ = 0 must be valid 
in (7.307). Up to now the treatment of the Helmholtz equation is the same for the 
electric and magnetic Hertz forms /7, and [1, From (3.293), (3.29b), (3.36a), (3.36b) 
and (7300), (7305), (7.307) we obtain 


TM modes: l1 (r, 6,2) = BJa(ker) cos ng e P dz, (73082) 
E= dd, « f D, (7308b) 

(7308c) 

re modes: [1,(r,$,2) = AJn(ker) cosnóe P dz, (73093) 
(7309b) 


(7309c) 
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Aand Bare arbitrary complex amplitudes. For circular cylindric coordinates we obtain 
for the Hertz form (7.297a) 


_ 12H, am 


ID US T 
al, = 7 Se ar Gerad, (7310) 

3 UL. 12!IL,, [m 
4a, = To dr. merde Tode (7311) 

With (7302) we obtain 
" au 121 

pp Sau, 19 IL. 2 

da, + ADL = S dr + D rd + Kees de. (7312) 


With this we obtain from (7.308a) to (7.309c) the field components 


TM modes: E, =-jfk-BJ! (ker) cosnpe?®, (23132) 
E, 7 jB7 BJ, (zr) sin née P, (73136) 

E, = BJ, (ker) cosngei**, (7313¢) 

H, --j ves Bl (kr) sin nó e^, (2313) 

Hy = -jweokeBJ;, (zr) cosmóe P, (23136) 

H,=0, (7313f) 

re modes: H, =-jSkcAJi,(ker) cos ng e) , (73142) 
Hy = jBAln(ker) sinn e, (7314b) 

H, = E AJ, (ker) cosnpei® , (7314c) 

E- jopo” AJ er) sin nef, (314d) 

Ey = jwpok-Ali, (ker) cosnóe P , (73140) 


(7314£) 


With J}, we denote the derivative of the ordinary Bessel function of the first kind with 
respect to the argument. At the perfectly conducting waveguide wall the tangential 
component of the electric field must vanish at r = a (Le, Ej|,  - 0 and E,|. , = 0). 
From this it follows for the M and TE modes: 
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‘Table 7.4; The mth Roots for Jn (x) and mth Roots for Jj, (x) 


Sam? nm 
n m=1 m=2 m=3 n m= m=2 m=3 
0 2.405 5.520 8.654 0 3.82 7.016 10.173 
1 3.832 7.016 10.73 1 1840 5330 8540 
2 5135 58417 11.620 2 3.054 6706 9.969 
TM modes TE modes 
T, (Ka) 20, (7315) (Kc)um = Fama, (7315b) 
Jn(kea) = 0, (7316a) (ke)nm = Sima! + (7316b) 


For the transverse magnetic modes the Bessel function Jn for r = a must be zero, 
whereas for transverse electric modes the derivative of the Bessel function J} must be 
zero atr = a. The mth zero of Jn is denoted with £,,, and the mth zero of J/, is denoted 
with 2%,,,, The lowest-order zeros &,», and ^, are listed in Table 74. 

The ke are determined by the conditions (23152) and (7:316a), respectively. According 
to (7302) we obtain the phase coefficient f of the waveguide wave. 


B-V/R-R. (7317) 


With the free-space wavelength Ao = 2/Bo, the guide wavelength A, = 21/f and the 
cutoff wavelength A, = 27/k; it follows that 


do 
Ay = (7318) 


EN 


This equation is identical with (7.234) for the guide with rectangular cross-section. A 
waveguide mode only can propagate, if 4o < A,. From (7315), (7316b) and A, = 2n/k, 
we obtain the cutoff wavelength 


TM modes: (Ac)ma =» (7319a) 


Te modes: (Ae)mn = (7319b) 
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Figure 7.27: Field distribution of some waveguide modes of waveguides with a circular cross-section. 


The wave impedances Z;,, and Zz follow from (7.313a) to (7314e) and (2317) to (7318) 


z 
Tm modes: Zey = = £ = Zro] 1- (2) j (13202) 
" P 
Temodes: Zn = = ^ - ss (7320b) 
1- (4) 


‘Therefore (7.242) and (7.249) are valid also for circular waveguides. Furthermore the 
generalization (7.243) and (7.250) is valid, since e,, eg and e; form a right-handed 
orthonormal frame. 

‘The field lines of the most important modes are shown in Figure 7.27. The data of 
some standardized waveguides is presented in Table 75. A relative frequency range 
for single-mode operation in the case of cylindric waveguides is smaller than that for 
rectangular waveguides, For circular waveguides the TEom modes are of special interest 
since the attenuation of these modes decreases with increasing frequency. From (7314a) 
to (7314f) we obtain for the TEom modes the following field distribution: 
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Table 7.5: Data of Standardized Circular Waveguides. 


Attenuation of TE11 mode 


Cutoff Frequencies A 
Di 1.2- fe eu = 5.8- 10! 
‘Type po sm tate]. tae ee hd 
£ t Theor max accept. 
C33 0.27 0.35 647.9 0.325 0.00067 0.0009 
C62 0.51 0.66 345.1 0.611 0.00174 0.0023 
C12 0.96 125 18377 1.147 0.00447 0.0058. 
C25 21 2.74 83.6 2.521 0.014 0.018. 
C48 3.95 5.16 4445 474 0.0375. 0.049 
C104 8.68 11.3 20.244 10.42 0.122 015 
C255 211 27.5 8.33 2531 0.462 - 
C495 402 525 4.369 4826 1211 - 
C890 72.6 96.1 2.388 88.3 3.011 - 
E,-0, (23212) 
E, =japokcAly(ker) eo, (7321b) 
E,=0, (7321c) 
H, = ~jBkeAlo(ker) 1, (2321) 
H,-0, (23210) 
H, = KL Alo (kr) e?” , (7321) 


Figure 727 shows the field distribution of some waveguide modes of waveguides with 
circular cross-section, 


710.2 Power Flow and Attenuation in the TE; Mode 


We determine the active power flowing through the waveguide as the real part of the 
integral of the complex Poynting differential form over the waveguide cross-section. 
For the TE9; mode it follows from (4.19), (7.320b) and (7.321a)-(7.321d): 


T, = 4E,H; = $ZralH,|? = $ Zep KLAPO (ker) - (7322) 


Since the z-component of the complex Poynting vector only depends on r, the active 
power P flowing through the waveguide is given by 


(2323) 


P =ar] | Ttar} 
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Figure 7.28: Path of integration. 


After insertion of (7322) we obtain 
iy 
P-nZsf^ kA? f rfe (ker) dr. (7324) 
With (B.27) we obtain from this 
P = 31ZyeB"|Al?(kea)*Jo(kea) (7325) 
With &, = 3.83 it follows that 
3n(kea)*J3(kea) = 3.74 (2326) 


and with this 
P-237AZ. f^ |A (2327) 


The conductor losses per unit of length Pf, are calculated with (7.278). The integration 
is performed over the boundary 2A of the waveguide cross-section A according to 
Figure 728. Since H, is independent from ¢ it follows that 


P|-iRA $, |H. ds = na RAIL. (7328) 
After inserting (7.321f) we obtain the current losses per unit of length 
Pi, = naRak$| AP Jè (kca) - (7.329) 


The attenuation coefficient alpha follows from (7.277): 


Pi _ Rake 


2P dz 2P Z,fa' 


(7.330) 
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Using (7.302), (7.318), (7.320b), Ac = 2/ke and Ao = 27/Bo we obtain from this 


(7.331) 


We see that for 4y « A, the attenuation coefficient « is proportional to A ? The 
decrease of attenuation with increasing frequency in the To; mode has the following 
reason. Since according to (7.321e) the ¢-component of the magnetic field vanishes, 
the wall currents and therewith the wall current losses are only due to the longitudinal 
magnetic field component H,. The ratio of the longitudinal magnetic field component 
H, to the transverse magnetic field decreases according to 1/ f. The transmitted power 
is proportional to the square of the magnitude of the transverse field. The wall current 
lossesare proportional to the square of the magnitude longitudinal field. Fora frequency- 
independent surface resistance R4, therefore the losses would decrease with increasing 
frequency according to 1/ f^. Taking into consideration the skin effect, according to 
(6.54) the surface resistance R4 increases with f!/?, and considering both effects we 
obtain a total frequency dependence of the losses proportional to 1/ f?/. 

This holds for all TEo,, modes ofthe circular waveguide, since in these cases according 
to (73216) we obtain Hy = 0. The TEo mode is the most interesting mode here, since it 
exhibits the lowest cutoff frequency of all r&o,, modes. However, if this mode will be used 
for low-attenuation signal transmission it has to be considered that the rEo; mode is 
not the fundamental mode. Also, if the mode is used at higher frequencies, a number of 
higher-order modes may also be excited at these frequencies in principle, and therefore 
it is necessary to take care that only the TE9; mode will be excited. Inhomogeneities and 
perturbations in the waveguide have to be avoided in order to obtain mode conversion. 
It has to be considered that the TMy mode exhibits the same cutoff frequency as the TE, 
mode. Therefore both modes have the same guide wavelength at the same frequency. 
This is called mode degeneration, Mode degeneration may yield to mode coupling even 
in the case of small inhomogeneities of the waveguide. 


7.11 RADIAL WAVEGUIDES 


7.11.1 Radial Parallel Plate Waveguide 


In a radial waveguide electromagnetic waves propagate in +p-direction. Figure 7.29 
shows a radial parallel plate waveguide formed by two circular disks with inner diameter 
1 and outer diameter pz. The disks are in distance h. In Section 3.9 we have calculated 
the circular cylindric Te’ modes and 1M? that are transverse electric and transverse 
magnetic with respect to the z-direction. We will obtain the modal field functions of the 
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Figure 7.29: Radial parallel plate waveguide. 


radial parallel plate waveguide by matching these solutions to the boundary conditions 
of this waveguide. In this way we will obtain two sets of solutions that are transverse 
electric or transverse magnetic with respect to the z-direction 

The Te? modes we obtain from (3.221a) to (3.221f) considering also the waves propa- 
gating in negative z-direction. Deriving the wave components for the wave propagating 
in negative z-direction k must be substituted by —K;. In this case (3.221a) and (3.221b) 
change the sign and we obtain 


Te: H, = -jkekpCy(kpp) cos mé (ACD et - ACD), — (23323) 
H, jhe Cn (kpr) sinmé(ACDed Ez- ACOQRT), — (332) 
H, = Ks (Kor) cos mo (Ae + A9 eit) , (23320) 
E= jet Cn (sp) sinmg (ACD + Aei), — (3324) 
E, 7 jouok, Ci, (k,p) cosmo (AMPeIK + ACD eit), — (13329) 
E,-0. (7332) 


With C/, we denote the derivative of the Bessel function Cj, with respect to the argument. 
To satisfy the boundary conditions at the metallic plates E, and E, must vanish at 
z= Oandat z = h. The first condition yields AC? = —A(#) and the second condition 
requires kz = nn/h with integer n. We replace }A(**) = -3A(-*) by the amplitudes 
AC? and AC? of the wave propagating in positive and negative p-direction. For a 
wave propagating in positive p-direction Cm(kpp) is given by Hy, (kp) and for a 
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wave propagating in negative p-direction the radial dependence of the wave is given 

by HU (K,p). Hence we obtain for a wave propagating in positive and negative p- 
directions 

TEŽ: H, = -j kkp (AC HO (op) + AC HO (kpp)) cos má cos mE, (7.3332) 

H, E (ACHP (kyp) + AO HG (kpp)) sin mg cos = , (7333b) 

H, = -jk (AO HE (op) - AO Hg (kyp)) cosmg sin", (7333c) 

" ou” (AO HY (hyp) - AOH® (kpp)) sin mg sin = . (23334) 

ook, (AP HO" (p) - AC HOY (kpp)) cos mg sin =. (7333e) 

0. (23331) 


k= (7334) 
with 
ant 
Reg ee (7.335; 
LEE (7335) 
The corresponding cutoff frequency is 
n 
=——. (7.336; 
fen = zh Si (7336) 
‘The guide wavelength A, of the radial waveguide as in (7232) is given by 
(7337) 
with the cutoff wavelength for the TM* modes given by 
A 25 Ei; . (7.338) 
n 


For the radial transmission the wave impedance is defined as the ratio of electric 
and magnetic field components transverse to the direction of propagation. The wave 
impedance of the radial transmission-line depends on p and also is different for the 
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Im(fn0)} 


Re(f,)) 


3 


—— 4 
Figure 7.30: The function fn (x) for m = 0,1,2. 


waves propagating in positive and negative p-directions. The wave impedance ZĘ? (p) 
of the wave propagating in positive p-direction is given by 
EC 


) (2. 
+ yo, AER (k jm k 
AD) ie =jZr0% (kop) _ Hm (Kp) 


(7339) 
kp Hip) ^ HO (p) 


With ES, HG? and ES), HO? we denote the electric and magnetic field components 
of thie waves Propagatie in positive or negative p-direction only. The wave impedance 
ZS (p) of the wave propagating in negative p-direction is 


: D ko HO (k, DC Z 
ZG) - = ira a pP). j aa pP) - 
Hi p Hw (kp) Hm (kop) (3) 


With (B.7a) and (B.8b) we obtain from (7.339) and (7340) 
2) (p) - Z2" (p). (7341) 


‘This result is not surprising and reveals that the segments in a chain of radial waveguides 
with equal h are matched to each other if both ends of the chain are terminated reflection- 


free. 
Inserting (B.6a) and (B.6b) into (7.339) and considering (B.12b) we can separate 


242) (p) into real and imaginary parts, hence 


2) (p) = Zee fg) (7342) 
" 
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with fj, (x) given by 


x t US GI E) + Yn Q) Y 0] 
f(x) = SEMEN CTS 7) ean (7343) 


The function f, (x) is plotted in Figure 7.30 for m = 0,1,2 and in Figure 7.31 for 
m = 0,10, 20, 30. The cutoff frequency does not depend on the azimuthal wave number 
fe,y defined in (7.336). For kpp < n the electromagnetic field’s behaviour is evanescent 
with a predominant imaginary part of the wave impedance, whereas the wave for 
kpp > nis oscillatory with predominantly real wave impedance. 


The TE}, modes exhibit rotational symmetry with respect to the z-axis. Using (B.10) 
we obtain 


TH, Hy =jkeky (AHI (hyp) «aC nf (kyp)) cos TE, (3440) 
H, = JR (AP HP (sp) - AC HL (kop) sin = ; (7344b) 
E, = -wpok, (A HË? (kop) - AC HP (Kpp)) sin = < (7344c) 


The rrj, modes exhibit no H,-, E,- or E,-components. 


The Tm? modes are transverse magnetic with respect to the z-direction, We obtain 
these modes from (3.222a) to (3.222f), hence 


TM: = -jk ks Cj, (kop) cos mp (Be — golf) , (73452) 
E, =jk Cup) sin mg (BOP eI? — Bejker) , (7345b) 
E, = Cs (Epp) cosmo (BOP eitz + BCA eihe) , (7.3450) 


H, "joe T Cu (p) sin mo (Re + BEI) (7345d) 


jweokpCh(kpp) cos mo (Be Ike + BDeikz), (23450) 
0. (7345f) 


‘The boundary conditions at the metallic discs require that E, and Ey vanish at z= 0 and 
at z = h, hence yield B®) = BC? and k, = nn/h with integer h. Replacing $B?) = 
1BC? by the amplitudes B(? and B}? of the wave propagating in positive and negative 
p-directions and taking H®(kpp) and HY? (K,p) for the waves propagating in positive 
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Ret d 


Figure 7.31: The function fm (x) for m = 0, 10,20, 30 


and negative p-directions yields 


Eg 
TM. 


E, = ~kekp (BC) HD” (kop) + BOW? (kpp)) cos mó sin = ,  (7346a) 


E= on (BOHP (kp) + BO nf (kpp)) sin me sin ae ,  (7346b) 
E, = K (BO HQ (kep) + BO) Hf (kpp)) cosmé com, (7346c) 


=| Lo (a HY? (kop) + BOH! (kp) ) sin mg cos = , (7346d) 


Hy = jack, (BHO (hyp) + BO HQ (kyp)) cos mg cos =, (7346e) 
H,-0. (23460) 


The wave impedance ZU)? is given by 


E k, HO (k He’ 
2p -É -j Zo CP (p) | 1 (2) . 


7 = -j£ro 7 (7347) 
Hy ko HG” (kop) HY? (sp) Ae 


Inserting (B.6a) and (B.6b) into (7.347) and considering (B.12b) we obtain 


Zi) = Zro he! (p) (7348) 
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Figure 7.32: The function f! (x). 


with fa (x) given by 


A j Un Qr (x) + Yn) Y (2)] : 


JG? REF PPM 


Sm (*) = 


Figure 732 shows plots of f! (x) for m = 0,1, 2. The rotationally symmetric modes 
TE, exhibit no E,,-, H,,-, and H,-components. Their field components are given by 


mé: E, = Roky (BO H (kop) +BOHO (kyp)) sin TZ, ^^ (509 
E, = E (BH og) + BOHP (p) cos EM (7350b) 
Hp = jweokp (BO HP (kop) + BOHP (kp) ) cos = . (73500) 


The TM, modes are uniform in z-direction and exhibit no lower cutoff frequency. 
‘Their field components are 


mio: E, 


K (BO HW (sp) + BC) Hf) (kpp)) cos mg, (73512) 
H,= -juet (BOHP (kop) +BOHY (,p))sinme,  (7351b) 
Hy = -jweok, (BO HG (kp) + B HE (k,p))cosmé. (7351c) 
The 1M$,, modes exhibit no cutoff frequency. The wave impedance is given by 


(2) 
Hm’ (k, 
HY = 52 2 Zp (kpp) 


s HD (kyo) ee 
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The TMi, mode is transverse electromagnetic with respect to the p-direction (i.e., 
È 
TEMS). 


TMjo: E, = KABH{) (kpp), (7353a) 
H, = jaeokpBH? (kg) - (7353b) 


‘The wave impedance is 


sng tie 


z =- 


jZn e, 
Hs HY? (p) 


(7354) 


711.2 Wedged Radial Parallel Plate Waveguide 


‘The wedged radial waveguide as depicted in Figure 7.33 is bounded by conducting 
surfaces at z = 0, z = h, $ = 0 and $ = ġo. Following the procedure as for deriving 
(7332a) to (7.332) in the previous section we obtain for the field 1&7, ,, modes the field 
components 


TE? 
H, - -j kk, (A HO (Kg) + AOH (og) 08 vm cos TZ , (23552) 
Ha ike" (at) HE (op) AC BEI (yp) sin vng cos, (73550) 
H, = -jk (AV HË (kpr) AOL (kyp)) cos yng sin TE, — (13550) 
B, t (APH (hyp) - SUE kyp)) inva sin", (23550) 
E, = ok, (AC? HO (p) - AC HQ (kpp)) cos vy sin mE . (73556) 


E,-0. (7.355f) 


In order to satisfy the boundary conditions, fractional order Hankel functions HG (kpp) 
and HS) (K, p) are used here. The order v,, of the Hankel functions is given by 


Va = (7356) 


(7357) 
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Figure 7.33: Wedged radial parallel plate waveguide 


with the cutoff wave number 
(7358) 


From this we get the cutoff frequency 


n 


(7359) 


The characteristic impedances Z‘;) (p) and ZÍ? (p)are derived in the same way as 
(7339) and (7.340). We only have to replace m by Ym, hence 


ko HO) (kp) 


ZP) = Zi" (9) = Zn OT (7360) 
In analogy to (7.342) we find 
2 (p)= roa bP) (7361) 
with f,,, (x) given by 
foals) = BE lon GO G0 Y (OY G0] (7362) 


Ju (2)? + You (2)? 


To obtain the TMŽ, ,, modes of the wedged radial waveguide we rotate the radial modes 
(23462) to (7.3468) by 47 around the z-axis in order to satisfy the boundary conditions at 
¢ = 0. This is done by the substitutions sin Ym > COS Vm and cos ¥m@ — — sin Vm. 
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Furthermore, to fulfill the boundary conditions at $ = o we use fractional order 
Hankel functions with order vm given by (7356). This yields 


TMy p 


E, = keko (BO HS (p) + BOHM (kyp)) sinvng sim a, — (13639 


= org (BH 69) + BOH (kpp)) cos vid sin =. (2363b) 


E,-- (BO HU) + BOHR (kyp)) sin yng cos TE, — (3650 
H,--j Ls (aC? HD qp) + BOD Ug) cos và cos =, (13634) 
Hy = joco, (BO HO (sp) + BO HD (sp) sin vng cos "n (73636) 
H,-0 (73630) 


Similar to (7347) the wave impedance is given by 


ky HE (kop) 


24 (p) = Zo" (p) = -jZroz t ee, 7364) 
(p) (9-3 ^ie HEY (kyp) (7364) 
As in (7348) we obtain the wave impedance 
+ kp i 

Zi (P) = Zro fin (kop) (7365) 
with fy, (x) given by 

2; 7 " 

ars c J D 000, (E) + Y, 0) Y7, 09] 
fo =e 00^ (7366) 


7.12 SPHERICAL WAVEGUIDES 


If the walls of a waveguide conform to the spherical coordinate system the waveguide is 
called a spherical waveguide, If the waveguide wall is a cone specified by constant 6 these 
waveguides are conical waveguides. Waveguides formed by two cones with the same 
axis such that the wave is guided between these cones are called biconical waveguides. 
To satisfy the boundary conditions at the conducting walls fractional degree associated 
Legendre functions can be used. For fractional order v the associated Legendre function 
P? (x) exhibits a pole at x = -1. Therefore P7” (cos 8) becomes infinite at @ = 7 and 
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P?" (- cos 0) becomes infinite at @ = 0. Inserting (B.59a) and (B.59b) into the scalar 
potential V(r, 8, $) introduced in (3.230) and allowing also fractional degree associated 
Legendre functions we obtain the potential 


hU (kr)\ fcosmg) f P™(cos 6) 
¥(r, 8.8) "aoo nemo] nl Cn 


from which the field components of conical and biconical waveguides may be derived. 
The spherical Hankel functions hU (x) and h(? (x) are solutions of the differential 
equation (B.29). The spherical Hankel function of the first kind h'!) (x) describes a 
wave propagating in negative r-direction, whereas the spherical Hankel function of the 
second kind h{? (x) describes a wave propagating in positive r-direction. Since in the 
spherical wave solution the order v of the spherical Hankel functions corresponds to 
the degree of the associated Legendre functions the Hankel functions are of fractional 
order. 


Inserting (7367) for V (r, 9, $) into (3.235a) to (3.2354) yields the TEmn field compo- 
nents 


(73682) 
as hie emt] Cm: cm 
(iol creel a = 

AAC OD 
miona] e 
maraa (denar) ans eCa) cem 


Inserting (7367) for ¥2(r, 0, $) into (3.235a) to (3.235f) yields the TMmn field compo- 
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nents 
TMmn 
v(v+1) [h (kr) [cos mp) | Pr (cos) 
E = jwer Ka sin m@ f | P" (-cosê) f * (73692) 
3 (rh aP? (cos 0) 
(rh (kr))) (cosme ( 26mm 
e (Pte) emo) E , (73690) 
m — [-2(rh\(kr))| (-sinmó] f P7 (cos) 
Bras fent) aed Pr(-cosó)]: 3999 
(7369d) 
m (h( (kr) | (-sinmo] | P (cos) 
sind MOTA cosmó ea Al : (73699) 
hP (kr)| feos abr (cos 8) 
Hs ae) (5 s : (3691) 


Superimposing these field components such that the boundary conditions are fulfilled 
we can construct the TEmn and TMm, modes of radial waveguides. The partial waves 
containing P" (cos8) and P” (- cos) become infinite for 0 = 0 and 0 = m, respec- 
tively. These singularities must be located outside the field region, (i.e., covered by 
the ideal conductor). For conical waveguides only one of these solutions is used. For 
biconical waveguides in general both solutions have to be superimposed to satisfy the 
boundary conditions at both cone surfaces. 


712.1 Conical Waveguide 


The conical waveguide is formed by one cone as depicted in Figure 734. The TE, modes 
and the TM,,, modes of the conical waveguide we obtain from (73682) to (7.368f) and 
(73692) to (7.369f), respectively, considering the partial waves depending on P7 (cos 0) 
but omitting the partial waves P"'(— cos 0). At the cone surface the tangential electric 
field components E, and Ey must vanish. For the TEmn modes together with ( 7368b) 
this yields 

dP" (cos 0) 


= 0) 
ds O — forTE,, modes (7370) 


o 

For the TEmn mode the fractional degree v must be chosen such that the nth zero of 
the derivative of the associated Legendre function fulfills (7.370). This nth solution of 
the equation we name ¥,,,,. For the TM, modes the boundary conditions E, = 0 and 
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Figure 7.34: Conical waveguide 


E, = 0 on the cone surface yield 
P™(cos®:)=0 for TMmn modes. (2371) 


For the TM, mode the nth zero Vym of the fractional degree v of the associated 
Legendre function fulfills (7371). In general the zeros of (7370) and (7371) with respect 
to Vim and Vym have to be computed numerically, The conical waveguide modes exhibit 
no cutoff frequency. However, for small values of kr « 1 the modes exhibit evanescent 


character and show wave character for larger kr » 1. 


The wave impedance ZĻ{? (r) of the wave propagating in positive r-direction and 
ZĘ? (v) of the wave propagating in negative r-direction follow from (7368b), (7368c), 
(7368e) and (7368f) as 


(2) 
zs Žž -= En rer). (7372a) 
E (HQ (kr) 
(a) 
zo) gima gan) 
i (mo) 


The wave impedance ZĘ) (r) of the wave propagating in positive r-direction and 
24) (r) of the wave propagating in negative r-direction follow from (7369b), (7369c), 
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Figure 7.35: Biconical waveguide. 


(7369e) and (7.369f) as 
"T ED RO zp (HRC) ond 
NT pk Qoo : 
Cc (-) d (1) 
E E Z rhy, (kr) 
ZQ()-—---g ( E ) (7373b) 
Hp oH ko omn 


Since the spherical Hankel functions of first and second kind are mutually complex 
conjugate it follows 


Ze) ze". (73742) 
zQoszgo. (73740) 


712.2 Biconical Waveguide 


‘The biconical waveguide is formed by two cones 0 = 9; and 8 = 6; as depicted in 
Figure 735. Since in the biconical waveguide @ = 0 as well as 0 = x are outside the 
region of the field we can use both associated Legendre function solutions Py" (cos 4) 
and P? (— cos 8). This allows to fulfill the boundary conditions at the cone surfaces at 01 
and 8%. To obtain the field components of the TEmn modes of the biconical waveguides, 
we superimpose solutions P7 (cos 8) and P? (— cos 8) in (7.368a) to (73680, 
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TEmn Modes: 
E,=0, (73752) 


m (RO (kr)] [-si m m 
nom EU (eaten cn) om 


hE) (kr)) [cosmp| /, dP, (cos0) APM, (-cos0) 
terit amt). on 
in (Yma +1) [hÈ (k * . 
tentar D n ims] (6.9 + A,B, Cm). 
7 (7375d) 
d (2) 
_ 1 farris (r))| feosmé| (, dP.(cos8) |, dPi (—cos@) 
H= our i o) xine m +A ) " 
(7.375e) 
(MAD (kr) [-si 
d tz MW (kr) H bier (4,P (cos 8) + A,P7 „(= cos&)) . 
a (n 
(7375f) 


Denoting with P7" (cos 0) the derivative of P" (cos 8) to its argument we can write 


" 
SH = 7P” (4 cos6) sind. (7376) 


The boundary condition E, = 0 at the cone surface yields 


APP (cos 0) - A,P' (—cos6,)=0 for TEmn modes, (73772) 
AP] (cos 05) - AP?" (- cos 8) = 0 (73770) 
The v,,, are determined as the roots of the characteristic equation 
P?” (cos6;) P?" (~ cos 62) — P" (- cos6;) P" (cos 82) = 0, (2378) 
where n refers to the nth root for given m. The biconical waveguide modes exhibit no 
cutoff frequency but are evanescent for kr «c v and wavelike for kr > v. 


The wave impedances ZÍ}? (r) and r-direction and Z$; (r) of the waves propagating 
in positive and negative r-direction, respectively, follow from (7375b), (7375c), (7375e), 
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and (7375f) as 
" E? gp AD (k 
2 (7) = 5 BC =o a (7379) 
E E (mon) 


‘This expression is identical with those obtained for the conical waveguide in (73722) 
and (73733). 

The field components of the TMmn modes of the biconical waveguides are obtained by 
superposition of the solutions P" (cos 8) and P?” (— cos 8) given in (73692) to (7369), 


TMmn modes: 


+1) (4 ? 
E {re} i? "i (BiP, (cos) + BaP, (- cos8)) , 


E, 


(7.380a) 
ac (d (rH) (cosmé] (p dr (cos) |, AB, (-cos6) 
joer | (rh (kr)) | Gin meJ V d8 bd dà , 
(7380b) 
a (pp) : 
m [a (rhon (Kr))| (-sinme " T 
joersind p té id (B,P?" (cos 8) + BP!" (- cos6)) . 
(7380c) 
H,=0, (7380d) 
m [hf (kr)| (-sinmé] ep pm " 
H=- gn cos Jae. 8) +B,P™ (- cos6)) , (7380e) 
h (kr)| fcosmo] fp dPz,(cos8) |, dP, (= cos0) 
H,- Mt sin mé BR TB (73801) 
‘The boundary conditions E, = 0 and E = 0 at the cone surface yield 
B,Pi" (cos 01) + ByP%"(—cos@)=0 for TEmn modes, (73812) 
B,P/ (cos0;) + B,P”(—cos 0) - 0. (7381b) 


The Vim» are determined as the nth roots of the characteristic equation 


D" (cos 0,) P?” (- cos 82) — P? (- cos6;) P7 (cos 82) = 0 (7382) 
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‘The wave impedances ZÍ}? (r) and ZÍ; (r) of the waves propagating in positive and 


negative r-direction, respectively, we calculate from (7380b), (7.380c), (7.380e) and 
(7380f), hence 

Zro de (rh. (e) 
kon) C 


This result is in coincidence with that obtained for the conical waveguide in (7373a) 
and (373b). 


AD) - 2") 


(7.383) 


7.13 DIELECTRIC WAVEGUIDES AND OPTICAL 
FIBERS 


7.13.1 Homogeneous Planar Dielectric Waveguides 


The simplest dielectric waveguide is the planar dielectric waveguide depicted in Fig- 
ure 736. The planar dielectric waveguide consists of a dielectric slab of thickness h 
and permittivity e; enclosed by two regions with lower permittivities e; and e;, respec- 
tively [3,5,27]. In Figure 736 the slab region is called region 2. Regions 1 and 3 either 
are filled by a dielectric or are free-space regions. For €z > ej, es the slab can guide 
electromagnetic waves. In the following we assume a symmetric dielectric waveguide 
with the same permittivity e in regions 1 and 3. We assume in all regions nonmagnetic 
media with permittivity jio. The TM modes may be derived from an electric Hertz form 
exhibiting only a z-component II,, dz whereas the TE modes may be derived using a 
magnetic Hertz form II, , dz, that is 


D-Iladz for TM modes, (25842) 


A, l,,,dz for TE modes. (7384b) 


Dmi = Hy 


For the tm modes the Helmholtz equation in medium i is given by 


All *Blill;-0 fori=1,2, (2385) 


where the phase coefficients Bo, and ffo» for transverse electromagnetic waves in media 
land2are 

Boi= wepi fori=1,2. (2386) 
Regions 1 and 3 are filled by medium 1, whereas region 2 is filled by medium 2. We look 
for solutions of the Helmholtz equation guiding waves propagating in the z-direction. 
We assume uniform field distribution in y-direction and therefore 9/2 = 0. This yields 
the two-dimensional Helmholtz equation, 


(7387) 
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Region 3 


Figure 7.36: The planar dielectric waveguide. 


Assuming wave propagation in the positive z-direction we choose 


IL4 = Xi) e^. 
Inserting this into (7.387) gives 
d^X; 
“gat Us EX = 0. (7388) 


Guided waves with a phase coefficient f exist for 
Bor <B < Bor - (7389) 


This condition yields solutions that are oscillatory in the transverse direction in the 
slab region and are varying exponentially in the transverse direction outside the slab 
region. 

The transverse components of the Hertz vector are even or odd functions of x. The 


odd function I1? yields symmetric transverse field distribution whereas the even 


function II? yields anti-symmetric transverse field distribution. With the transverse 


phase coefficient f,» for region 2 and the transverse attenuation coefficient for regions 


land 3, given by 
Bae Ve - P i (7390a) 
ate VE -B, (7390b) 
we obtain the odd solutions 
X(?(x) = Bsin pyx for |x| «3h, (739la) 
X? (x) = sign(x)De for|x| 2 3h (2391) 
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and the even solutions 
X( (x) = Boos Bex 
XQ) = Dew 

The expression for the TM-mode therefore is 


nA «pete 

r£? = (r0) = Bsin pyx eP: 
DC) = -Det ei 
If) = Dew ed 

TS = 1n) = Boos Bex I 


Ij = Dee 


for |x| 


Inserting (73932) into (6.11a) to (6.11f) we obtain the field components 


ju fDe*e* eit 
E, = | Bs BBcos Bex e? 
jasfDe-te* eif 
ape“ eif 
B2Bsin f. x eP? 
-a2 De“ eif 


jwe as D e*** eP? 
—jwe2B,B cos x eI? 
jue. De-*r* eib: 


For simplicity of notation we choose 


2Bxh, 


Continuity of E, and H, at x + 7h requires 


u 


ve” D+u sinuB 


eve" D + eu cosu B 


for x<-th 


for |x| «3h , 
for x>th 
for x«-i 
for |x| «35 , 
for x>th 
for x«-l 
for |x| «ih . 
for x»ih 


v-dad. 


=0, 


(7392a) 
(7392b) 


(73932) 


(7393b) 


(73942) 


(7394b) 


(1394c) 


(2305) 


(13962) 
(1396b) 


This set of homogenous equations only has solutions with non-vanishing B and D if 
the determinant of the coefficients is zero. This condition yields 


E 
v= tutanu forodd rM mode . 


e 


(7397) 
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Figure 7.37: Graphical solution for eigenvalues for TM modes. 


From (7.390a), (7.390b) and (7.395) we obtain 
u +y =w? (7.398) 


with the normalized frequency w defined by 


wh wh 
w= hy Bl - Bin = oven cem a VT (7.399) 


where n; is the refractive index of the slab medium and rii is the refractive index of the 
medium in regions 1 and 3. This, coupled with (7.397), is the characteristic equation for 
determining the phase coefficient B and the cutoff frequency of the odd TM modes of 
the symmetric planar waveguide. 

Even TM modes are obtained by inserting (7393b) into (6.1Ia) to (6.11f) and following 
the same procedure as above. The characteristic equation for even TM modes is 


ve a ucotu for even TM mode , (7.400) 
2 
together with (7398). 

The characteristic equations for even and odd tM modes can be solved graphically. 
‘This is accomplished by the diagram shown in Figure 737 where the abscissa represents 
u and the ordinate v. The full curves are the plot of (397) and the dashed curves 
represent (7400). Both plots are drawn for ¢2 /e = 2.5. The plots of (7398) are circles 
with the radius w. The intersections of the circles with the curves representing (7397) 
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and (7400) determine the modes that propagate unattenuated in the dielectric slab 
waveguide, 

TE modes of the planar dielectric waveguide may be derived using (7384b). There is a 
complete duality between TM and TE modes. In the coordinate system of Figure 736 the 
TE mode propagating in the z-direction will exhibit an electric field in the y-direction 
and magnetic field components in the x- and z-direction. Applying the principle of 
duality to (7397) and (7.400) we obtain the characteristic equations for the TE modes 
given by 


m 


v= n utanu for odd TE mode , (401a) 
2 
ve a ucotu for even TE mode (74010) 
" 


together with (7398). For nonmagnetic media we obtain 41/4 = 1. 

The cutoff frequencies for TE, and TM, modes are identical for the same n. The 
cutoff frequency Teo mode as well as the TMo mode is zero. This means the TE and 
TM propagate unattenuated no matter how thin the slab is. However, if the slab is very 
thin the field extends wide into the regions 1 and 3 and becomes the TEM wave with 
infinite extension in x-direction when the frequency becomes zero. In this limiting 
case the wave is not guided any more by the slab. 

The normalized cutoff frequency w,,, of the TE, and TM, modes is given by 


Wen inm. (7402) 


With (7359) we obtain the cutoff frequency 


nco 
fen 2h (7403) 


" 


Er = 


In the design of planar circuits for higher frequencies one has to take care that higher- 
order surface waves cannot propagate. The lowest higher-order modes are the TE, and 
TM; modes. In case of a silicon substrate with e, = 12.6 the cutoff frequency of TE; and 


TM; modes is 
c —— 421GHz 


COhVen-i  h/[mm]' 


73.2 Dielectric Slab with Single-Sided Metallization 


fea (7.404) 


Figure 738 shows the dielectric slab of thickness h with single-sided metallization. The 
slab has the permittivity c,;. The region above the slab (x > A) exhibits a permittivity 
€. The dielectric plate with metallization on one side carries surface waves of TM 
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Figure 7.38: The planar dielectric waveguide. 


type as well as of TE type. We can obtain the field solutions for the dielectric slab with 
single-sided metallization directly from the solutions for the slab without metallization 
by application of the mirror principle. At the plane x = 0 odd TM modes and even TE 
modes of the dielectric slab waveguide without metallization exhibit an electric field 
normal to this plane and a magnetic field tangential to this plane. Therefore, these field 
solutions remain valid in either half-space x 2 0 or x « 0 ifa perfectly conducting sheet 
is inserted in the plane x = 0. 

In the case of the TE wave the current lines are normal to the direction of propa- 
gation, whereas the TM wave exhibits current lines in direction of propagation. The 
phase coefficients for the TM waves and TE waves, respectively, are determined via the 
eigenvalue equations 


for TM modes, (74052) 


for TE modes, (7.405b) 


where the parameters u and v are given by 


u= h/f- PP. 
(7.406) 
v-h/P- Bs. 


The normalized frequency w is given by 


w- Vut svi = hypi - Bl. (7407) 


‘The TMo mode has no lower cutoff frequency. For the higher modes the normalized 
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(a) (b) 4 


‘TE,,,{TM, 


24-0.633um 


Figure 7.39: (a) Dielectric waveguide and (b) graphic solution of the eigenvalue equation. 


cutoff frequencies are given by 


Ven = TR for TM modes, (7408) 
veren = (n 4) for TE modes. (2409) 


‘The lowest higher-order mode is the Teo mode for which the cutoff frequency on silicon 
substrate is given by 
o 21.0GHz 


(7410) 


73.3 Circular Dielectric Waveguides with Step Index Profile 


The circular cylindric dielectric waveguide plays an important role as optical fibers [28- 
31]. Figure 739(a) shows the circular cylindric dielectric waveguide. The core region r < 
a (region 1) is filled with a homogeneous isotropic dielectric with a permittivity e. The 
outer region r > a (region 2) also is homogeneous and isotropic and has a permittivity 
€z. The outer region either is free-space (ez = co) or filled with a dielectric. In order 
to guide a wave e; « e; must be valid. The dielectric waveguide is an open waveguide. 
This means that the electromagnetic field is not confined within the waveguide, but is 
extended also in the outer region. ‘Therefore we have to solve the field equations in both 
regions r < a and r > a. This is done by seeking the general solutions in both regions 
assuming either region to be infinitely extended and then by matching these partial 
solutions along the boundary. Since the boundary surface between the core region 
and outer region is a circular cylinder, the circular cylindric coordinate system is most 
suitable to solve the problem. The circular cylindric dielectric waveguide also exhibits 
hybrid modes. These are modes exhibiting electric as well as magnetic longitudinal 
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components. Therefore, in general we have to superimpose solutions derived from a 
longitudinal electric Hertz vector field [1,, and solutions derived from a longitudinal 
magnetic Hertz vector field II,,, if we want to use Hertz vector fields exhibiting z- 
components only. For the core region 1 with r < a the solutions (7313a)-(73Mf) of the 
field equations are valid. We now have to consider that the core region is filled with a 


dielectric and therefore (7.302) has to be replaced with 
Ke = Bo - P an 
with the phase coefficient Bo; of the plane wave in a medium with permittivity e; given 


by 
Bor = ev/uo&i = Eri Bo. (7412) 


The occurrence of hybrid modes follows from the circumstance that the boundary 
conditions at r = a can be generally fulfilled only if transverse electric and transverse 
magnetic partial solutions are superimposed. Comparing the field components of the 
transverse magnetic partial solutions (7.313a)-(7.313f) with the field components of 
the transverse electric partial solutions (7.314a)-(7.314f) we see that we have to rotate 
one of the two partial solutions by 90° around the z-axis in order to match the TE 
partial solutions and TM partial solutions. We rotate the TM partial solutions by 90° 
using the solution sin né instead of the solution cos nọ of (2305). The corresponding 
solutions are obtained by the substitutions cosn$ + sin ng and sinn > -cos ng 
in (7308a) and (7313a)-(7.313f). Instead of (73082) and (7.309a) we use the following 
z-components of the electric and magnetic Hertz vectors 


11, (7, $2) = BJn(Ker) sin ng et dz, (74132) 
Ty (rs $52) = AJ (Ker) cosng eo dz. (7413b) 


By superposition of TE partial solution and the rotated TM partial solution (7.313a)- 
(73130) we obtain 


E, =j [e AI er) - Bis (on inne, (443) 
Ey =j enhn) - B2B Ge eos 4b) 

2B], (Kr) sin née 7, (7414c) 
Hey [cA (ker) . ve Blk] cosnge iP, (74144) 
Hj [etal (ker) - werk Bly(her)| sin nde JP, (414e) 


H, = AJ, (kr) cosnge P. (7.414f) 
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For region 2 we are seeking solutions decaying stronger than exponentially with r > oo. 
Such solutions describe guided waves. It exists for Boz < f, where Boz is the phase 
coefficient for a plane wave in the medium of region 2, given by 


Boa = w/fot = era Bo. (7415) 
We introduce the parameter xe, given by 
è = B- Box (7416) 


and obtain for the subregion 2 instead of (7.306) the Bessel differential equation 


dR dR 

2 242 4 n2)R = 

Pa th gy (Pat +n )R=0. (7.417) 
The solutions are the modified Bessel functions K, (x) and I, (x). The solution K,(x) 
for x + co goes to 0 stronger than exponentially, whereas the solution I, (x) is not 
bounded for x - co. We obtain the solutions for subregion 2 from the solutions for 
subregion (7414a)-(74Hf) by performing the following substitutions 


Je (ker) > Ky (er), 418) 
kc Js (er) ee Ko (Ker) » (7418b) 
sey (7.418¢) 
k>- (7.418d) 
and obtain 

Ej [o CK (ner) -peepi oen] dange”, (74193) 
Ey =j [ems CK, C) - BEDK, Guo) oon, (419b) 
E, =-«2DK,(x-r) sinnet”, (7419c) 
H, == [eek (ner) on DR, Qn cose, Gand) 

7 
Hy -j [BCK 0) - weak Da (xr) sin per, raise) 
H, - -QCK, (Kcr) cosnó eP* . (2419f) 


We now introduce the normalized parameters u and v by 


u = kea = ayj Phi - P> (74202) 
v7 Kea = ay/ B - fl. (7420b) 
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With (7.411) and (7.416) we obtain therefrom 


u? +v? = a? (fs =Po)» (7421a) 
u? +v? za! fen er). (7421b) 


‘The partial solutions for subregions 1 and 2 must fulfill the boundary conditions (2.160) 
and (2.164) at r = a. The tangential components Eg, Ez, Hy and H, of the fields at the 
boundary surface must be continuous at r = a. From (7.4145), (7414c), (7.414e), (7414f), 
(7419b), (7.419c), (7.419e) and (7.419f) we obtain therewith 


oup], (u)A - BrJn(u)B = woy K, (v)C - BuK,(v)D, (14222) 
wJ,(u)B=-v?K,(v)D, (7.422b) 
Bnj,(u)A - weyuJ,,(u)B = BnK,(v)C - ee; vKj(v)D, (7.422c) 
WIn(u)A= VK, (v)C. (74220) 


Using (7422b) and (7422d) we can express the complex amplitudes C and D by A and 
B, and after inserting into (7.422a) and (7422c) we obtain 


1m) 1 KY, x a 

«(129.1 Ft 4 - fn ZCE ž)2=0. (7.423a) 
E! En Jalu) | 62 K(v)) p 

pn(3.+3)a-eo(% oM or Mud 


This homogeneous system of equations for A and B only has a solution if the coefficient 
determinant vanishes. This yields the eigenvalue equation 


w? [162 , 1 02] fen Tale) , ee Kt]. gaya, 1Y. 
sl II pelra n 


wh) v Ka) | Lu In(u) v Kav) | 
(7.424) 
We eliminate the unknown phase coefficient £. From (74202) and (7.420b) we obtain 
af 1, ij [Bh , Ba] _ 02 fen, ea 
paai] is] ew 


and with this from (7424) the eigenvalue equation in the following form 


[1589 LE en A, ea i]. [5-8] [5-2 


i Jala) vK |W Au) F Kat») 
o 
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From (7.421b) and (7.426) the normalized parameters u and v and from this the quan- 
tities B, ko and x, may be determined. The solution of the eigenvalue equation only 
may be obtained by numeric or graphic methods. To obtain the graphic solution we 
introduce the functions 


eA) 
Šn(u) = PERC (7.427) 
TKO) (7428) 


mO = V (y) 


and obtain the eigenvalue equations 


Gan) C) nts) eem) =m? (8 S3) (eS), cars 
u? y? = a° Palen - 6). (7.430) 
These equations are solved graphically by drawing the curves given by both equations 
in the uv-plane. The solutions are given by the intersections of the curves. The curve 
given by (7.429) only depends on the parameter n and the geometric parameters of 
the waveguide. By (7.430) circles in the uv-plane are defined, the radius of which is 
proportional to the frequency. The graphic solution is depicted in Figure 7.39(b). In 
(7.429) a family of curves belongs to each n. According to (7.414a) to (7.414f) the ¢- 
dependence of the field components is given by sin n@ and cos né, respectively. The 
parameter n therefore determines the number of node planes in the field. Furthermore 
the circular cylindric dielectric waveguide exhibits a number of node cylinder surfaces. 
Modes are marked with indices n and m where n is the number of node planes and m 
is the number of node cylinders for a certain mode. To each pair of indices two field 
types are assigned. For n = 0 these two field types are transverse electric modes and 
the transverse magnetic modes. For n + 0 the modes are of hybrid type exhibiting 
longitudinal electric as well longitudinal magnetic field components. These field types 
are HEnm and EH,» modes, respectively, depending on whether the transverse field 
structure is similar to the TEnm modes or the TMyjm modes of the circular cylindric 
hollow waveguide, 

Let us first consider the modes with n = 0. These modes exhibit rotational symmetry. 
For n = 0 the right side of the eigenvalue equations (7426) and (7429), respectively, 
vanish. These equations are fulfilled if one of the expressions in brackets on the left side 
vanishes. For the TEom waves we obtain 


olu) + mo(v) =0, (7.431) 
whereas for the TMom waves 


Enğo(u) + eimo(v) =0 (7.432) 
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‘Table 7.6: Parameter uo at the Cutoff Wavelength Ac 


HEnm - Modes EHam - Modes 
(1Mom for n= 0) (Tom for n=0) 
Jo(uo) = 0 Jo(uo) = 0 

n=1 Ii(uo)=0, (uo #0) (uo) =0, (uo #0) 


n>2 Feil) = canta In(to) = 0, (uo #0) 


is valid. The assignment of these equations for n = 0 to the transverse electric and 
transverse magnetic fields, respectively, becomes obvious by comparison with (7.423a) 
and (7.423b). For n = 0 both equations are uncoupled. The transverse electric field 
with amplitude A and the transverse magnetic field with amplitude B therefore are not 
coupled. 

In Figure 7.39(b) solution curves of (7.429) are drawn for the HE}, mode, the ny; 
mode and the Eg; mode. The solution curve for the HE, mode originates at u = 0, 
v = 0. Therefore for circles according to (7430) with an arbitrarily small radius, a point 
of intersection exists (i.e. the HE, mode exhibits no lower cutoff frequency and can 
propagate for arbitrarily small frequencies). The field distribution of the HE1, mode is 
depicted in Figure 740(a). For all other modes the curves of solution of (7429) exhibit 
v = 0 for u > 0. The values uo of u for which the curve of solution of the specific 
modes are going through v = 0 are summarized in Table 76. These values uo determine 
the lowest values of ffo according to (7.430) and the largest values of the free-space 
wavelength Ag for which the mode can propagate. The cutoff wavelengths A, of the 


modes are given by 


2 
LN err (7433) 
m 


With the exception of the nig; mode, which has no cutoff frequency, the TE, mode 
exhibits the lowest cutoff frequency. According to Table 76 and (7.433) it is given by 


2na 


2.405 


agen) 


è n - €. (7.434) 
Figure 7.39(b) shows the solution curves for the HE11, TMo and the TEo; modes for 
Ven = L5 and \/é;2 = 1.4955. The square roots of the relative permittivities are equal to 
the refractive indices. For optical fibers such small differences of the refractive indices 
between the core and cladding region are usual. Such small differences may be realized 
by different doping of the quartz material. Small differences between core and cladding 
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Figure 7.41: Dispersion diagram for the nri and T&o modes. 


refractive indices allow for the realization of optical fibers with a core diameter of 
up to 10 pm, in single-mode operation for less than 1 um wavelength. Figure 739(b) 
shows the graphic solution of the eigenvalue equations for a circular cylindric dielectric 
waveguide with a core diameter of 2a = 5 um and core and cladding refractive indices of 
15 and 1.4955, respectively. From (7434) we obtain a cutoff wavelength 1, = 0.758 um. 


Figure 7.40 depicts the field distribution of the zo; mode. For the small difference 
between €, and €,;, (7.431) and (7.432) are nearly identical. Therefore the solution 
curves for the TEo; and the TMo, modes cannot be distinguished. Figure 7.41 shows the 
dispersion diagram of the Toi mode. The HE1, mode exhibits no lower cutoff frequency; 
however, it is not suitable to guide waves of an arbitrarily low frequency. The lower 
the frequency becomes, the less the electromagnetic field is guided by the core of the 
fiber and the more it is spread in the cladding of the fiber or in free-space in the case of 
small perturbations of the waveguide or even small bending, The optical waveguide has 
to be designed such that the electromagnetic field is rapidly decaying in the cladding 
region, Otherwise the electromagnetic energy will be attenuated by lossy material on 
the surface of the cladding or it will be scattered. 
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7.14 PROBLEMS 
1. Consider the electric and magnetic Hertz forms given by 
Re jue + AO ei) dp, 
Dp = (BOEF + BO eit) do. 


a) Show that each of these Hertz forms allows to compute the field of the time- 
harmonic waves TEM mode of the coaxial circular cylindric waveguide. 

b) Compute electric and magnetic field forms for the coaxial circular cylindric 
waveguide with inner conductor diameter 2a and inner diameter of the 
outer conductor 2b. 

c) Find the normalized electric and magnetic field structure functions and 
express the field forms by voltages V) (z), V (z) and currents I® (z), 
IC (z) describing the waves propagating in positiveand negative z-direction 
and the structure functions. 

d) Compute the characteristic impedance of the coaxial circular cylindric 
waveguide. 

€) Compute the complex Poynting vector for the general case of waves propa- 
gating through the waveguide in both directions. 

f) Compute the complex power P, (z) flowing through the waveguide for the 
general case of waves propagating in both directions by integrating the 
complex Poynting vector over the cross-section of the waveguide. Compare 
this result with the complex power computed from the voltages V‘*) (z), 
VC (z) and currents 1 (z), I (z). 

g) Give the conditions for P (z) being either real or imaginary over the whole 
length of the waveguide. 

2. Show that the electromagnetic wave propagating in a coaxial circular cylindric 
waveguide can be derived from the magnetic Hertz form 


IL, = (f(z = et) + fO (z+ et)) de 


a) Compute electric and magnetic field forms for the coaxial circular cylindric 
waveguide with inner conductor diameter 2a and inner diameter of the 
outer conductor 2b. 

b) Find the normalized electric and magnetic field structure functions and 
express the field forms by voltages v‘*) (z — ct), vC) (z + ct) and currents 
iC (z — ct), i (z + ct) describing the waves propagating in positive and 
negative z-direction and the structure functions. 

c) Compute the characteristic impedance of the coaxial circular cylindric 
waveguide. 
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d) Compute the time-dependent Poynting vector for the general case of waves 
propagating through the waveguide in both directions. 

e) Compute the power P(z, t) flowing through the waveguide for the general 
case of waves propagating in both directions by integrating the complex 
Poynting vector over the cross-section of the waveguide. Compare this 
result with the complex power computed from the voltages v“*)(z — ct), 
vC (z+ ct) and currents i(*)(2- ct), i(-)(2+ ct). 

3. Consider a circular cylindric coaxial transmission-line with copper conductors 
(ox — 5.8 107 Sm). The diameter of the inner conductor is 2a = 0.9 mm and 
the inner diameter of the outer conductor is 2b = 2.95 mm. The coaxial cable is 
filled with polyethylene (0, € = 2.1, tan 5, = 2- 10-4 at 1 GHz). 
a) Compute the parameters C’, L', G' and R’. 
b) Compute the propagation coefficient y and characteristic impedance Zo. 
c) Draw the T-, TI- and allpass lumped element equivalent circuits for a line 
segment of length Az and compute the lumped element parameters for 

Az-2cm. 

A multiconductor transmission-line exhibits three conductors 1, 2, 3 shielded by 
a conductor 0. The space between the conductors is filled with a homogeneous 
isotropic dielectric material of e, — 2.25. The capacitance per unit of length 
matrix is 


E 


60 20 20 
C'-|20 60 20|pF. 
20 20 60 
a) Compute the wave velocity. 
b) Compute the inductance per unit of length matrix L’ . 
- Show that the TEmo modes of the rectangular waveguide can be derived from a 
magnetic Hertz form 


^ 


Dy = Asin fixe P dy 
and compute the field components. 
Consider a lossless rectangular waveguide with given height to width ratios 
b/a =1,0.5 and 0.2. 
a) Compute the cutoff frequency f. of the fundamental mode TE;o. 
b) Compute the cutoff frequencies of the next four higher modes. 
c) Give the single-mode frequency range. 
Consider a rectangular waveguide with copper walls (o = 5.8 10" $m") and 
inner dimensions a = 1 cm, b = 0.5 cm is filled with air. Let the waveguide be 
excited in the TE, mode. 
a) Compute the cutoff frequency f. and the cutoff wavelength A, of the fun- 
damental mode. 
b) Compute the cutoff frequencies and the cutoff wavelengths of the next four 
higher modes. 


a 


N 
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c) Compute the free-space wavelengths and the TE1o guide wavelengths for 
the frequencies f = 1.1 fe, 1.5 fe, 1.9 fi. 

d) Compute the amplitude attenuation coefficient æ due to the skin effect 
losses for the TE; mode at the frequencies f = 1.1 fe, 1.5 fes 1.9 fe. 

e) Compute the amplitude attenuation coefficient « for the evanescent fields 
of the next four higher modes at the frequencies f = 1.1 fe, L5 fes L9 fe- 
For these computations the skin effect losses may be neglected. 

8. Consider an empty rectangular hollow R 320 waveguide (inner dimensions a = 
7.112 mm, b = 3.556 mm). 

a) Compute the cutoff frequencies for the TE19 and TEn modes. 

b) Compute the guide wavelengths at 60 GHz for the TE1 and TEn modes. 

c) Compute the attenuation coefficients duc to skin effect losses in copper 
walls (ø = 5.8 - 107 Sm"!) at 60 GHz for the TE1 and Tz, modes. 

d) Let waveguide now be filled with a homogeneous isotropic dielectric with 
permittivity (e, = 2.25) and loss tangent tan 5, = 0.001. Compute the cutoff 
frequencies for the TE1 and TE), modes. 

e) Compute the guide wavelengths for the filled waveguide at 60 GHz for the 
TE1 and TE), modes. 

f) Compute the attenuation coefficients due to skin effect losses in copper 
walls for the filled waveguide at 60 GHz for the TE19 and TE;; modes. 

g) Compute the attenuation coefficients due to the dielectric losses in the 
filled waveguide at 60 GHz for the TEjo and TE; modes. 

9. Consider the empty rectangular hollow R 100 waveguide with copper (a = 5.8 
107 Sm) walls of inner dimension a = 22.86 mm, b = 10.16 mm. The waveguide 
is excited in the TE) mode at a frequency of 10 GHz. The power of 1 mW is fed 
into the waveguide. 

a) Compute the guide wavelength, the phase coefficient, the attenuation coef- 
ficient, the phase velocity and the wave impedance. 

b) Compute the amplitudes of the transverse electric and magnetic fields and 
of the longitudinal magnetic field. 

c) Compare the calculated waveguide attenuation with the attenuation of a 
coaxial line with diameter of the inner conductor 2a = 0.9 mm and inner 
diameter of the outer conductor 2b = 2.85 mm, filled with a dielectric with 
permittivity (e, = 2.25) and loss tangent tan ôe = 0.001 at 10 GHz. Consider 
skin effect losses as well as dielectric losses. 

10. Consider the standardized circular cylindric waveguide C 48 with an inner 
diameter 2a = 44.45 mm. The waveguide consists of copper (g = 5.8 10 Sm"). 

a) Compute the cutoff frequencies TEo1, TE, TMo; and TM; modes. 

b) Assuming a perfectly conducting waveguide wall, compute for the TEo: 
mode the wave impedance, the guide wavelength and the phase and group 
velocities of the guided wave at the frequencies 10 GHz, 12 GHz, 15 GHz, 


332 Electromagnetics 


20 GHz, 40 GHz and 60 GHz. 

c) For the waveguide consisting of copper (c = 5.8 - 10" Sm"), compute 
the attenuation coefficient of the Teg at the frequencies 10 GHz, 12 GHz, 
15 GHz, 20 GHz, 40 GHz and 60 GHz. 

1l. An empty circular cylindric hollow waveguide of inner diameter 2a = 2 mm 
guides an optical wave with a free-space wavelength Ag = 1.3 um. The waveguide 
is excited in the TE, mode. The waveguide is made from copper (s = 5.8 - 
10" Sm“). Compute the attenuation coefficient. 

12. Consider the radial waveguide excited in the Too mode. 

a) Show that this mode is a TEM mode. 

b) Show that in a surface p =const. a voltage V (p) and a current I(p) can be 
defined by V (p) = -hE,(p), I(p) = 2ngHs(p). 

c) Express electric and magnetic field forms by generalized voltage and current 
amplitudes and the electric and magnetic structure forms. 

d) Show that V (p) and I(p) satisfy the differential equations 
LP - -joL'(p)I(p) and 42 = -jaC'(g)V (p) 
with L'(p) = #4, C'(p) = 22. 

e) Compute the wave impedance Zp(p) and the characteristic impedance 
Zo(p)- 

f) Compute the complex Poynting form 7 (p) for a superposition ofharmonic 
waves flowing in positive and negative p-directions. 

13. Using the asymptotic expansions of the spherical Hankel functions, show that 
the wave impedances of the conical and biconical waveguide modes satisfy 
lim,- Z$? (r) = lim... ZG (r) = Zro 
limpo ZP (r) =j E Zro, lim-o ZG (7) = -j $ Zro- 

14. Consider a dielectric slab of 1 mm thickness and relative permittivity €, = 12. 
Give the cutoff frequency of the eight lowest surface wave modes. 

15. Consider a perfectly conducting metallic plate clad by a dielectric layer of 0.5 mm 
thickness and relative permittivity e, = 12. Give the cutoff frequencies of the 
eight lowest surface wave modes. 

16. Design an optical fiber for monomode transmission of light with a free-space 
wavelength Ao = 1.6 um. Let the refractive index of the core be m = 1.5 and the 
refractive index of the cladding n = 1.497. 

a) Determine the core diameter such that the normalized frequency is w = 2. 
b) Give the cutoff wavelength of the next two modes. 

17. Consider the shielded microstrip line with cross-section depicted in Figure 7.18. 
The dimensions are a = 4 mm, b = 2 mm, w = 0.6 mm and h = 0.6 mm. The 
region 0 < y < his filled with a dielectric with relative permittivity e, = 12. Use 
the quasistatic approximation in the following computations. 

a) Compute the capacitance per unit of length. 
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b) Compute the inductance per unit of length. 

c) Compute the wave velocity. 

d) Compute the characteristic impedance. 
Hint: The numerical computations require some numerical effort. Using a high- 
level programming tool like Mathematica or Matlab will be helpful 
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Chapter 8 


The Transmission-Line Equations 


8.1 THE TRANSMISSION-LINE CONCEPT 


In this chapter we are concerned with the longitudinal variations of the wave amplitudes 
ona transmission-line. We assume the transmission-line to be excited in a certain mode. 
The transverse field distribution is determined by the excited mode. In the longitudinal 
direction the spatial variation of the field is governed by the transmission-line equations 
(757a) and (757b). Transmission-line theory is presented in [1-4]. 

In our treatment of the TEM waveguide we have observed that the transverse field 
distribution is only determined by the geometry of the waveguide. The state of a 
transmission-line is described completely by the scalar quantities V (z) and I(z), re- 
spectively. Current and voltage are governed by the line equations (7.67) and (7.72). 
In the same way we can describe the TEj mode of a rectangular waveguide by the 
transmission-line equations (7.273a) and (7273b), if we are introducing generalized 
currents and generalized voltages to describe the electromagnetic wave in the waveguide. 
If we are choosing a certain mode in a waveguide, the specific state of excitation also 
is given by the generalized voltage and the generalized current, which depend on the 
longitudinal coordinate z only. We can now formulate the transmission-line equations 
in a more general form, which is valid for TEM modes in two-conductor waveguides as 


€ LA © LA C LOAD GAL 


Av 
Cp'Al " Cy'Al $ Lpy"IAl y of 


A Al a AL > “= Al 


Figure 8.1: Equivalent circuits for (a) the TEM waveguide, (b) the Te waveguide, and (c) the Tw waveguide, 
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Table 8.1: Transmission-Line Parameters of Lossless Waveguides 


Mode Impedance per Admittance per Characteristic Phase 
unit oflength unit of length impedance coefficient 
z d Zo B 
TEM jol, wC, Eg u JEC, 
ai ái i VG ? 
; 
Te jor, i(e%}- ay) Za- eyi-(B) 
" (#2) i 
E E 
y is (1-8) 
m — j (wL- zh) ju; Zeeze.-() s A- (Ry 
sE(-3) jg 


well as for TE and TM modes, 


dv 


==-Z'1, (8.1) 
The characteristic impedance Zp is given by 
Zo= (8.2) 
‘The propagation coefficient y is given by 
ysasjfBzVZY. (8.3) 


For the TEM wave and for the TEjo waveguide mode we know the impedance per unit of 
length Z' and the admittance per unit of length Y'. If we now assume that transmission- 
line equations of the type of (8.1) also are valid for other waveguide modes, we can 
derive the impedance per unit of length Z' and the admittance per unit of length Y^ 
from the characteristic impedance Zo and the propagation coefficient y of these modes 
using (8.2) and (8.3), 


Z'- yZy, yet. (8.4) 
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‘These quantities are summarized in Table 8.1 for the lossless line. Using the impedance 
per unit of length Z’ and the admittance per unit of length Y' we can specify the 
equivalent circuits according to Figure 8.1 for short line segments of length Al. The 
equivalent circuits according to Figure 8.1(a) and 8.1(b) are the equivalent circuits 
already derived for the TEM waveguide mode and for the rectangular waveguide mode. 
‘The equivalent circuits according to Figure 8.1(b) and 8.1(c) are valid in general for the 
TE,,, modes and TM», modes of waveguides, respectively. In Figure 8.1(b) and 8.1(c) 
we have applied for the first time the network concept to a waveguide segment where 
current and voltage are not defined as usual by line integrals over magnetic and electric 
fields, respectively. This extension of the network concept will be very useful in the 
following. It allows not only a simple description of waveguide circuits, but also the 
application of network theory to waveguide circuits. 


8.2 GENERALIZED VOLTAGES AND CURRENTS 


Like voltages and currents generalized voltages and generalized currents are integral 
field quantities. For these integral field quantities different definitions are used in 
literature. For transverse electromagnetic waves the definition of current and voltage 
as usual by line integrals makes sense. We also want to introduce for waveguide modes 
definitions of generalized voltages and generalized currents, which are independent 
from the waveguide modes. For the TE19 mode of the rectangular waveguide we have 
introduced the generalized voltage V and the generalized current I such that they 
are interrelated with the transmitted active power according to (7.262). We want to 
keep this definition in the following. Since the transmitted active power depends on 
the transverse components of the electromagnetic field, it makes sense to define the 
generalized currents and voltages as integrals of the transverse field intensities of the 
waveguide modes. 

We subdivide the field in the waveguide into transverse and longitudinal components. 
‘The transverse field components are described by the differential forms £,, and H,,, 
respectively, and the longitudinal components are described by the differential forms 
£, and H,, respectively. For the xy-plane as the transverse plane and z-direction as 
the longitudinal direction, we obtain 


E(x) e£ (x) + E(x), (8.5a) 
W(x) =H, (x) +H, (x) (&5b) 

with 
£u(x) = E, (x) dx + Ex) dy, (8.63) 


£,(x) = E (x) dz, (8.60) 
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‘H,,(x) =H, (x) dx +H, (x) dy, (8.6c) 
H, (x) = H,(x) dz. (8.64) 


We now split up the transverse field intensities as in (727a) and (227b) into the complex 
amplitudes V(z) and I(z) and the real normalized structure functions e(x, y) and 
h(x, y). For the TEM mode e(x, y) and h(x, y) have been normalized in Section 4.4 
such that V(z) and I(z) are defined via the path integral from conductor 1 to conductor 
2 and the circulation integral around conductor 2. 

In (2272) and (727b) we introduced the structure functions e and h. Introducing 
structure functions for the transverse field components we generalize the definition of 
the structure functions for TEM, TE, and TM waves, 


E,(x) = V(z)e(x, y). (872) 
Hx) = Kz)h(s y). (87b) 
In (7272) and (227b) the differential forms eand h were introduced: 
e(x, y) = ex (x, y) dx + e, (x, y) dy, (8.82) 
h(x, y) = hx (x, y) dx + hy Gc y) dy. (8.8b) 
From (8.74) and (8.7b) we obtain the corresponding relation for the differential forms: 
£y (x) = V(z)e(* y), (8.92) 
34, (x) = Kz)h(x. y). (8.9b) 


Let us first consider the TEM modes. For the TEM mode the field intensities are coincident 
with the transverse field intensities. We can normalize the structure functions via path 
integrals with the normalization already given in (731a) and (7.31b). 

Figure 8.2 shows the relation of the direction of the arrows for current and voltage and 
the direction of field lines and the Poynting vector. For the waveguide the introduction 
of integral field quantities can only be performed if the path of integration is specified. 
The disadvantage of this method, however, is that we have to specify a path of integration 
for every waveguide mode, and a definition of a path of integration independent from 
the mode is not possible. We therefore will perform the normalization on the basis of 
the area integral over the absolute squares of the transverse field quantities. The active 
power transmitted by the waveguide is given by 


Pam f£, iz) (830) 


‘The area integral is performed over the cross-sectional area A of the waveguide. Inserting 
(8.92) and (8.98) yields 


p-3ov()1 (2) f, e) a h(s y). (sal) 
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‘Figure 8.2: Relation of arrows and field orientation in the TEM waveguide. 


From (731a) and (731b) we obtain 


f senten f, eer d. hoe (812) 


and with this from (8.11) 
P-4o(Y(2)IG)] . (813) 
To consider rectangular and circular hollow waveguides we summarize (7241), 


(7242), (7.248) and (7249), which have been derived for waveguides with a rectan- 
gular cross-section in 


E 


(814) 


Furthermore 
Za for TE modes 


Zo= 8.15) 
ji Fa for TM modes 85 


is valid. Since (7243) and (7.250) also have to be considered for waveguides with a 
rectangular cross-section as well as for waveguides with a circular cross-section, we 
obtain 


"d edra£, 


4$ E 


£y 7 -Zo + dz A Ha. (816b) 


(8162) 
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We now are inserting (8.9a) and (8.16a) into (8.10) and obtain for the guided wave 
propagating in positive z-direction the transmitted active power 


- ve * 
"zl fies (dz ^e). (&17) 


This yields 
EE f c 
P= zz J (b+) den dy, (8.18) 


We now specify the structure function e to be real and normalize it according to 
b gi z 
S +g) axa dy=1. (8.19) 


Inserting (8.8b) and (8.16b) into (8.10) we obtain for the active power P transmitted in 
the positive z-direction 


P= zoe f (h+) denrdy. (8.20) 

We now normalize the real structure function h according to 
f (i +83) dxa aya. (8.21) 
"The differential forms of the electric and magnetic structure functions are related via 


h=+(dzne), (8.222) 
ez -*(dzAh). (8.22b) 


From (822a), (8.22b) and (8.20) it follows that 
rennet. (8.23) 
" 


Application of this normalization to the TE1 mode of the rectangular waveguide yields 


(8.24a) 


1 
Hort NES 


(8.24b) 


Concerning the structure functions we have only decided that they are real and that 
their absolute square is normalized. We may choose the sign of V and I, and we have 
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Figure 8,3: Relation of arrows and field orientation in a hollow waveguide. 


to decide how the signs of V and J shall be related to the direction of the electric 
and magnetic fields. Figure 8.3 shows the assignment chosen in the following for the 
relation between the arrow of the generalized voltage V and the generalized current J, 
respectively, and the direction of the field quantities in the TE19 mode. 


We note that for TEM modes the currents and voltages are defined in the conventional 
way via the line integrals over H and £. Therefore, the ratio of voltage and current differs 
from the ratio of transverse electric and magnetic fields. The characteristic impedance 
for a TEM transmission-line wave therefore is not identical with the wave impedance of 
the corresponding field. For Tz and TM modes, however, we have defined generalized 
voltages and currents in such a way that the ratio of generalized voltage and generalized 
current is identical with the ratio of the transverse electric and magnetic fields. For the 
modes of hollow waveguides the characteristic impedance therefore is identical with 
the wave impedance, 


8.3 SOLUTION OF THE TRANSMISSION-LINE 
EQUATIONS 


Eliminating V and [in (8.1), we obtain again the transmission-line equation, see (7.73a) 
and (773b), respectively. This second-order ordinary differential equation has the two 
independent solutions e-?* and e”? or cosh yz and sinh yz, respectively. Let us consider 
the first pair of solutions. The solution e7"* describes a wave propagating in the positive 
z-direction, whereas e”? describes a wave propagating in the negative z-direction. The 
generalized voltage V may be represented by 


Y(22YO9 er» vOer, (8.25) 
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where V“*) and V are the complex amplitudes of the wave propagating in the 
positive and negative z-direction, respectively. Introducing (8.25) into (8.1) we obtain 


X2) = VM e - v O en). (826) 
Zo 
In the same way as V, the generalized current I may be represented by 
I2) =1P e «fO en, (827) 


where J“ and I are the complex amplitudes of the electromagnetic waves propa- 
gating in the positive and negative direction respectively. Comparing (8.26) and (8.27) 
we obtain 


(+) (=). 
(0.47. — qa. X. (828) 


Zo Zo 

If an electromagnetic wave is propagating only in one direction the ratio between 
voltage and current is given by Zp and is independent from z. If we know voltage 
and current at a certain point of the line (e.g. at z = 0), and want to compute voltage 
and current at any other point of the line, it is useful to represent the solution of the 
transmission-line equation in terms of cosh yz and sinh yz. For the voltage V we obtain 
the general solution 

V(z) = Acosh yz + Bsinh yz, (8.29) 


where A and B are complex amplitudes. With (8.1) we obtain 


I(z) = -g sinh yz & Boosh yz). (830) 
y 
At z = 0 voltage and current are given by 


YG-0-4. Me=0)=-Ż. (830) 
i 


We therefore can express A and B by V and I and obtain 


V(z) = V(z 7 0) cosh yz - ZoJ(z = 0) sinh yz, (8.322) 


12 — sinh yz + (z= 0) cosh yz. (832b) 


Since we may choose the point z = 0 at any position of the line we may calculate from 
.V(0) and I(0) the voltage V (z) and the current J(z) at any other position z on the 
line. Let us consider a line segment of length as depicted in Figure 8.4. Let V , and I, 
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l 


Figure 8.4: Line segment of length 1. 


be voltage and current at the input of the line segment and V, and L, the voltage and 
the current at the output of the line segment. We can compute V, and L, as a function 
of V, and I. From (8.32a) and (8.32b) choosing z = 0 at the output, at the line input 
we then obtain z = -I. 


V, cosh yl + Zol, sinh yl , (8.33a) 
V, 

1, = ze sinh yl +1, coshy!. (8.33b) 
Zo 


The hyperbolic functions with the complex argument y! may be represented by 


sinh yl = sinh al cos Bl + j cosh æl sin f, (8.34a) 
cosh yl = cosh al cos BI +j sinh al sin Bl. (8.34b) 


For the lossless line with the characteristic impedance Zo and the phase coefficient f 
we obtain 


V4 cos fil +jZol, sin Bl, (8.35a) 

Y, 

Zt sin Bl +1, cos Bl. (8.35b) 
o 


Considering a line terminated with an impedance Z, at the end of the line at z = 0, 
according to Figure 8.5 we obtain the relation 


(8.362) 
(8.36b) 

After inserting (8.33a) and (8.33b) we obtain 
Za _ 21+ Zotanhyl (837) 


Zo Zq+Z,tanhyl’ 
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Re{ Viz} 
ES 0 z 


Figure 8.5: Line terminated with Zi, 


For complex y we use 


tanh ai +j tan fl 


tanh yl = ——_—_—_—_.. x 
anay = Vi tanh ad tan BÍ van 
For the lossless line we therefore obtain 

Za _ Zi +jZotanpl p 


Zo Zo*jZitanfl 


8.4 WAVE AMPLITUDES 


We already have shown that a transmission-line wave of a certain mode may be de- 
scribed by two complex amplitudes V (z) and I(z). If the wave is propagating in one 
direction only, it may be completely described either by the voltage amplitude V (z) or 
the current amplitude I (2), since for a wave propagating in the positive z-direction the 
voltage to current ratio is given by V(z)/I(2) = Zo and for a wave propagating in the 
negative z-direction the voltage to current ratio is given by V(z)/I(z) = Zo. Instead 
of voltage V (z) and current I(z) we may also use the amplitudes of the electromag- 
netic waves propagating in the positive and negative z-direction, respectively. In the 
following we assume the line to be lossless and the characteristic impedance to be real 
and define the wave amplitudes a(z) and b(z) via 


ala) = zoe) Zu). (8.403) 


b(z)- glo - Zel(z)]- (8.40b) 
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After inserting (8.25) and (8.26), we obtain 


a(z)= yr ar, (8.41a) 
3 
iiz ve e, (8.41b) 


These equations show that a(z) describes the wave propagating in the positive z- 
direction, whereas b(z) describes a wave propagating in the negative z-direction. The 
voltage V(z) and the current J(z) may be expressed by the wave amplitudes a(z) and 
b(z) as follows 


V(z) = VZola(z) + b(2)], (8.42a) 
I(z)= zeo -h(). (8.42b) 


From (8.1), (8.4), (8.402), and (8.40b) we obtain the transmission-line equations for 
the wave amplitudes a(z) and b(z) 


= = -jfa, (8.43a) 
dz jpe. (8.43b) 


The transmission-line equations for the wave amplitudes a(z) and b(z) are not cou- 
pled. The waves propagating in the positive and negative z-directions are propagating 
independently. The solutions of (8.43a) and (8.43b) are given by 
alz) =a(z=0)}, (8.442) 
b(z) = b(z- 0)e) P. (8.44b) 


The active power transmitted through the line in the positive z-direction is given by 
P(z) = 4R{V(2)I" (2)) = 38 (lal - ICI a^ (2)b(2) - a(z)b" (2)) - (8.45) 


From this it follows i 
HORE (la - IbCOP) - (846) 


The first term |a(z)|? describes the power transmitted by the wave a(z) in the positive 
z-direction, whereas the second term |b(z)|? describes the power transmitted by the 
wave b(z) in the negative z-direction. We have defined the wave amplitudes only for 
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lossless lines. This definition may also be used for lines with small losses where the 
complex characteristic impedance of the transmission-line can be approximated by a 
real characteristic impedance Zo. In (8.41a), (8.41b), and (8.43a)-(8.44b) we have to 
replace j with y. This approximation is justified since the characteristic impedance of 
a transmission-line with weak losses only differs slightly from the characteristic imped- 
ance of a lossless line. In the treatment of waveguides and waveguide circuits, the use of 
wave amplitudes a(z) and b(z) is more common than the use of generalized voltages 
and generalized currents, the reason being that for waveguides wave amplitudes are 
physically descriptive and, furthermore, may be measured directly. Numerous simple 
design methods for microwave circuits are based on the wave amplitude description. 
The introduction of generalized voltages and currents, however, allows the applica- 
tion of common network theoretic design methods. Therefore, one always will choose 
the representations of the integral field quantities, which are better suited for either 
measurement or analysis and change the representation, if necessary. 


8.5 REFLECTION COEFFICIENT AND SMITH CHART 


The lossless line terminated at the end exhibits an input impedance as described by 
(8.39). The input impedance gives the ratio of generalized voltage V and generalized 
current I at the input of the line, We also may describe the impedance by the ratio of 
the complex amplitudes of the incident wave and the reflected wave. We name this 
ratio the reflection coefficient p defined by 


b(z) 

= 24). 8.47) 
p(z) az) (847) 

Let us assume the reflection coefficient p at z = 0 is given by 

b(0) 
Po= FON (8.48) 
With (8.44a) and (8.44b) we obtain 

p(z) =p”. (8.49) 


For a line segment of length ! according to Figure 8.6 that is terminated at the end with 
Po» we obtain from (8.49) the reflection coefficient p at the line input 


pa=p(z=—!)=poe if, (8.50) 


From (8.42a) and (8.42b) we obtain the input impedance Z, of the terminated line 
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Pa | Ye) Po 


ay 


zi 0 


Figure 8.6: Line terminated with po. 


1+ pa 
° T= pa 


X (851) 


From this we obtain the following relations between impedance Z and reflection 
coefficient p, 

2 Z-Z 

p P ge 
The description of the terminated lines by that reflection coefficient at the input is 
equivalent to the description by the input impedance. Comparing (8.39) and (8.49) 
we see that the relation between the reflection coefficient and length of the line has a 
much simpler form than the relation between line impedance and line length. If the 
reflection coefficient p is given at a certain point of the line, and if we propagate along 
the line in the positive or negative z-direction, the reflection coefficient p is moving on 
a circle with center zero in the complex p-plane. The graphical representation of the 
impedance transformation properties of a line is given by the Smith chart [5], depicted 
in Figure 8.7. The point with 


(8.52b) 


po = lpol e? (8.53) 


is marked in the diagram. Increasing the distance from the line termination means to 
move in the negative z-direction. According to (8.49) and (8.50) in this case we move 
clockwise on a circle p = const. Moving by half the line wavelength 3A corresponds 
to a complete rotation of 360° in the Smith chart. Mapping the coordinate grid of the 
Z-plane into the p-plane yields a circular coordinate grid as depicted in Figure 8.7. Any 
linear fractional transformation in the complex plane is mapping circles into circles [6]. 
Straight lines also belong to the set of circles, since a straight line may be considered 
as a circle through the infinite point. It is useful to normalize the mapping between 
the impedance and reflection coefficient with respect to the characteristic impedance 
Zo. We obtain the orthogonal circular coordinate grid for X = const. and R = const., 
respectively. This diagram with the Z-coordinate grid drawn in the p-plane is called the 
Smith chart. The Smith chart provides an easy way to determine the input impedance 
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LOAD Im{p} GENERATOR 


Figure 8.7: The Smith chart, 


of a line terminated at the end and shows the graphic solution of impedance matching 
problems. It provides information regarding the impedance, reflection coefficient, and 
the standing wave ratio of a microwave circuit. Figure 8.8 shows the complete Smith 
chart with scaled curves of constant R/Zo and constant X/Zo. On the periphery of the 
Smith chart the phase angle £! and the normalized line length I/A are scaled. This scaled 
Smith chart is a powerful tool for the graphical design of microwave circuits within a 
reasonable degree of accuracy. The scales of the Smith chart allow us to determine the 
position of a normalized impedance directly. As shown in Figure 8.7 we can determine 
magnitude and phase of the corresponding reflection coefficient p. 


Ifa transmission-line is terminated with the wave impedance Zy (i.e, Z; = Zo), we 
obtain from (8.52b) the input reflection coefficient p = 0. If the line is terminated with 
its characteristic impedance no wave will be reflected from its end. Due to (8.49) we 
have p = 0 over the whole line length and therefore also at the input of the line no wave 
is reflected. In the case of a non-reflecting terminated line we have power matching. For 
Po + 0 the magnitudes |V(z)| and |J(z)| depend on z. To determine the z dependence 
of the magnitude of the voltage, we insert (8.49) and (8.53) into (8.42a) and obtain 


|V(z)| = la(0)|V/Ze(1 + [pol? + 2|po] cos(28z + 5y)] (8.54) 
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o 


Figure 8.8: The complete Smith chart. 


In the same way we obtain from (8.42b) the absolute value of the current 


W(z)| = la(O)ly/ z 1+ |pol? - 2\pol cos(28z + 85)] - (8.55) 


‘The z dependence of |V (z)| and |I(z)] is demonstrated in Figure 8.9. The magnitude of 
the voltage |V (z)] assumes its maximum value |V (z) max at za and its minimum value 
1V(z) min at zp. From (8.54) and (8.55) we obtain for the maximum and minimum 
magnitudes of |V (z)| and [J(z)|: 


Vmax = Zolmax = VZola(0)|(1 + lpo); (8.56a) 
Vanin = Zolmin 7 VZola(0)|(1- |pol) - (8565) 
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Figure 8.9: Variation of |V (z)] and [I(z)| along the transmission-line. 


We define the standing wave ratio (SWR) as 


Vues, fiis (8.57) 


[uu 


The standing wave ratio s is a real number such that 1 < s < co. This quantity also is 
called voltage standing wave ratio (VSWR). With (8.52), (8.562), and (8.56b) it follows 
that 
s- Za) __%o 
Z Zu 
The voltage standing wave ratio depends only on the magnitude |p| of the reflection 
coefficient. In the Smith chart the locations of constant s are circles centered around 
the origin. Figure 8.10 shows the circles of constant s. 
From measuring the z dependence of the magnitude of the voltage |V (z)] with 
a potential probe we can determine the reflection coefficient, From the ratio of the 
maximum magnitude and the minimum magnitude of the voltage we can determine 
the magnitude of the reflection coefficient from the position Za or zy, respectively. 
Using (8.54) we can determine ô and thereby the phase po. This determination may 
also be performed using the Smith chart since z, and z, are positioned on the X = 0 
axis of the Smith chart. The right intersection of the circle p = const. with the X = 0 
axis yields Z4, whereas the left intersection of the circle p = const. with the X = 0 axis 
yields Z,. From the Smith chart we may compute not only the complex impedance Z, 
but also the complex admittance Y. The normalized impedance z and the normalized 
admittance y are given by 


(8.58) 
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Figure 8.10: Circles of constant s in the Smith chart. 
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z7 (8.59a) y=YZ. (8.59b) 
a PA 


‘The normalized impedance z and the normalized admittance y are related by 


yee. (8.60) 


The relation between the reflection coefficient p and the normalized impedance z and 
the normalized y, respectively, according to (8.52b), (8.59b), and (8.60) is given by 


1 y-1 
A 61: 
zl 1610) 


p (8.61b) 


y*i 
We can use the coordinate grid of the Smith chart for the normalized impedance z 
as well as for the normalized admittance y if we consider that transforming from the 
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(a) (5) 


Zi 


P A 
Figure 8.11: Representation of impedances and admittances in the Smith chart. 


normalized impedance to the normalized admittance means a change of sign of the 
reflection coefficient and therefore mirroring p at the origin of the Smith chart. 

‘The inversion in the impedance or admittance plane corresponds to a rotation by 
180° in the p-plane. Figure 8.Il(a) shows the Smith chart with the impedance grid. The 
admittance grid is depicted in Figure 8.11(b). The normalized impedance z, and the 
normalized admittance y, = 1/2; can be determined from the reflection coefficient 
p using the impedance or the admittance grid respectively. Instead of rotating the 
grid it is more convenient to rotate the p-plane by 180°. This means that if we want to 
determine the normalized admittance yı we remain in the impedance grid and mirror 
the location of the impedance at the origin of the Smith chart. 

‘The Smith chart provides information about circuits containing transmission-line 
elements and is a valuable tool for microwave circuit design [7,8]. Up to now we have 
assumed the transmission-line to be lossless. If the transmission-line is lossy, however, 
we have to replace (8.50) with 


Pa=poe”". (8.62) 


Propagating on a lossy line from the load towards the generator, we are moving in the 
Smith chart on a logarithmic spiral instead of a circle (Figure 8.12). For a long lossy line 
the input impedance also converges to the characteristic impedance of the line if the 
line is not terminated with its characteristic impedance. With a lossy line we cannot 
perform extreme impedance transformations, since normalized impedances with very 
large magnitudes as well as normalized impedances with very small magnitudes are 
located in the Smith chart close to the point p = +1. With the spiral we cannot transform 
to such points. A short circuit, for example, cannot be transformed with a lossy 1A line 
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Figure 8.12: Reflection coefficient of a lossy line terminated with (po = -1). 


into an open circuit with p = 1, but is transformed due to (8.62) into a finite impedance 
with p = e~#*4, A detailed treatment of lossy transmission-lines is given in [9] 


8.5.1 Impedance Matching with Lumped Elements 


Using two lumped reactance elements any complex load Zz with R(Z;) > 0 can 
be matched to a real impedance Zo. Figure 8.13 shows the matching of a load with a 
series capacitor and a parallel inductor, Consider a load with normalized impedance 
zy = 0.2 + j2. The location of this impedance is at the intersection of the circles r = 0.2 
and x = 2. Connecting a series capacitance C, means to move in negative direction 
on the circle of constant r. In this way we transform to the point z;. The change from 
the normalized impedance z; to the normalized admittance y; = 1/2, is performed by 
mirroring at the origin. We now are in the normalized admittance representation, where 
the circles of constant r and x have changed to circles of constant g and b respectively. 
The parallel connection of the inductor L, yields a transformation of y, into the origin 
p =0. To perform this transformation the real part of yı must be 9t(i) = 1. This can 
be achieved by drawing the auxiliary dashed half-circle that mirrors the half-circle 
9t(y) = Lat the origin. The location of z; is found as the intersection of the r = PR(z; ) 
circle with the dashed auxiliary circle. In this way we obtain z = 0.2 — j0.4 with 
1/j@C,Zp = -j2.4. Inverting 2; yields y; = 1 + j2. The transformation from y; to the 
origin y = 1 is achieved by a parallel inductance Lp with Zo/jwLp = -j2. 

Figure 8.14 shows a matching circuit consisting of a series inductor L, and a parallel 
capacitor Cp to match the load impedance Zz, to the real impedance Zo. With the series 
inductor we transform z; moving clockwise on a circle of constant r into a z; that can 
be mirrored into y; located on the circle of constant normalized conductivity g = 1. 
To find this point we draw the dashed auxiliary circle. For a given zr = 0.2 -j0.6 we 
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Figure 8.14: Matching of a load with a series inductor and a parallel capacitor. 


obtain z; = 0.2 € j0.4 and from this j oL, /Zo = j. Mirroring z; at the origin of the chart 
yields yı = 1—j2. This normalized admittance can be transformed into the origin by a 
parallel capacitor with jwCpZo = j2. 


In the matching circuit depicted in Figure 8.15 first an inductor Lp is connected 
parallel to the load impedance Z; and then the capacitance C, is connected in series 
to this circuit. Let the normalized load impedance be zz = 0.2 — j1.4. Inversion of z; 
by mirroring at the origin of the Smith chart yields y; = 0.1 + j0.7. With the parallel 
conductor we move on the g = 0.1-circle in negative direction to the intersection with 
the dashed auxiliary circle. This yields y, = 0.1 — 0.3 and Zo/j wLy = -j. Mirroring y 
we obtain z; = 1 + j3. This can be transformed into the origin with a series capacitance 
1/jwC,Zo = -j3. 
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Figure 8.15: Matching ofa load with a parallel inductor and a series capacitor. 
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Figure 8.16: Matching of a load with transmission-line and open series stub line. 


8.5.2 Impedance Matching with Stubs 


At higher frequencies the realization of matching circuits with transmission-line el- 
ements becomes advantageous since the required transmission-line elements are of 
shorter length and allow the realization of compact matching circuits. Furthermore, 
transmission-line elements exhibit a higher Q-factor than lumped reactances and also 
can be integrated by the use of planar transmission-line elements. Open or shorted 
transmission-line elements allow the realization of any reactance. In addition to this 
the impedance transformation can be used. 

Figure 8.16 shows a matching circuit consisting of a transmission-line of length } and 
an open line stub of length I. On the transmission-line the impedance is transformed 
on a circle of constant |p|. We choose the length l; of the transmission-line such that 2, 
is on the circle PR(z) = 1. From the scale on the periphery of the Smith chart we can 
read h/À = 0.25. Via the transmission-line the load impedance is transformed into the 
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Figure 8.17: Matching of a load with two parallel short-circuited stub lines. 


normalized impedance z; = 1 + j2. This can be transformed with normalized series 
reactance z = -j2 into the origin. This capacitive reactance can be realized via an open 
stub line. The length of the open stub line also may be determined via the Smith chart. 
Assume that the open stub line also has a characteristic impedance Zo. Then the length 
of the open stub determined with the Smith chart is /A = 0.074. 

Figure 8.17 shows the matching of a load by two short-circuited stub lines. Starting 
from the load with a given normalized impedance z; = 0.05 — j0.35 we obtain by 
mirroring at the origin y; = 0.4 + j2.8. Parallel circuiting a stub with a normalized 
admittance -j2.6 yields y; = 0.4 + j0.2, This admittance can be realized with a short- 
circuited stub line of characteristic impedance Zo the length lj of which can also be 
determined with the Smith chart. We obtain an electrical length Bh, = 42.075° which 
corresponds to 4 /À = 0.0584. The next step is to transform the admittance such that 
its location in the Smith chart is on the circle 9t(y) = 1. The admittance is moved 
on a circle of constant |p| up to the intersection with the Xt (y) = 1-circle. This yields 
the normalized admittance y; = 1 + j and the electrical length of the transmission- 
line Bl, = 90° corresponding to ,/A = 0.125. The transformation from y; to the 
origin is performed by stub with a normalized admittance -j. This admittance can be 
realized with a short-circuited stub with an electrical length Bl, = 90° corresponding 
to h/A = 0.125. 


8.6 SOLUTION OF THE MULTICONDUCTOR 
TRANSMISSION-LINE EQUATIONS 


We consider a multiconductor transmission-line with n + 1 conductors shown in 
Figure 8.18. The transmission-line is assumed to be inhomogeneous, therefore the mul- 
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ticonductor transmission-line will exhibit n quasi-TEM modes. For a detailed treatment 
of multiconductor transmission-lines, see [10-15]. In the case of a lossy multiconductor 
transmission-line the conductor losses are described by a per-unit-length resistance 
matrix R’ and the dielectric losses are represented by a per-unit-length conductance 
matrix G’. The first-order time-domain multiconductor transmission-line equations 
derived in Section 75, (7.98a) and (798b) are 


meg D oiea- cen un (8.632) 
avlet) y. diz, t) 
BD Leig UT (8.630) 


with the per-unit-length impedance matrix Z’ and the per-unit-length admittance 
matrix Y’, given by 


Z'=R'+jol', (8.64a) 
Y'=G'+jwC’. (8.64b) 


The frequency-domain first-order transmission-line equations for the lossy multicon- 
ductor transmission-line are 


(8.652) 


dV() — 5 
TCI). (8.65b) 


In frequency-domain the second-order multiconductor transmission-line equations 
are given by 


svo -zZ'Y'V(z), (8.662) 
SE y 
aa YZ) (8.660) 


For a closed form frequency-domain solution of the multiconductor transmission-line 
equations we diagonalize the per-unit-length impedance and admittance matrices z 
and Y' by a similarity transformation (see Section C.2). We seek matrices My and My 
such that M7? Z’M; and M;'¥’ My are diagonal and given by 


MyZ'Mi = 
M7'Y'My = 


=diag[2Z1,22,...Zn], (8.672) 
- diag[ ñ, 15, ... Yn]. (8.67) 
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Figure 8.18: Multiconductor transmission-line segment of length I 
"The mode voltages V (z) and mode currents Ì(z) are given by 
(z) - Mj Y(2), (8.682) 
I(z) = Mj'1(z). (8.68b) 
Inserting (8.672) to (8.68b) into (8.65a) and (8.65b) yields 
di(z) "T 
al = -¥'V E 
E: Y'V), (8.692) 
He). -240), (8.69) 
where the modes are uncoupled. From this we obtain the uncoupled second-order 
multiconductor transmission-line equations 
) Wz), (8.70a) 
dz om 
d Six 
10 yz. (8.70b) 
(871a) 


dz 
From (8.67a) and (8.670) we obtain 
Z'Y'-MyZYMy 
YZ'-MiZYM; (871b) 
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Since Z' and Y' are both diagonal matrices, their product is commutative, that is, 


ZT-y (872) 


and the expressions Mj Z'Y' My and M;'Z'¥'M, are identical with their transposes. 
We therefore can write 


MyZ'Y'My = MLY'Z(My)! = Mj'Y'Z'Mr = MYZ(My)'. —(873) 


From this it follows M; = MJ. This means that we only need to diagonalize either the 
product Z’Y’ or the product Y' Z'. We introduce 


M- My - (MI. (874) 
Introducing the diagonal matrix 


p-zY 


Z' = diag[9 Po. Fals (875) 


the uncoupled second-order multiconductor transmission-line equations (8.702) and 
(8.70b) can be written as 


£20) -yYvo. (8.762) 
dilz) 2. 
da "PX. (8.76b) 


According to (8.25) and (8.26) the solutions are given by 


y-e* y? «evo, (8772) 
iz -e* 1? 4 FO (877b) 

with. 
e*? = diag[c*?*, eth.. etr]. (878) 


‘The modal voltage and current amplitudes are summarized in the vectors 


$92 = vp... 
Idem. 


; (8792) 
(879b) 


360 Electromagnetics 


With (8.68a) and (8.68b) we obtain from (8.77a) and (8.77b) the conductor voltages 
.V(2) and conductor currents I(z) as 


V(z)=M(e* ay ey i" (8.802) 
I(z) - (MT)? (eri BO aA Ni (8.80b) 
Inserting (8.80a) into (8.69b) yields 
1(2) = Z^ My(e* FO - HO), (8.81) 
We define the characteristic impedance matrix 
Zo = My'M^Z. (8.82) 
With this the current vector (8.81) can be expressed as 
L(a) = Z M (e y? ve. (8.83) 


We decompose the multiconductor transmission-line waves into waves propagating in 
positive z-direction described by the voltage and current vectors VC) (z) and I (z) 
and waves propagating in negative z-direction described by the voltage and current 
vectors V^ (z) and I? (z), 
Ve) = VO(z) + v (2), (8842) 
Ke) = 1 (2) «1 (). (8.84b) 
The voltage and current vectors of the unidirectional waves follow from (8.84a) and 
(8.83) as 
yz) = Me? ý”, (8.853) 
yz) » Meo, (8.85b) 
1) (2) = z; Me? VO , (8.85c) 
P». (8.854) 


)(z) =-Z5'MeF V 


We define the reflection coefficient matrix T(z) relating the backward-propagating 
voltage waves to the forward-propagating voltage waves via 


YOU) - rv). (8.86) 


The Transmission-Line Equations 361 


Termination 


Multiport 


Figure 8.19: Multiconductor transmission-line segment of length I. 


Inserting (8.85a) and (8.85b) yields 
Me? $O = r(z)Me? YO. (8.87) 


From this we obtain the relation between reflection coefficient matrix values at the two 
longitudinal coordinates z and zj, 


T(z) = Meo? MT (z,) Me?) Mt, (8.88) 
With (8.85c) and (8.85d) we obtain from (8.86) 
1 (2) = -z;'r(z) Zo (2)? . (8.89) 
From (8.84a) to (8.85d), (8.86), and (8.89) we obtain 
vV(z) - Q«r()Me v^, (8.904) 
Ke) = Zi (1 - I(2))Me* VC? . (8.90b) 
We define the impedance matrix Z(z) relating the voltages and currents at z, 
V(2) = Zi(z) (8.91) 
From (8.902) into (8.90b) we determine Z(z) as 
Z(z) = (1+ T(2))1 -T(2)^ Zo. (8.92) 
The dependence of the impedance matrix Z(z) on the reflection coefficient matrix 


T(z) is given by 
T(z) = (Z(z) - Zo)(Z(z) + Zo)" - (8.93) 
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Consider the multiconductor transmission-line of length | terminated at z = 0 with 
a load multiport with impedance matrix Z; shown in Figure 8.19. At the end of the 
transmission-line, z = 0, the matrix Z(z) becomes 


Z(0)-2Z,. (8.94) 
‘The load may be characterized by the reflection coefficient matrix I, 
T(0) =I. (8.95) 
‘The reflection coefficient matrix at the load is 
Ti = (Z; - Zo)(Z, + Zo) ^ (8.96) 


Terminating the multiconductor transmission-line with a multiport whose impedance 
matrix Z; is equal to the characteristic impedance matrix Zo of the multiconductor 
transmission-line yields I, = 0. Due to (8.88) the reflection coefficient matrix vanishes 
everywhere, that is, T(z) = 0 if (0) = T; = 0. For a reflection-free termination of a 
multiconductor transmission-line, a load multiport with the impedance matrix Zp is 
required, It is not sufficient to connect every conductor via an impedance to ground. All 
conductors must be mutually connected via impedances corresponding to the matrix 
elements of Zo 
‘The total active power flowing in positive z-direction through the multiconductor 
transmission-line is 
P(z) = RU" (2)V(2)). (8.97) 


where the symbol f denotes the Hermitian conjugate. Inserting (8.84a) and (8.83) into 
this equation we can express the active power flow in terms of voltage and current 
amplitudes of forward and backward traveling waves 


P(2) = iat? (2) VO (2) «10? )vO o) 
HHOO) VOE), (898 


where 1°) (2) V) (z) and IC (z) VO (z) represent the average powers flowing 
in positive and negative z-directions and I)! (2) VC? (z) and 1! (z) v ©) (2) are. 
cross-coupling terms between waves flowing in positive and negative z-directions. 

We can introduce wave amplitudes for multiconductor transmission-lines generaliz- 
ing the wave amplitude concept introduced in Section 8.4, 


a(z) = [g ! (2) + gl(2)], (8.993) 
b(z) = 5g ^ Y(2) - gI(2)]. (8.99b) 
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where the matrix g has to be determined such that 
P= iy (8.100) 
‘The voltage and current vectors expressed by the wave amplitude vectors are 
V(2) = gla(z) + b(2)]. (8.1012) 
1(z) = ^" [a(z) - &(2)]- (8.101b) 


‘The wave amplitude vectors a(z) and b(z) are related to the unidirectional voltage and 
current wave vectors V(? (z) and I^ (z) defined in (8.852) to (8.85d) via 


alz) = g" VO (2) = gi (2), (81022) 
b(2) = g! VO (2) = gi? (2). (81025) 

With 8.86 this yields 
b(z) = g "T(z)ga(2)- (8.103) 


8.7 MULTIMODE EXCITATION OF UNIFORM HOLLOW 
WAVEGUIDES 


Consider a uniform cylindric hollow waveguide with cross-section A and boundary of 
the cross-section 3A as depicted in Figure 8.20. Let the waveguide be bounded by an 
ideal conductor. In Section 7.8 the modal field solutions of a closed uniform cylindric 
hollow waveguides were already discussed. The modal fields have been derived from 
scalar potentials fulfilling the two-dimensional scalar Helmholtz equation in A and 
either the Neumann or the Dirichlet boundary condition on the boundary JA of the 
waveguide cross-section. 

In this section we investigate the general excitation of hollow waveguides also in- 
cluding the case of sources inside the waveguide. In addition to the excitation of modes 
from the ends of the waveguide we also allow excitation by internal sources over the 
whole length of the waveguide [I1]. First-order partial differential equations governing 
the transverse electric and magnetic field equations are derived. Expanding the trans- 
verse electric and magnetic field forms into a series of electric and magnetic structure 
forms with generalized voltages and currents as the expansion coefficients yields the 
multimode transmission-line equations for the generalized voltages and currents. 


8.7.1 The Transverse Field Equations 


Allowing electric and magnetic sources described by the impressed electric and mag- 
netic polarizations M, (x) and M, (x) the electromagnetic field in the waveguide 
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Figure 8.20: Relation of arrows and field orientation in a hollow waveguide. 


is governed by Ampere’ law (3.272) and Faraday’s law (3.30b), 


(8.104a) 
(8.104b) 


We introduce the general cylindric coordinate system u, n, z with the curvilinear trans- 
verse coordinates u, n and the longitudinal coordinate z. We assume that the boundary 
du is tangential to the boundary whereas dn is normal to the boundary. Hence the 
boundary conditions are 
dn^£-0 ond, (8.1052) 
dnH=0 onda. (8.105b) 
As already shown in Section 7.6 we can separate the electric and magnetic fields € and 
H into transverse parts £,, H, and longitudinal parts £,, 24,, 
£-£,*£,, (8.1062) 
H=H,+H,- (8.106b) 
For transverse orthogonal curvilinear coordinates u, v and the longitudinal coordinate 
z this is performed by 
£, = dz(dzi£) = E, dz, (8.1072) 
E, =E- E, = E, du + E, dv (8.107b) 


and in a similar way for H. A two-form, as for example M,9, can be subdivided into a 
transverse part M „o, and a longitudinal part Moz by 


Meoz 
Mass = dza(dz ^ Myo) = Mao, du ^ dv, (81082) 


Mop = Moy - Meoz = Mop, dv ^ dz + Mag, dz ^ du. (8.108b) 
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The exterior differential operator d is split into a transverse exterior derivative d, anda 
longitudinal derivative, 


d£ = di£ + dz^ Ls (8.109a) 
oz 
dE = du^ [AEN (8.109b) 
ou 9v 


Application of the Hodge operator on both sides of Maxwells equations (8.1042) and 
(8.104b) and exterior multiplication from the left with dz yields 


jen dz ^H - jedz ^ * Mmo» (8.1102) 
juedz ^£  jodz ^ * Mag. (8.1106) 


Considering that the exterior product of dz with any one-form depends only on the 
transverse part of this one-form and using the identity 


dz^(* dE) - dE,- 1 2824 AE RE (811) 


we obtain from above equations 


= -jos(udz ^H, + dz ^ * Mao) - diE, (8.1124) 


x 
3: 


H, 2 jus(edz ^£ + dz ^ * Meor) - di, - (8.112b) 


Multiplying both sides of Maxwell's equations (8.104a) and (8.104b) from the left with 
dz we obtain another set of equations, 


ju(edz ^ * £ * dz ^ Magi); (8.1133) 
-ju(udz ^ +H + dz ^ Mag). (8.113b) 
This yields 
E, Í (deo dl) - Mas. (83143) 
we € 


H,= «den dif) - uo: (814b) 
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Eliminating the longitudinal field components E, and H, by inserting (8.114a) into 
(8.112a) and (8.114b) into (8.112b) yields 


Minot 


gue dy * DIE dz) «jo « ((* Mif) ^ dz), 
(8.1152) 
1 


a? ue 


-2n, =jve» (1+ *di* a)ren + jw» (dza (=+ My), (8.115b) 


where we have defined the effective transverse electric and magnetic polarizations M$, 
and ME, respectively, by 


1 
ME = Meo - jor dz^ diMmnoe> (8.116a) 


Mi = Mmo t es dz ^ d, M, (8.116b). 
jwe 


Mmo = Meoz: 


‘The transverse field equations provide a complete description of the electromagnetic 
field in the hollow waveguide. 


8.7.2 Modal Field Representation 


As discussed in Section 79.4 for a homogeneous waveguide with perfectly conducting 
walls and filled with lossless dielectric the electromagnetic field can be expanded into 
orthogonal modal functions. Following (7.257a) and (7.257b) the transverse electromag- 
netic field can be represented by 


£(x) = X [Eins 0 + rs (9)] > (8.1173) 
Hila) = D [Hos (9) + 209.0] - (8.117b) 


where the index t denotes the transverse field component. The summation is per- 
formed over all modes, including propagating and evanescent modes. As in (8.92) 
and (8.9b) we can represent each modal field form as a product of a normalized struc- 
ture form eff, (u, v), ef (u,v), hE, (u, v), and hf (u, v) depending on the transverse 
coordinates u, v only and a scalar amplitude. These scalar amplitudes are the general- 


ized voltages V7? (2), V™ (z) and generalized currents I75,(z), I" (2), I7*, (z) and 
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I7" (z) as introduced in Section 7.9.5 


Eta (X) = Vin (2) ema (15 ¥) > (8.1182) 
EF mn (9) = Vm (em (4 ¥) » (8.118b) 
Himn (2) = Erin (2) iin Us ¥) + (8.118c) 
Himn (3) = Ds (2) himn Qus ¥) « (81184) 


The generalized voltages and currents representing the transverse electric and magnetic 
field amplitudes of the waveguide modes also are called the modal voltages and modal 
currents respectively. Assuming the set of TE together with TE structure functions to be 
complete we can expand the transverse component of the electromagnetic field into 
the structure forms as 


EE) = Y [Vn (2) e (ts v) + Vin (2) Enn Qs v)] > (8.1192) 
He (x) = X Man (2) hinn (V) + Lyn (2) Bran (45 YD] » (8.1196) 
eff 


‘The effective transverse electric polarization M‘o, and the effective transverse mag- 
netic polarization M*",, introduced in (8.116a) and (8.116b) can be expanded into the 
structure forms. Considering that the structure forms are one-forms and the transverse 
polarizations are two-forms we have to apply the star operator, 


M (x) = + [MEE un Deis Qo) + Meo an (2)Enn(Hs¥)] » —— (1202) 


Meth, (5) = E + [Moa mn (2) Pos Qo) + Man (fs o v)]. 8.1200) 


mn 


‘The M76, mn(2)> Map mn 2» Mao, mn (2) Mo m (2) are the modal amplitudes of the 
effective transverse electric polarization and magnetic polarizations. With (7208), (7.209), 
(7213a) and (7.213b) we obtain the orthonormality relations for the structure forms of 
the waveguide 


(ekilhmn)a = 7 (HET len] a = Okm Ot > (81213) 
(ekr lhmn)a = 7 Vir lemn) a = Ska (8121b) 
(ekilhan)a = (hki lenin) = 0> (8121c) 
(ei na = rtl) a =°- (81214) 


Using these orthonormality properties we obtain from (8.117a) to (8.118d) the ampli- 
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tudes of the modal voltages V5, (2), Vrn (z) and the modal currents I7*,(z), I7 (z), 


(hei v) G4], > (81222) 
VIM (2) =- Ut GE GOD, (1226) 
ial) = (ek ue v) Ba (3) A], > (8122c) 
IM (2) = (et Qu v), ())4], - (81224) 


These inner products are computed by integration over the cross-sectional surface A 
with the logitudinal coordinate z kept constant. From (8.1202) to (8.121d) we obtain 
the modal amplitudes of the effective transverse electric and magnetic polarizations 


Mi mn (2) = 7 Ui (u ¥)| = Meb GA], > (81232) 
Mioma (2) =- (hi Qo v)|* Mi (%)) al > (8123b) 
Mnom (2) = (eki Qo )| * Map C24], > (8.1230) 
Miron (2) = (E(u v)| * Move) al, - (8.123d) 


According to (7.198), (7.198b), (2198c) and (7.1984) the electric and magnetic structure 
forms are related as 


eii (uv) = «(hit Qu v) ^ dz), (81242) 
ejr (u,v) = «(hip Qu, v) ^ dz), (8124b) 
hii (u,v) = «(dz ^ ektQu v). (8124c) 
hia (u,v) = «(dz ^ er Qu, v)). (8124d) 


87.3 Multimode Transmission-Line Equations for Hollow Waveguides 


To derive the multimode transmission-line equations for hollow waveguides we insert 
the modal expansions of the transverse field and the effective transverse polarizations 
into the transverse field equations. Inserting (8.119), (8.1195) and (8.120b) into (8.1152) 
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yields 


avi (z) E Sum (z 


-p iO gun- y O ) (uv) 

n a ae bur 
tjw IG) = (1+ Bil «dee do) (Qv) ^ dz) 
tjo P Miola) S Oft Qu ¥) ^ dz) 


je y Mt iC) «Ct Qus v) ^ dz) (825) 
with the plane wave phase coefficient 


Bao = w/e. (8.126) 
Inserting (8.124a) and (8.124b) and using (7.215a) and (7.215¢) we obtain 


-y SEG gray p SE 


=jou parodian suya (2) (17 (Berm,mn/Pmo)*) ekr us v) 


+50 D Mmo, (e)k (wv) +jo Y Mp a (Zeer (uY). (8127) 
‘i a 


Forming the exterior product of this equation with A37, (u, v) and A7" (u, v) respec- 
tively, integrating this over the cross-sectional area A of the waveguide, applying the 
orthonormality cross relations (8.121a) to (8.121d) and considering (7.169) and (7.178) 
we obtain the transmission-line equations 


S ) 


-jouinn (2) - je Mp mn (2) » (8.128a) 
ave dV (2) 


eo = -jwp [1 Qon] Y] Dos 2) - M s (2) (8128b) 


with the cutoff frequency Wc,1smn Of the TMmn mode, 


@erM,mn = e ox (8129) 
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In an analogous way we can derive a second set of transmission-line equations by 
inserting (8.1192), (8.119b) and (8.120a) into (8.115b), 


ue = -jwe |1- CO] Vanl) ~j OMT, mn (2); (81302) 
Eg = -jwe V in (2) - JOM us) (8.130b) 

with the cutoff frequency @¢r5,mn of the TEm, mode, 
cena = Pesta (8.131) 


ven 
The propagation coefficient as introduced in (7.171a) and (7171b) is given by 
Yrsjin.mn 7 Cre/ramn = VER [Grass 2? POF W< Wersji» — (81322) 
Yrsjimmn 7 refs 7) VEE f0? ales, POT O> Wersja: (8132b) 


‘The characteristic impedances introduced in (21762), (7176b), (7190a) and (7.190) are 


Zorsmn = JE = zy — E foro «Gees, (81330) 
— rm 

Lorem = oe = Ze for w > Wersymn»  (8133b) 
Bre,mn [mmm 
"ET. 

= Zp Xem for w < Werm,mn > (8.133c) 

jo 

Yo? — Wm mn 

= Zo n for W > Werm,mn - (8.133d) 


Above the cutoff frequency wers/ru,mn the characteristic impedance Zors/re, mn is real 
and positive. Below the cutoff frequency the characteristic impedance Zorsjre,mn i$ 
purely imaginary. The imaginary part of Zorz,mn is positive (i.e., below cutoff the 
characteristic impedance of a TE mode is inductive, whereas the imaginary part of 
Zorm,mn is negative and therefore below cutoff the characteristic impedance of a TM 
mode is capacitive). 

With (8.132a) to (8.133d) we can write the transmission-line equations (8.1282) and 
(8.130a) for the TE modes as 


dV? (z) 


Te 07min Zoremn Is (2) - jM s (2) (8.134a) 
" 
Hela) Yuon yr (2) -jo M ual) (834b) 


dz Zore,mn 
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Figure 8.21: Equivalent circuit for a mode in a waveguide segment with impressed voltage and current 
sources. 


and the transmission-line equations (8.128b) and (8.130b) for the TM modes as 


av™ 

D sean Zoran EGC) JOM wa()» (8850) 
Aan (2) o Yum 

mal a paene V (2) ~j OME nn 2) (81356) 


For the TEmn modes the impedances per unit oflength Zi, and the admittances per 
unit of length Yf, mn are 


Zinmn = Yrosmn Zorn = jf» (8.136a) 
P 
d YrEmn 2,87 — Were,mn 
- FA je ,8.136b; 
ium yas 17 ad Be) 


and for the rM, modes the impedances per unit of length Z/y,, and the admittances 
per unit of length Y7,, mn are 


w? = ai mn 
Zion = Yonma Zoruma = )04— 2 (811372) 
Yann = PEM = jue. (81576) 


Zore,mn 


We introduce the modal amplitudes of the impressed voltage V'78/?™(z) and the im- 


Vonin 
pressed current L,'*/** (z) as 


VR (2) = jo Mia (2) > (8138) 
LP (2) = -jo Moma (2) - (838b) 


Figure 8.21 shows the equivalent circuit for a mode in a waveguide segment of length 
Az with the impedance and admittance per unit of length Z’ and Y’, and the impressed 
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voltage and current sources per unit of length V'(z) and I'(z) respectively. For the 
two-port current-voltage source the symmetric representation discussed in Section 10.6 
is used. With the above definitions the transmission-line equations (8.134a), (8.134b), 
(8.135a) and (8.135b), can be written as 


avis 

p" Sao. Zi Len (@) + VER (2) (8.1392) 
rejam 

SE (2). Yn VIP (2) + L(a). (8.1390) 
z 


In the homogeneous waveguide the modal transmission-line equations are uncoupled 
and can be solved independently as in the single mode case. Sources in the waveguide 
may be expanded into modal amplitudes and contribute to the excitation of the wave- 
guide modes according to their modal amplitudes. Figure 8.21 shows the equivalent 
circuit of a section of infinitesimal length Az of one waveguide mode. Since this equiva- 
lent circuit is the same for all TE and TM waveguide modes, we have omitted all indices. 
For any source distribution in the waveguide the impressed electric polarization M,o 
of (8.1042) and the impressed magnetic polarization M „g of (8.104b) can be expanded 
into modal amplitudes. To do this we have at first to compute the effective transverse 
electric and magnetic polarizations introduced in (8.116a) and (8.116), From their 
modal amplitudes the modal amplitudes of the impressed voltage and the impressed 
current can be computed. From (8.116a) and (8.116b) we see that the modal amplitudes 
of the effective transverse electric polarization and the impressed current depend on 
the transverse component of the impressed electric polarization M „o and the longitu- 
dinal component of the impressed magnetic polarization M „g. The modal amplitudes 
of the effective transverse magnetic polarization and the impressed voltage depend 
on the transverse component of the impressed magnetic polarization M,,9 and the 
longitudinal component of the impressed electric polarization Mo- 

Since in the homogeneous waveguide the transmission-line equations for different 
modes are uncoupled we can solve them for every mode independently. For arbitrary 
source distributions, we can do this by applying Green's function methods [11,16]. 
From (8.1392) and (8.139b) it follows that for every mode we have to solve the pair of 
inhomogeneous first-order transmission-line equations 


sm. -jX (u)K(z) + V(). (8.1402) 
Es = -jB'(v)V(z) + I;(2), (8.140b) 


where V (z) and J(z) are the modal transmission-line voltage and current, V/(z) and 
I! (z) are the impressed modal voltages and currents per unit of length, X (o) is the 
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Figure 8.22: Equivalent circuit for a mode in a waveguide segment with impressed voltage and current 
sources, (a) fora TE mode, and (b) for a TM mode. 


series reactance per unit of length and B'(w) is the parallel susceptance per unit of 
length. For the TE modes we obtain from (8.136a) and (8.136b) 


Xu on ol, (8.1412) 
wre 1 
Bi, = we- —H = wC’- —_. (8.141b) 
3 w m 


Figure 8.22(a) shows the equivalent circuit for the TE modes in a waveguide segment 
of length Az with internal sources. 

The equivalent circuit for a waveguide segment excited in a TE mode is shown in 
Figure 8.1(b). The parallel capacitance per unit of length C’ and the series inductance 
per unit of length L’ are related to the modal electric and magnetic energies of the 
transverse electric and magnetic fields. The parallel inductance is inversely proportional 
to the energy stored in the longitudinal component of the magnetic field. For the TM 
modes we obtain from (8.137a) and (8.137b) 


2 
Xiu = op Petal = yt’, (8.142a) 


Bu = we = eC. (8.142b) 


In this case the inverse series capacitance per unit of length is related to the longitudinal 
electric field component. Figure 8.22(b) shows the equivalent circuits for the TM modes 
in a waveguide segment of length Az with internal sources. 
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8.7.4 Multimode Transmission-Line Equations of Lossless Waveguides without 
Internal Sources 


Let us consider the waveguide without internal sources. This means V/(z) = 0 and 
I;(z) = 0 and we obtain from (8.140a) and (8.140b) the homogeneous first-order 
transmission-line equations 


zo. --jX'(o)I(2). (8.1432) 
atta -— 
DS 7 IBLE). (8.143b) 


Eliminating either [(z) or Y (z) in these equations yields the second-order homogeneous 
transmission-line equations 


d Ye) 


+f?V(z) =0, (81442) 
E 2 +I) =0 (8144b) 

with the phase coefficient 
X (2B (u). (8:45) 


Below the cutoff frequency of the respective mode wers/rm either X'(w) or B'(w) is 
negative and therefore y = « is real. The field of a mode below its cutoff frequency is 
evanescent. Above the cutoff frequency were/rm the series reactance per unit of length 
X'(w) as well as the parallel susceptance per unit of length BY(w) are positive and 
therefore y = j is imaginary. In this case the modal field is a space-harmonic wave. 

Above the cutoff frequency Werz/rm we obtain solutions representing space-harmonic 
waves propagating in positive and negative z-directions. 


V(z) ye 4 y Oe, (8.1462) 
I(z) -I A" Js, Oe, (846b) 


where V?) and I“? are the voltage and current amplitudes of the waves propagating 
in positive z-direction and V and I are the voltage and current amplitudes of 
the waves propagating in negative z-direction. Below the cutoff frequency Were/rm we 
obtain the evanescent field solution 


V(z) = Y 9e* « y Oe, (8.1472) 
Uz) 2 2e * 4 fe, (8.147b) 
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Figure 8.23: Line with impressed voltage and current sources. 


where V? and I? are the voltage and current amplitudes of the evanescent mode de- 
caying in positive z-direction and V and I ^) are the voltage and current amplitudes 
of the evanescent mode decaying in negative z-direction. From (8.143a) and (8.143b) 
we obtain for weyrs/rm modes 


YO = Zomm”, (8.1482) 
VO = -Zorel O) (8:480) 


The characteristic impedance Zorz/rm is given by (8.1332) to (8.133d). Above the cutoff 
erx/rm the characteristic impedance is real and positive. Below cutoff the characteristic 
impedance is imaginary with a positive imaginary part for Te modes and a negative 
imaginary part for TM modes. 


8.8 GREEN’S FUNCTIONS FOR TRANSMISSION-LINES 


To solve the transmission-line equations for arbitrary distributions of voltage sources 
and current sources along the line, we can apply the superposition principle and 
consider any distribution of sources as a continuous superposition of point-like sources. 
Consider a transmission-line with a point-like combined voltage and current source at 
2’ as shown in Figure 8.23. The first-order transmission-line equations (8.140a) and 
(8.140b) yield 


av(2) 
dz 

dI(z) 
dz 


JX’ (OIC) + V, (z - 2^). (8.149) 


j Y (0)V (2) + LyK(z - 2) (8.149b) 
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with the voltage V,, and the current J.) impressed at z’. Integrating (8.149a) and 
(8.149b) from 2’ — ô to z’ + ô yields 


V(z +8) = V(Z - 8) + Vo, (8.1502) 
I(z +6) = I(2' - ô) + Ios + (8.150b) 


From (8.149a) and (8.149b) we obtain 


LO pyte) = Va @-2)-iX"(w)laS@-2) (8150 
with the propagation coefficient y given by 

y!» -X'(v)Y'(v). (8.152) 
The distribution ó'(z) represents the derivative of the delta distribution 5(z). It can be 


defined via partial integration. For a smooth function f(x) the distribution ô' (x) is 
defined by 


" df(x) f(x 
— =- IT a ie cal =- ——— 
fre x!) f(x) dx IEC x) dy is (8153) 
For z + z' we have to solve the homogeneous transmission-line equation 
evi 
ae -y'Y(z) =0. (8154) 


Due to the impressed current and voltage at z = z', the line voltage and the line current 
exhibit a discontinuous change at this point. We therefore obtain partial solutions for 
z « z' and z » z^, hence 


yere) 4 yerl) forze! 
V(z) -A t si ‘i j 8.155) 
xo kar +YP forz>z', i 
el) y, yere) ‘ 
Yoy e” YyVi e forz<z', 
I(z) = "isis ? 855b) 
1) luus. PVPE forz»z (oun 


with the characteristic admittance Yo (ie. the reciprocal characteristic impedance Zo) 
given by 


(8156) 
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Figure 8.24: Voltage and current sources with terminations. 


The line voltage and current at the left-hand side of the point sources are V (7 — ô) and 
I(z! - 8) at the right-hand side of the point sources the line voltage and current are 
V(2! +5) and I(z + ô), 


v(z -5)- v? «v^, (8.1572) 

v(z «8)- V? «v, (8.1576) 
3 «Yi 

I(z -8) = Xv(? - HV, (8157c) 

I(z +8)= Xv? - vv, (8157d) 


where 6 is an infinitesimal distance. From this we obtain 


vf? =4[V(2" - 8) + Zol(2’-6)], (8.1582) 
VO =} [V - 8) - Zolle’ -8)], (8.158b) 
v(? = 3 [VC +6) + Zoll’ +8)], (8.1580) 
VP =4[V(2" +6) - Zl! + 6)] . (8.158d) 


To determine the voltage and current amplitudes we consider the combined voltage and 
current source terminated with the impedances Zr, and Zr; as shown in Figure 8.24. 
‘The impedances Z7, and Zr; are the impedances of the waveguide connected with the 
sources on the left and on the right. For an infinitely extended waveguide we will set 
2 = Zr = Zo. However, for a waveguide of finite length Zr; and Zr; will depend 
on the waveguide termination on both ends. We compute the voltage and current 
amplitudes as 


Zn ZnZn 
V(z -8)2-————V sho 8.159: 
MEET oN AT see 


Zn y, nn 


V(z +8) = ——— Para dijs 
Yen Zn*Zn 7 Zn*Zpn? 


(859b) 
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l Zr 
12! - 8) = -—V o0 - >I (8.159. 
19-95 qain En Za T 
j 1 Zn 
I2 +6) = — À— V + z— Aip 8.1594) 
I2 +6) ZnZn t Zn Zn (8.1594) 


8.8.1 Green's Function for the Transmission-Line with Matched Terminations 


Let us solve the transmission-line equations for the transmission-line infinitely ex- 
tended in both directions. For the transmission-line terminated with its characteristic 
impedance Zo 

Zn 7 Zr - Zo. (8.160) 


For z > z' only waves propagating or decaying in positive z-direction occur and for 
z < z only waves propagating or decaying in negative z-direction occur. Therefore, 
(8.155a) and (8.155b) reduce to 


(+) e-y(s-1') , 
Ver 
MOL (4 3 Praes (81613) 


yOee  forz«z, 


+) e-yG-2) 
Je ben: toe tiam 
We obtain from (8.1592) to (8.159d) 
yf) = auf? = 5 (Veg + Zale) » (4623) 
YI = Zol? = 5 (Xo + Za) (6162) 
Inserting this into (8.161a) and (8.161b) yields 
YG) = 3l - 2, + Zo gle, (81632) 
102) = 5 [Za Ke - Dua] et (8.163) 
where the function &(x) is defined as 
-1 forx<0 
E(x)=10 forx=0. (8.164) 


1 forx>0 
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Figure 8.25: Terminated line with impressed current source. 


From this we obtain the dyadic Green's function G(z, z^) for the transmission-line 
terminated at both ends with its wave impedance Zo. 


G(z,z')=} ur ) fee al eem, (8165) 


For a transmission-line with distributed voltage and current sources where V; (z) is 
the impressed voltage per unit of length and J/(z) is the impressed current per unit of 
length, the transmission-line voltage V (z) and the transmission-line current I(z) can 


be computed by 
V(z) E n [L] gar 
[45]-£ een [S| e. (8.166) 


‘The integration is performed over the length / of the transmission-line. 


8.8.2 Green's Function for the Transmission-Line with Arbitrary Linear Passive 
‘Terminations 


Consider a transmission-line of length | terminated with the linear impedances Zr; 
at z = 0 and Zr at z = | and the combined voltage and current source at z = 2’, as 
shown in Figure 8.25. If the impedances Zz and Z;2 deviate from the characteristic 
impedance Z; of the transmission-line, the wave is reflected at the respective end. To 
determine the transmission-line voltages and currents we use the equivalent circuit 
shown in Figure 8.25. Using (8.37), we determine the impedances Zrı and Zr as 


211 + Zo tanh yz 

Zo + Zi tanh yz ' 

Zi; + Zo tanh y(I - z) 
Zo + Zi tanh y(1 - z) ` 


Zn(z) = Ze (8.1672). 


Zr2(z) = Zo (8.167b) 
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From (8.158a) to (8.158d) and (8.159a) to (8.159d) we obtain 


(25, _ 1 [_-Zn(2') Zo (Zn(z) * Zo)Zra 
v: oeeo Zne) Zne e) 89 
"m -if Zr2(2') + Zo (Zra(2') + Zo)Zr | 8.1686 
al Zale) n Ze) = Fraley es S168) 


We can express this relation as 


FS] = (ex) [k] dz. (8169) 


‘The dyadic Greeris function of the terminated transmission-line G(z, z^) is given by 


Glaz’) = alee E. Fée nes (8170) 


with the matrix elements. 


Ke t'es.) cosh y(2~ 2^) - Zusinhy(e- 2). 


Gvv(z z)- Zn) + Zale) (8.1712) 
Gut 2 = Ze IB rale! cosh y — 2) - ase! Mae! a) sinh y(2~ 2) 
Vue Zne) Zae) > 
(8715) 
n _ En z’) Zr (z)Zra(2’) sinh y(z - z^) + Zo cosh y(z - 2') 
Givi DnE) Zr?) 22 
(apa!) = Enn Zrs sinh y(s - 2) + (2 2)ZoZr (zz) eoshy(s =z) 
Hym Zo(Zni(2") + Zraz) 
(8.171d) 
‘The function £(z, 2’) given by (8.164) and Zr(z, 2’) is given by 
n_}2n forz<2’, 
Balha) a forz»z. o. 


For voltage and current sources distributed over the transmission-line with the im- 
pressed voltage per unit of length V! (z) and the impressed current per unit of length 


Ij (2) we obtain M 
KE [ien RA a. (8173) 
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Figure 8.26: Matching circuits. 


8.9 PROBLEMS 


1. Consider an R 320 rectangular waveguide with inner dimensions a = 7.112 mm 
and b = 3.556 mm. Determine the equivalent circuits according to Figure 8.1 
for a waveguide section of length Al = 0.5 mm for the TE}9, TEo1, TE20, TE11 and 
TM; modes. 

2. Consider the matching circuits shown in Figure 8.26. The matching circuit 
consists of two coaxial cable segments (Zo = 60 N, c = 2-10* ms“) with lengths 
1, and h and either a series reactance X, or a shunt susceptance Bp between. 
The generator provides a harmonic signal of frequency f = 100 MHz and has 
an impedance Zç = 50 Q and is terminated with an RL series circuit with an 
impedance Z; = (35 +j14) Q. 

a) Determine the parameters Xs, l; and lz of the matching circuit shown in 
Figure 8.26(a) for matching Z; to Ze for minimum lengths of h and l and 
either an inductor or a capacitor as the series reactance Xs. 

b) Realize the series inductance with a short-circuited stub of a shielded 
parallel wire line (Zo = 60 Q, c = 2-108 ms”), Determine the minimum 
length I; of this stub. 

c) Determine the parameters Bp, l and lz of the matching circuit shown in 
Figure 8.26(b) for matching Zr, to Zç for minimum lengths of l; and lz 
and either an inductor or a capacitor as the series susceptance Bp. 
Realize the series admittance Bp with a short-circuited stub of a coaxial 
line (Zp = 60 Q, c = 2-108 ms~), Determine the minimum length 1; of 
this stub. 

Compare the frequency behavior of both matching circuits (a) and (b) 

in the frequency interval from 90 GHz to 110 GHz by drawing real and 

imaginary parts of Z; for the above matching circuits. 

3. For the load and the generator given in Problem 2 determine lumped element 
matching circuits as shown in Figures 8.13, 8.14 and 8.15. Determine the L- and 


& 


e 


382 


E 


o 


x 


Electromagnetics 


Figure 8.27: Excitation of a waveguide by a current filament. 


C-values of the four possible circuits and compare the frequency behavior of 
these matching circuits in the frequency interval from 90 GHz to 110 GHz by 
drawing real and imaginary parts of Zi. 


. An X-band rectangular waveguide (a = 22.86 mm, b = 10.16 mm) of 9 cm length 


is excited in the TE: mode at the frequency f = 10 GHz. At its end the waveguide 
is filled over a length d = 7 mm with a dielectric material (e, = 2.5) and then 
short-circuited. Determine the input impedance of the line. 


. A four-conductor transmission-line with the conductors embedded in free-space 


has the per unit of length inductance matrix L = ( $ $ 3 ) nH/m. 
a) Determine the per unit of length capacitance matrix. 
b) Determine the characteristic impedance matrix Zo. 
c) Determine the load impedance matrix Z; for reflection-free termination 
of the four-conductor transmission-line, 


. A four-conductor transmission-line has the per unit of length inductance and 


capacitance matrices L' = (1 42) nH/m and C' = (25 3 1 ) pFim. 
a) Give the multiconductor transmission-line equations. 
b) Derive the diagonal form of the multiconductor transmission-line equa- 
tions. 
c) Determine the load impedance matrix Z; for reflection-free termination 
of the four-conductor transmission-line. 
A rectangular waveguide of width a, height b = 1a, and infinite extension in 
positive and negative z-directions is excited by a current filament I( y) in y- 
direction placed a x", z' (see Figure 8.27). Compute the modal amplitudes of the 
excited electric and magnetic fields. 
a) Assume uniform current distribution I(y) = I, over the interval 0 < y < b 
and excitation at a frequency f = 1.4 fczgio- 
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Figure 8.28: Transmission-line with impressed sources terminated at one side. 


b) Assume a current distribution I(y) = I sin over the interval 0 < y < b 
and excitation at a frequency f = 1.4 fers10- 

8. A rectangular waveguide of width a height b = 3a and infinite extension in 
positive and negative z-directions is excited by two current filaments directed in 
y-direction and uniform over their whole length. One filament is placed at 2’ 
and x’ = 1a and excited with the current I. The other current filament is placed 

a and excited with the current - in the opposite direction. The 
frequency is f = 2.4 fere10. Compute the modal amplitudes of the excited electric 
and magnetic fields. 

9. Compute Greens function for the transmission-line terminated at the left-hand 
side with the impedance Zz, and infinitely extended on its right-hand side, as 
shown in Figure 8.28. 

10. Consider a lossless two-conductor transmission-line of length | with character- 
istic impedance Zp and phase coefficient f = w/c. Let the transmission-line be 
terminated at z = 0 and z = | with Zo. 

a) Impress a current per unit of length I; (z) given by 


Le- Ie for tl<z<3l 
o elsewhere 
and compute the voltage and current distribution over the whole transmission- 
line. 
b) Impress a voltage per unit of length V/(z) given by 


vila) = Vei’ forilszsil 

US 0 elsewhere 
and compute the voltage and current distribution over the whole transmission- 
line. 

c) Impress a current per unit of length I; (z) together with a voltage per unit of 
length V‘(z) with the distributions given in the two previous paragraphs. 
Discuss the case V’ (z) = +ZoI! (z). 
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ion Lines and Wave 


Chapter 9 


Resonant Circuits and Resonators 


Resonant circuits and resonators are important circuit elements in radio-frequency 
engineering. A resonant circuit is formed by a capacitor and an inductor connected 
in parallel or in series. As components in active and passive circuits, resonant circuits 
and resonators allow a selective transmission or blocking of signals. In oscillators these 
components serve as the frequency-determining elements. 


9.1 THE LINEAR Passive ONE-PoRT 


A circuit element with a single port is called a one-port. Figure 9.1 shows the schematic 
drawing and the equivalent circuit of a one-port. Incident and reflected waves are 
related to a given transverse plane of reference. The signal at the port is described either 
by the complex amplitudes a and b of the incident and scattered waves or by the voltage 
Y and current I, If the relation between V and J or a and b, respectively, is known, the 
one-port is defined as a circuit element. If the relation between V and J or a and b, 
respectively, is linear, the one-port is called a linear one-port. The complex power Pe 
flowing into the one-port is given by 


P, if run (91) 


The integration is performed over the cross-sectional area A of the waveguide port 
in the plane of reference. With (4.19), (8.92), (8.9b) and (8. 22a) we obtain a complex 
power P, flowing into the one-port: 


P,2iVI'. (92) 


‘The real part of the complex power P; is the active power P. The imaginary part is the 
reactive power P: 
P. = P+jPy. (9.3) 
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(a) (b) 


Figure 9.1: One-port: (a) schematic drawing, and (b) equivalent circuit. 


Using (8.422) and (8.42b) we express the complex power P; by wave amplitudes, 
P= Sa [bP eub ab"). (9.4) 


For P = 0 the one-port is lossless, A lossless one-port also is called a reactive one-port. 
For the passive one-port we obtain |p| < 1. For the reactive one-port |p| = Lis valid. For 
the source-free one-port we obtain from (4.36) and (9.1) 


B, - P 2jo(W,, - We), (9.5) 


where W,, is the average stored magnetic energy and W, is the average stored elec- 
tric energy. The momentary values of W, and Wp oscillate between zero and their 
maximum value with the double oscillation frequency. For We = Wm within a quarter 
of the period of oscillation the stored magnetic energy is completely transformed in 
electric energy and vice versa. For Wm + W, a periodical energy exchange also occurs 
with an external circuit driving the resonant circuit. In this case the reactive power is 
flowing through the port. The ratio of voltage and current or generalized voltage and 
generalized current is given by the complex impedance Z or the complex admittance 
Y, respectively. It follows from (9.2) that 


P,-3ZI! -AY*|vp. (9.6) 
With (9.5) we obtain 


P+2ja(Wm - We) 


P+ 2je(We - Wn) 
all? : 


ilv 


> (97a) (9.76) 


‘The reactance X and the susceptance B are 
4o 4w 
X = c5 (Wm - We) > 9.8. Bz— (We - Wm) - 9.8b) 
m ) (9.82) vit m) (9.8b) 
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9.2 THE REACTANCE THEOREM 
Foster’ reactance theorem [1-3] imposes a condition on the frequency dependence of a 
reactance. From the complex Maxwell equations (2.130a) and (2.130b) we obtain for 


real permittivity, real permeability, and no sources 


dH= jwer€, (9.92) 
d£--jou* H. (9.9b) 


‘The partial derivative of these equations with respect to w is given by 


: " a£ 
3e "iet Eriwer ns (9.102) 


a£ oH 
d= = -ju + H- =, .] 
25 dk H-jeu 2 (9.10b) 
We now compute the following expressions 


Ul ci ty ee ig iE pw i E che tie 
(Sees £)^£ sje (+32) ne jo AGH), Ou) 
dE ean mE PME ee 
«(S sn E jus 2) aH jou (S8) at tjoe ^l £). 
(91b) 


From these equations and (4.25) and (4.26) we obtain 


BE ap OH pe E ae 
a(Z aw) (2e o7) -8 0. Wn) - (92) 
Integrating this equation over a volume V with the boundary 3V and applying Stokes’ 
theorem (A.90) yields 


f (Zax E ^£ )--si f, 99. 9.) - (913) 


We apply this relation to the one-port depicted in Figure 9.1(a). The boundary surface 
ƏV is assumed to enclose the complete one-port. The reference plane A of the waveguide 
defining the port is assumed to bea part of the boundary 9 V. Therefore on the left-hand 
side of (9.13) we only need to perform the integration over the cross-sectional area A 
of the waveguide. We consider that the orientation of the boundary surface dV of the 
volume V is outwards, whereas the cross-sectional area A of the waveguides is oriented 
inwards, Therefore we have to change the sign on the left-hand side of (9.13) when we 
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are replacing 3V by A. Since A is a transverse plane, £ and H may be replaced by their 
transverse components £, and H,, as introduced in (8.6a) and (8.6c). From (8.92) and 
(8.9b) we obtain 

Ex(x)=Ve(uv), ^ (9143) Ha(x)-Ih(Qv),  — (914b) 


iE. E eu, y), (915a) Sto) E Ry). (015b) 


ide u, v are the transverse coordinates in the port plane. From (9.14a) to (9.15b) and 
(8.23) it follows that 


BE pe | 2. 
$ eH a nH- (9162) 
OH ul os, ae 
$y nE ju cy Fs a (9160) 
Inserting this into (9.13) we obtain 
av, dl fae ey 
art iv -8j J, We Wm) = 85 (We + Wa) 3 (9.17) 
From 
1-jBV (9180) 
we obtain 
|V-const, ` 629) 
and 
(9.20) 
Inserting (9.19) and (9.20) into (9.17) yields 
ax dB 
ull = 40+ Wa), — 9213) dul A -4(We e Wm) (921b) 
‘Together with (9.82) and (9.8b) this yields 
ax x dB B 
wi - ur. (9224) 
ax x dB B 
aM mes vf. , 
Wn (Tiu is ui (a25) 
Since W, and W, are non negative it follows for passive lossless one-ports 
a x b (9.23a) Tél. (923b) 
do" lo 


This is called Mn reactance theorem. 
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(a) (€) 
Ly 
tt 
Gp Ls RB Cs 
lt 
Cp 


Figure 9.2: Resonant circuit: (a) parallel circuit, and (b) series circuit. 


9.3 RESONANT CIRCUITS 


In Figure 9.2 the parallel resonant circuit and the series resonant circuit are depicted. 
Parallel and serial resonant circuits are mutually dual. Therefore we will treat them in 
the following in parallel. The admittance Y, of the parallel resonant circuit and the 
impedance Z, of the series resonant circuit are given by 


Parallel resonant circuit Series resonant circuit 


F 1 
Yp=Gp+j(wCp-—-), (9240) 
? 


Re (oL, - x (924b) 


At the resonant frequency wo given by 


Parallel resonant circuit Series resonant circuit 
1 1 
ig ; (9.252) w= (9.25b) 
VLC, 
the admittance Y, and Zs, respectively, are real. 

Parallel resonant circuit Series resonant circuit 
For constant impressed current the For impressed voltage a series 
parallel resonant circuit exhibits a resonant circuit exhibits a current 
voltage maximum at the resonant maximum at the resonant 
frequency. frequency. 


The complex power P; flowing into the resonant circuit and the active power P are 
given by 
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Parallel resonant circuit Series resonant circuit 
P,-iY;VP, (9.262) Pe -AZAIP (9.260) 
P-iG,Vl, (9272) P=}R UI. (9.27b) 


The average electric energy We stored in the capacitor and the average magnetic energy 
Wp stored in the inductor for both cases are given by 


We = ic|Vj, (9.28) 


Wy = LIP. (9.29) 


For resonance we obtain in both cases 
We = Wm- (9.30) 
‘The total stored energy Wi is given by 
Wrot = We + Wm = 4C\Y? = ALU. (9.31) 
‘The quality Q of a resonant circuit is defined by 


Stored energy 


=i E. 9.32 
Q=2n Energy dissipated per period (932) 
‘The energy dissipated per period is given by 
2nP 
= = Energy dissipated per period. (933) 
o 
With this we obtain 
Parallel resonant circuit Series resonant circuit 
vC; 1 woLs 1 
lg . — (934b) 
Gy xuQgp^ V Bem won SS 
In many cases it is useful to introduce the so-called detuning parameter v 
(2-2). (9.35) 
wo w 
For small detuning v the following approximate formula 
sa gy 9-99 y (9.36) 


Wo Wo 
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Im(Y)A 
Im{Z}A ved Im(Y]A w=- 
Re{Z} Re(Y] 
v v 
vag ves 


Figure 9.3: Impedance and admittance plots of series and parallel resonant circuits in the Y-plone and 
Z-plane. 


is valid. With (9.25a), (9.25b), (9.342), (9.34b), and (9.35) we obtain the normalized 
representation 


Parallel resonant circuit Series resonant circuit 


Y, = Gp(1+jQ), (9.372) Z,=R,(1+jQy). (9.376) 


In Figure 9.3 the admittance and impedance curves of the parallel and series resonant 
circuits are depicted in the Y-planeas well as in the Z-plane. The 3 dB cutoff frequencies 
w, and w are the frequencies for which the voltage across the parallel resonant circuit 
for the impressed current of constant amplitude decreases by a factor 1/2 compared 
with the resonant case. For the series resonant circuit with impressed voltage of constant. 
amplitude the current is reduced by a factor 1//2 compared with the resonant case. 
The 3 dB cutoff frequency w, is given by v = 1/Q and the cutoff frequency w- is given 
by v = -1/Q. With (9.35) it follows that 


9. 0l lY oo 1 1 
MU lal #1, O3) =- ( +1. (938b) 
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Figure 9.4: Reactance X and susceptance B of the lossless (a) parallel and (b) series resonant circuits. 


‘The 3 dB bandwidth Aw is given by the difference 
Aw=0,-w.. (9.39) 
With (9.382) and (9.38b) we obtain 


wae. (9.40) 


The relative bandwidth Aw/wo is equal to the reciprocal quality factor. In some cases in 
literature the parameter damping d also is used 


Aw 
Wo 


(9.41) 


For lossless resonant circuits G, = 0 and R, = 0, respectively, are valid. In Figure 9.4 
the frequency dependence of reactance X and the susceptance B according to (9.24a) 
and (9.24b) is depicted. 


9.4 THE TRANSMISSION-LINE RESONATOR 


A segment of a transmission-line at one or both ends, either open or short-circuited, 
is a resonant structure. Such a circuit element is called a transmission-line resonator. 
We consider a lossless transmission-line of length / with characteristic impedance 
Zo, which is short-circuited at one end as depicted in Figure 9.5. This short-circuited 
transmission-line is a reactive one-port. From (8.39) we obtain the input impedance Z 
and the input admittance Y, 
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EA 


= 
[MÀ 


Figure 9.5: Transmission line of length I short-circuited at one end. 


j i 
Z-jK-jZ tmn Tl, — (942) y=jB=-Lcot™. — (9420) 
c Zu e 
We introduce the angular frequency oy = n$ and obtain 
, w o 
Z=jX =jZotann—, 9,435 =jB=-Lcotn2. — (943b 
RzAtanm, (9.432) Y-jB Ze? Rn ( ) 


The frequency dependence of the reactance X and the susceptance B are depicted in 
Figure 9.6. In order to obtain the equivalent circuit for the short-circuited transmission- 
line we perform a Mittag-Leffler expansion [4] of tan  £ and cot r&, respectively, and 


obtain 
2x S 1 1 a 
tannx = = > ——,—, winay l 
7 i -aA Tx naa- 
(9.44a) (9.44b) 


After inserting into (9.43a) and (9.43b), respectively, it follows that 


fags 1 

Z=jZo = 7 P (9.452) 
A oca? -(£) 
» (9.45b) 
and from this that 

(9.462) 

a 1 
* " à (9.46b) 

Eje rmn] 


We now introduce the following quantities 
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Figure 9.7: Equivalent circuits of the lossless transmission-line resonator (a) according to (9.502) and (b) 
according to (9.50b). 


(9.47a) Lo m t PEN (9.47b) 
m 
(9.482) (9.48b) 
(9.49) 
e tiic HE c 
(9.502) jolo fj (els a) 
(9.50b) 


‘These fractional expansion representations are called the Foster representations [3,5]. 
‘The Foster representation of the first kind, given by (9.50a), describes the series connec- 
tion of an infinite number of parallel resonant circuits with resonance frequencies given 
by (9.49a), whereas the Foster representation of the second kind, (9.50b), describes the 
parallel connection of an infinite number of series resonant circuits and one inductance 


Resonant Circuits and Resonators 395 


i [3] 


Figure 9.8: Equivalent circuits of the lossless transmission-line resonator (a) near a parallel resonance 
and (b) near a series resonance. 


Lo where the resonant frequencies of the series resonant circuits are given by (9.49b). 
The corresponding equivalent circuits are the Foster equivalent circuit of the first kind 
shown in Figure 9.7(a) and the Foster equivalent circuit of the second kind shown in 
Figure 9.7(b). 

For lossy transmission-lines we have to add loss resistors in the equivalent circuits. 
In the case of Figure 9.7(b) we have to add a loss conductor in parallel to each parallel 
resonant circuit, and in the case of Figure 9.7(a) we have to add a loss resistor in series 
to each series resonant circuit. Considering a transmission-line resonator at frequencies 
@opn OF Wosn in the neighborhood of one pole of the reactance function allows us to 
neglect all poles with the exception of the pole under consideration. In this way the 
equivalent circuit may be reduced to a single resonant circuit describing the pole under 
consideration. Figure 9.8 shows the corresponding equivalent circuits consisting of a 
single parallel or series resonant circuit, respectively. The short-circuited transmission- 
line allows for the replacement of series resonant circuits as well as parallel resonant 
circuits. A short-circuited transmission-line exhibits an infinite number of resonances; 
however, in general it is possible to design a circuit with transmission-line resonators in 
such a way that only one dominant pole plays a role. Compared with lumped element 
resonant circuits realized with lumped elements, a resonator in general exhibits a much 
higher quality factor. 


9.5 CAVITY RESONATORS 


9.5.1 The Rectangular Cavity Resonator 


We have seen that a transmission-line short-circuited at the end is a resonator. The 
transmission-line may be either a TEM transmission-line or another type of transmission- 
line (e.g. a waveguide), Such a transmission-line segment terminated by short circuit 
or open circuit is a resonator, Resonators formed by segments of hollow waveguides 
are called cavity resonators. 

Figure 9.9 shows a rectangular cavity resonator with side-lengths a, b, and d. This 
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Figure 9.9: Rectangular cavity resonator. 


cavity resonator consists of a waveguide segment of length d, terminated at both ends by 
conducting planes. The electromagnetic field in the resonator consists of a superposition 
of waves traveling in the positive and negative set direction exhibiting node planes at 
z - and z = d. We obtain the boundary conditions Et,|,_, = 0, Fer |g = 9. To fulfill 
these boundary conditions the distance d must be an integer multiple of 31, 


dziph, forp=0,1,2.... (9.51) 


Superimposing waves in the forward and backward direction yields nodes in distances 
44g. With (7.229) to (7.232) it follows that the phase coefficient 8 = Bmnp is given by 


mm) (m (pr)? 
--0) GG. (952) 
The resonant frequency @ pnp and the corresponding free-space wavelength À mnp are 
given by 
co mn\? (zy (E) 
N EN WEN [108 MEN 8: Wi 9.53) 
“en re (=) +(F) +(9 (953) 


Veris 
mu 7 F" 
G) la) + (4) 
If the resonant mode originates from the TEmn mode of the waveguide, the resonator 


mode is called the TEmnp mode. If the resonator mode originates from the TMm» mode 
of the waveguide, the resonator mode is called the TMn p mode. 


(9.54) 


Amnp = 
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9.5.1.1 The TEmnp Modes of the Rectangular Cavity Resonator 


To determine the field components of the TEmnp modes of the rectangular cavity 
resonator we consider the field components of the TEmn waveguide modes of the wave- 
guide with a rectangular cross-section according to (7.240a)-(7.240f). We superimpose 
a waveguide wave of amplitude A“ propagating in the positive z-direction with a 
waveguide mode with amplitude A‘ propagating in the negative z-direction. We take 
into consideration that the wave propagating in the negative z-direction exhibits the 
inverse sign of the transverse magnetic field components. This change of sign is due 
to the replacement of e}#* by e*)* and follows from (713b) and (714b) due to the 
partial derivation with respect to z. Therefore we obtain 


E, =jop T cos E sin TZ (40) eP? + AO eif), (9.552) 
E, E sin TTE cos 2 (AM eI 4 AO pP), (9.55b) 
E (9.550) 

MET (At ef - AO P), (955d) 
H, - JB T cos ™ sin TZ (AC eP- AO eP), (9556) 
H, = f cos am cos = (AM eP AO elf), (9.55) 


At z = 0 the transverse components of the electric field vanish (i.e, in this transverse 
plane E, = 0 and E, = 0 must be valid). From this we obtain 


AO =-a, (956) 


From this condition (9.51) follows. With (9.56) we obtain from (9.55) to (9.55f) 


Bee 3BZu Acos = sin u sin E, (9.572) 
E, = -282r 27 Asin cos“ sin PX, (9.57) 
a a pom 

2b, (9579) 
„amn, mmx nny pnz 

= 2j T7 Asin = cos P cos P7, 9.574 

jf. 4 Asin 777 cos y^ cos (9.574) 

2j BTA cos TE sin e cos PE, (9.57e) 


2j Bl A cos TE cos TE sin PTE, (9570) 
a 
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95.12 The TM,,, Modes of the Rectangular Cavity Resonator 


We obtain the TMmnp modes of the rectangular cavity resonator from the TMm» modes 
of the rectangular waveguide. Starting with (7.247a)-(7.247f) and considering that 
replacing e`}? by e*/F* due to (2132) and (7.4) yields a change of sign of E, and E, 
we obtain 


B= ~ip T cos T sin ^ (B? eife — BO eit) , (9582) 
pT sin cos TY (BO eMe — BO je) (958b) 
E, = Bhre sin == sin Z (Bo) ehe a BO eit?) , (9.58c) 
BE os a (BO ei + BO elt?) , (9.58d) 
E in (B? eife 4 BC) eit) , (9.586) 
(9.58f) 
From the boundary conditions E,|. , = 0, Ej].  - 0 it follows that 

BO) =p =p. (959) 

With this we obtain the field components of the Tj, mode 
-2p 7 Bcos = sin u sin P (9.602) 
-26 Bsin E cos T sin PTE, (9.60b) 
20, Bsin ™ sin F cos (9.60¢) 
VS ame HUE, pan (9.60d) 

m a p og 
PH sin cos PTE, (9.600) 
(9.60f) 


9.5.1.3 The Quality of Rectangular Cavity Resonators 


‘The definition of the quality factor Q according to (9.32) has been so general that it may 
also be applied to the resonator. To every mode a quality factor Qmnp may be assigned 
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by 


ran Wong 


Qmnp = ` (9.61) 


Pimnp 

where Wmnp is the average energy stored in mode mnp and Pi mnp is the energy of 
the mode dissipated per unit of time. Furthermore, the quantities marked with mnp 
depend on whether we are considering the TM mode or the TE mode. With (2.32a), 
(2.32b), (4.22), and (4.2b) the average stored energy Wmnp is given by 


Wranp ei f (CET n E+ Hh AH). (9.62) 


"The integration is performed over the resonator volume V. According to (6.66), the 
power loss Pj mnp is given by 


1 
Pimnp = s [NITE ^S. (9.63) 


‘The integration is performed over the boundary 9 V (i.e, the walls of the resonator). For 
the TE}o, mode with the field components following from (9.57a) to (9.57f) we obtain 


-aBZss Asin = sin = ; (9.642) 
x. nx ^m: 
H =2)B Asin TE cos E, 9.6 
H, = 2B Asin TE cos T (9.64b) 
H, = -2jfl cos sin =. (9.640) 
wg 
"The quality is given by 
TZ b(a? +d’) 
Qoi = Tl ( ) (9.65) 


TIRa ad(a? + d?) «2b(à + d?) ` 


‘The field lines of the TE10 mode of the rectangular resonator are depicted in Figure 9.10. 


9.5.2 The Circular Cylindric Cavity Resonator 


‘The circular cylindric cavity resonator is formed by a segment ofa circular cylindric 
waveguide terminated at both ends by a conducting plane. The resonator modes origi- 
nate from the circular cylindric waveguide modes. The waveguide wavelength Ay has to 
fulfill the condition (9.51). From the TEnm modes and the TMym modes, respectively, of 
the circular cylindric waveguide we obtain the TEnmp modes and the TMymp modes of 
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Figure 9.10: Field lines of the TE10ı mode of the rectangular cavity resonator. 


the circular cylindric cavity resonator. The resonant frequencies following from (7317), 
(7318), (7319a) and (7.319b)are 


; 
wn’ =V Bn + (E) " (9.662) 
Err 
E 
ins. co f Er 
omg = So i+ (2) : (9.565) 


As an example we calculate the field of the Toi» mode of the circular cavity resonator. 
From (7313a)- (73136) it follows that 


E, = -j fk. Jo (ker) (B) e” - BO ei) , (9.672) 
E, = K2Jo(ker) (BC) e7 + BO e) , (9.676) 
Hy = -joeok:Jo (Ker) (BC) e9? + BO e)9:) . (9.67c) 


The negative sign in (9.672) originates from the partial derivative with respect to z in 
the first term on the right side of (7312). For the TMo1o mode we obtain £ = 0. This 
corresponds to the operation of the waveguide at the cutoff wavelength. The radial 
electric field component E, must vanish at z = 0 and z = d, and due to f = 0 vanishes 
everywhere. We obtain 


BO = BO - B. (9.68) 


From (7317) we obtain with f = 0 and (7315b) 


2.405 
Bo = 


s A= 2m _ la, (9.69) 
a Bo 
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From (9.67a) to (9.67c) we obtain the two remaining field components E, and Hy: 


E, = 2BB5Jo(Bor), (9.702) 


Bot Be rp Gon). (9.70b) 


9.5.2.1 The Quality of the Circular Cylindric Cavity Resonators 


The quality of a circular cylindric resonator excited in the TMo mode is computed in 
the following using (9.61)-(9.63). At the resonant frequency we obtain 


W 22W, = $e Í, |E,Prdr ^ dé ^ dz. (97) 
With (9.70a) it follows that 
a 
W = AneslB Bid  r/8(Bor)ar. (972) 
With (B.28) we obtain 
W = 2nei|Bl Boa" dJi (Boa). (973) 
The power loss follows from (9.63): 


Bei $. |H,Pr(dg ^ dz » dr ^ dg). (974) 


‘The integral has to be performed over the side wall and the top and bottom walls of the 
circular cavity resonator. We obtain 


Bo * 
pı = 2RAlBP A [2nadi2(Boa) ZI rR (Bor er] ] (975) 


where the first term corresponds to the integral over the side wall and the second term 
is the integral over the top and bottom walls. With (B.27) it follows that 


Pi = 4na(d + a)RalBP ÉL Bo iw). (976) 


From (9.61), (9.73) and (9.76) we finally obtain 


cowpad Z2q 


2(d+a) RA ` (977) 


Qo 
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Figure 9.11: Resonant circuit connected with generator. 


"With (7315b) it follows that 
Boa = £g = 2.405 (9.78) 


and with cowo Zro = Bo we obtain the quality factor 


Zr n 


DL 979 
Ra 2(1« 3) (9) 


Qo 


9.6 COUPLING OF RESONANT CIRCUITS AND 
RESONATORS 


9.6.1 The Loaded Quality Factor 


Ifa resonant circuit or a resonator is coupled to an external circuit, energy stored 
in the resonant circuit or the resonator will be exchanged with the external circuit. 
Figure 9.11 depicts the connection of a parallel resonant circuit and a series resonant 
circuit, respectively, with a generator. The generator consists of an impressed current 
source J, and an inner conductance G; or of an impressed voltage source V, and 
the inner resistance Rı. We have assumed the impedance of the generator to be real. 
This simplifies the following considerations; however, it does not impose restrictions 
since in the case of a reactive component of the generator impedance this can be easily 
compensated by detuning of the resonant circuit. 

According to (9.342) and (9.34b) the quality factor Qo of the resonant circuit not 
connected with the generator is given by 


Parallel resonant circuit Series resonant circuit 
wC, L 

Opt, (9.80a) Q = 2, (9.80b) 
[7 Rs 


Jf the resonant circuit is connected with the generator, the resonant circuit also is 
damped by the external conductance Gi or the external resistance Rj, respectively. 
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Figure 9.12: Transmission-line terminated with resonant circuit. 


Considering the generator as ideal current source or ideal voltage source, respectively, 
and G; or R; to be part of the lossy resonant circuit, we can introduce a loaded quality 
factor Q; given by 


Parallel resonant circuit Series resonant circuit 
[515] wols 
= ; 9.814 - , 9.81b 
Q G+G, (9.81a) Qr LA (9.81b) 


We name Qo as the unloaded quality factor or unloaded Q and Qz as the loaded quality 
factor or loaded Q. It is useful to introduce also a so-called external quality factor Qext 
given by 


Parallel resonant circuit Series resonant circuit 
WoC, WoL, 

Qn TL, (9.82a) Qu = =! (9.82) 
Gi Ri 


‘The external quality factor Quy, is a measure for the damping resonant circuit by the 
external circuit. From (9.80a)-(9.82a) and (9.80b) ~ (9.82b), respectively, it follows that 


i 4 1 
==>. 
Q, Qo Qm 


The smaller Qext is, the larger the damping due to the coupling of the resonant circuit 
to an external circuit. For Qext > Qo the resonant circuit is undercoupled, for Qext = Qo 
we obtain critical coupling, and for Qext < Qo the resonant circuit is overcoupled. 


(9.83) 


9.6.2 Termination of a Transmission-Line with a Resonant Circuit 


We now consider a transmission-line terminated either with a parallel resonant circuit 
or a series resonant circuit as depicted in Figure 9.12. The transmission-line input is 
connected to a generator with an internal impedance equal to the wave impedance 
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Zo of the transmission-line. Therefore the resonant circuit also is terminated with the 
characteristic impedance Zo. According to (9.82a) and (9.82b) we obtain 


Parallel resonant circuit Series resonant circuit 
WoL. 
Qua = WoC pZo, (9.843) Qu. (9.84b) 
o 


Using (8.594), (8.59b), (9:244), (9.24b), (9.802), (9.80b), (9.822) and (9.82b) we normalize 
the admittance of the parallel resonant circuit and the impedance of the series resonant 
circuit with respect to the wave impedance and obtain 


Parallel resonant circuit Series resonant circuit 


p- Sasa), ossa z= tq +jQov). — (85b) 


With (8.61a) and (8.61b) we obtain the reflection coefficient 


Parallel resonant circuit. Series resonant circuit 
1- $(1+jQov) 1- $#(1+jQov) 
= Garay? (9.86a) Bn (9.86b) 
1+ S (1e jQov) = 1+ Gat(1+jQov) 


The rational functions (9.862) and (9.86b) define circles in the p-plane. In Figure 9.13 
the curves of the parallel resonant circuit and the series resonant circuit are given for 
undercritical coupling, critical coupling and overcritical coupling. 

In the case of critical coupling the impedance curve passes p = 0 at resonance. In the 
case of overcritical coupling the origin p = 0 is enclosed by the reflection factor curve, 
whereas for undercritical coupling p = 0 is not enclosed by the reflection factor curve. 
‘The 3 dB cutoff frequencies w_ and w, correspond to points on the reflection factor 
curve with X = R and X = -R of the Smith chart. We obtain these curves by drawing a 
circle with center at p = -j or p = j, respectively, and passing through p = -1 and p = 1. 


To determine the input impedance of a transmission-line of length d and character- 
istic impedance Zo terminated with a parallel resonant circuit we have to rotate the 
points of the p curve of the parallel resonant circuit according to Figure 9.12(a) in the 
Smith chart by nd /À. Strictly speaking we have to rotate every point of the p curve by 
another angle since each point belongs to another frequency. If, however, the resonant 
circuit exhibits sufficiently high quality the essential part of the p curve belongs to a 
very small frequency interval. In this case by approximation we may rotate the p curve 
by an angle corresponding to the waveguide length d and the waveguide wavelength A 
or Ay, respectively, at the center frequency of the resonant circuit. 

Comparing Figure 9.13(a) and 9.13(b) we see that the reflection factor curves of the 
parallel resonant circuit are transformed in the Smith chart by a rotation over 180° into 
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Figure 9.13: Curves (a) of the parallel resonant circuit and (b) of the series resonant circuit for (1) under- 
critical, (2) critical, and (3) overcritical coupling. 


the reflection factor curves of the series resonant circuit. Therefore a 1À transmission- 
line terminated with a series resonant circuit behaves like a parallel resonant circuit 
and vice versa. 


9.6.3 Inductive Coupling of Cavity Resonators 


Resonators may be coupled to external circuits, via coaxial lines, waveguides or other 
kinds of transmission-lines. The coupling may be performed inductively over a loop 
or capacitively over a pin or by some combination of these methods. In Figure 9.14 
various examples for the coupling of resonators to waveguides are depicted. 

As an example we treat the inductive coupling of a coaxial line to the TM; mode of 
the circular cylindric resonator. Figure 9.15 shows the inductive coupling of a coaxial 
line to a circular cylindric resonator. The inner conductor of the coaxial line inside the 
resonator forms a coupling loop enclosing an area A. The magnetic field in ¢-direction 
intersects the loop normally. If at the resonant frequency of the TMoio mode a current 
with amplitude J is impressed, a magnetic field in the resonator is induced. On the 
other hand the alternating magnetic field of the excited TMo mode induces a voltage 
in the loop. This voltage will assume a maximum value at the resonant frequency of 
the TMy mode. Therefore we expect that the equivalent circuit of the cavity resonator 
excited in the TMo mode via an inductive loop will be a parallel resonant circuit, if 
we assume that the transverse plane of reference is positioned in the side wall of the 
resonator. The voltage V induced in the inductive loop is given by 


V. - jouoAH, * joLL, (987) 


where the first term at the right side of (9.87) describes the voltage induced due to 
Faraday’s law (2.57b) by the magnetic field of the TMo mode in the coupling loop. 
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(a) 


Figure 9.14: Coupling of a resonator to a waveguide with (a) inductive loop coupling, (b) capacitive pin 
coupling, (c) hole coupling, and (d) inductive hole coupling. 


The second term in (9.87) is due to the self-induction due to the inductance L of the 
coupling loop. The computation of L is more complicated since we have to consider all 
resonator modes for this. However, it is not necessary to know the value of L since in 
the case of a high resonator Q factor the inductance L will cause only a minor detuning 
of the resonator. We can compensate the influence of L by a small change of frequency. 
‘The complex power P. flowing into the resonator is given by 


P; = 4VI" = jopeAH,(a)I" + $j wL. (988) 
In the resonant case the complex power P, is real and equal to the loss power Pi, 
P, = Py = $jouoAHS(2)I*, (9.89) 


where the resonant case is defined by tuning for real input impedance. The contribution 
of the loop inductance L in this case is compensated by a small detuning of the resonator. 
Assuming that the power loss flowing into the cavity resonator only is due to the 
resonator wall losses, we obtain from (9.70b) and (9.76): 


P,=na(d+a)R,lHy(a)/? for w= wo. (9.90) 
From (9.89) and (9.90), it follows that 


dics [C]. 8 


VE adea (9.91) 


On the other hand according to Figure 9.2(a) we obtain for the parallel resonant circuit 


mi 


Bc. 9.92 
ü 26; (9.92) 
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Figure 9.15: Inductive coupling of a coaxial line to a circular cylindric resonator. 


From (9.91) and (9.92) we obtain the loss conductance Gp of the parallel resonant circuit 
according to Figure 9.2(a): 
— 2na(d + a)Ra 
PO (QwnAY C 
Since we already have computed the quality Qo for the TMo mode of the circular 
cylindric resonator in (9.79) according to (9.374), we obtain 


(9.93) 


Y-G,(0*jQv). (9.94) 


This is the admittance of the cavity resonator of excitation in the TMo10 mode and refers 
to the plane of reference in the resonator wall. According to the made assumptions 
this admittance is only correct within a neighborhood of the resonant frequency of the 
Moi mode, since only in this case the magnetic field contribution of the TMo1 mode 
is the dominating magnetic flux contribution in the coupling loop. 


9.7 ORTHOGONALITY OF THE RESONATOR MODES 


For a resonator filled with homogeneous isotropic material, with perfectly electrically 
conducting walls and without source we obtain from Amperes law (3.27a) and Faraday's 
law (3.30b) the equations 


*d« dE,- aj eu£, 20, (9.952) 

«d+ d, - uj eu, - 0, (995b) 

where k is the mode index, c is the resonant frequency or eigenfrequency of the kth 
mode, and £ and H are the electric and magnetic modal fields. Let n be the unit 


differential form normal to the ideally conducting boundary 3V. Then the boundary 
conditions for the electric and magnetic fields are 
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n^£-0 onav, (9.962) nsH=0 on3V. (9.96b) 


Equations (9.952) or (9.95b) together with the boundary conditions (9.962) and (9.96b) 
define an eigenvalue problem. For a finite resonator volume solutions exist for a discrete 
eigenvalue spectrum wx. We need to solve the eigenvalue problem either for the electric 
or the magnetic field only. The complementary field can be determined from (3.272) or 
(3.30b). According to Section C.4.1 solutions of (9.952) and (9.95b) belonging to different 
eigenvaluesareorthogonal. The modal functions of the electric and magnetic fields form. 
a complete set of functions that can be used as a basis to expand any electromagnetic 
field distribution in the resonator. We introduce the electric and magnetic structure 
forms Ey and Hy satisfying (9.952) and (9.95b), With the inner product defined in 
(C.157) the orthonormalization relations are written as 


[iG E^ E= (Ede) = us (9.978) 
[iG D^ Mi= (Hilti) = bx (9.976) 


For cylindric cavity resonators the orthogonality of the modal functions also follows 
from the orthogonality of the transverse structure functions and the orthogonality of 
the longitudinal sinusoidal functions. For resonators of more general shape the reader 
is referred to the literature [6-9]. 

‘The cavity modes usually are characterized by three indices m, 1t, p and the property 
TE or TM. To abbreviate the notation in the following a single index is used to mark the 
mode. An initially excited cavity can oscillate at one or more of its resonant frequencies 
at the resonant frequencies without being connected to an external source. Since the 
resonator modal functions constitute a complete set of orthogonal basis functions we 
can expand any field in a driven resonator into modal basis functions. 

For an arbitrary field distribution £ and H in the cavity satisfying (9.1032) and 
(9.103b) may be expanded into series 


£&)- XX | 869» (9.983) 
Hx) = Xn PULS (9,98b) 


where the coefficients V, and I, may be considered as generalized resonator voltages 
and currents with dimensions V and A respectively, and c is the speed of light in the 
resonator medium. The factor (¢/w,)"/? has been introduced to obtain generalized 
voltages and currents as the expansion coefficients. 

To represent the resonator modes by equivalent lumped element resonant circuits, 
we introduce equivalent capacitances C; and equivalent inductances Lx, imposing 
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their relationship to the resonant frequency w, and the wave impedance Zp given by 


[te ft Lg, 
e E-z. (9.99) 


This yields 


GeeS 
wk 


(9.100) 


With (4.25) and (4.26) and the inner product defined in (C.157) we obtain the mean 
values of the electric and magnetic energy stored in the cavity W and Wn as 


W, = f W.=1¢(Ele) , (9.1012) 
Wm = [Wn = 44 (HIH) . (9.101) 


Inserting (9.98) and (9.98), considering the orthonormality relations (9.972), (9.97b) 
and also (9.100) we can express the stored electric and magnetic energies as 


We =t E olv. (9.102a) 
k 


Ww -AY Lu - (9.102b) 
k 


9.8 EXCITATION OF RESONATORS BY INTERNAL 
SOURCES 


Allowing electric and magnetic sources described by the impressed polarizations 
M,9(x) and Mv (x) the electromagnetic field in the waveguide is governed by 
Ampéres law (3.272) and Faraday’ law (3.30b), 


dH = jo(c«£* Ma), (91032) 
dé = -jo(u «3L Mno): (9.1035) 


Consider the electromagnetic field in a resonator excited by an electric polarization 
ML, only. For M, = 0 we obtain from (9.1032) and (9.103b) 


(* d x dE - o! euE) = w° * uMeo (9104) 
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The structure form Ep is a solution of (9.95a) for the eigenfrequency wp, 
«d+ dE - oi euE, - 0. (9.105) 


Subtracting (9.105) from every term in the sum of (9.104) yields 


Ye /5 V, (wi - w?) Ek = w° * Mag. (9106) 
Li 


D 


Forming the inner product with Ey on both sides over the whole cavity volume V and 
considering the orthonormality relation (9.97a) we obtain 


= 4? (E,| Myo) . (9.107) 


Inserting this into (9.98a) gives the electric resonator field £ due to the excitation by 
the electric polarization M, as 


£- LAUS Ek (Ex| * Mao) (9.108) 
£-Y aR at Fe (Esl + Mao). . 
‘The magnetic field form is given by 


4 
HX e Hy (Ekl * Mo) - (9.109) 


At the resonance frequencies c the field becomes infinite. This is true for a lossless 
driven resonator. However, in reality any resonator exhibits losses and therefore a finite 
Q-factor. Therefore the field also remains finite in the lossless case. 

For a field excited by a magnetic polarization M „o only with M,, = 0 we obtain 
from (9.103a) and (9.103b) 


XJ. (> d a dH, - w? euH,) = w? eM. (9.110) 
k 
The structure function Hj is a solution of (9.95b) for the eigenfrequency wg, 
*»d» dH, - ej euH, 20. (9.111) 
Subtracting (9.111) from every term in the sum of (9.110) yields 


(oi - 0?) Hk =jo* Ma. (9.112) 
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We form on both sides of the equation the inner product with Hy over the whole cavity 
volume V. With the orthonormality relation (9.97b) we get 


(i-e) = 


Inserting this into (9.98b) gives the magnetic resonator field H due to the excitation by 
the magnetic polarization M,,, as 


= Ao? (Hi| * Ming) + (9113) 


4w? 


uD a He (Hil Mao) + (9.114) 
The electric field form is given by 
4o, 
E= Yu gibt (Hal * Ma) (9.115) 


9.9 PROBLEMS 


1. A rectangular hollow (€o, jio) cavity resonator, made of copper (c = 5.810" Sm~'), 
and with inner dimensions a = 5 cm, b = 2 cm, and d = 6 cm, is excited in the 
Ej, mode with an electric field amplitude | E, (3a, y, $d) |= 1 Vm™. 

a) Determine the resonance frequency. 

b) Compute the energy dissipation Py due to the finite conductivity of the 
resonator walls. 

c) Determine the time average stored energy W. 

d) Compute the unloaded quality factor Qo. 

2. A coaxial resonator of length | = 20 mm is formed of a coaxial line with inner 
diameter 2a = 2mm and outer diameter 2b = 5mm. The resonator is made 
of copper ( = 5.8 107 Sm”) and filled with a dielectric with e, = 2.25. The 
dielectric can be considered as lossless. 

a) Compute the 3 lowest parallel resonance frequencies and determine the 
equivalent circuit of the resonator considering these resonance frequencies 
only. 

b) Compute the 3 lowest series resonance frequencies and determine the 
equivalent circuit of the resonator considering these resonance frequencies 
only. 

c) Considering the skin effect compute the ratio of power loss per period of 
oscillation to the stored energy and from this the quality factors for the 
three lowest parallel resonance modes. 
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d) Determine the equivalent circuit for the three lowest parallel resonance 
modes also including the parallel loss conductance. 

e) Considering the skin effect compute the ratio of power loss per period of 
oscillation to the stored energy and from this the quality factors for the 
three lowest series resonance modes. 

f) Determine the equivalent circuit for the three lowest series resonance 
modes also including the series loss resistance. 
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Chapter 10 


Passive Microwave Circuits 


10.1 LINEAR MULTIPORTS 


A general microwave circuit is a multiport (i.e., a circuit with a number of ports) [1-4]. 
In the network picture, a port is constituted by a pair of external nodes where the 
currents flowing into the two nodes of a port have equal amplitude and opposite signs. 
In microwave circuits a multiport usually exhibits waveguide ports. The port is defined 
by the junction plane of the waveguide. If more than one mode is excited in the junction 
plane of the waveguide, we have to assign one port to every mode. In the following we 
assume that in every waveguide only a single transverse waveguide mode is excited. 
In this case the number of physical ports is identical with the number of ports in the 
abstract multiport scheme. 

Figure 10.1 shows the schematic drawing of a multiport. The port either may be of 


Figure 10.1; Multiport. 
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Figure 10.2: Multiport described by the amplitudes (a) V,, 1, and (b) a,, by- 


a coaxial type, a waveguide type, or any other type. To each port a pair of complex 
amplitudes is assigned; these describe the incident and scattered electromagnetic waves 
completely. The complex amplitudes are defined for a certain plane of reference in 
the waveguide termination. To describe the state of the kth port (k = 1... n) we may 
take the incident and scattered wave amplitudes a, and b, or the current I, and the 
voltage V ,. Current and voltage may be defined in a conventional way for TEM ports. 
For non-TEM waveguide ports, currents and voltages may be considered as generalized 
currents and voltages. 

Figure 10.2 shows the schematic representations of a multiport. In Figure 10.2(a), a 
pair of nodes is assigned to each port. The arrows for the voltages V , and currents I, 
are drawn for every port. Voltages are only defined between the two nodes of the same 
port, but are undefined between nodes of different ports. The currents flowing into 
the nodes of one port have the same amplitude, but opposite sign. If the signals are 
characterized by the wave amplitudes of incident and scattered electromagnetic waves 
à, and b, respectively, an assignment of arrows according to Figure 10.2(b) is possible. 
The multiport may be completely described by specifying the relations between incident 
and scattered amplitudes. 


10.2 SourcE-FREE LINEAR MULTIPORTS 


10.2.1 Impedance and Admittance Representations 


Source-free linear multiports are described by a linear system of equations [2,3,5]. In a 
multiport with n ports, also called an n-port, the n port voltages V, ... V „ are related 
to the ni port currents J, ...1, via an n-dimensional linear systems of equations: 


Y, + Bal oko ale 
Y + Zah + ss fab tios) 
Rum + Zal + 68 Zalu 
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where Zmn are impedances. These equations may be written in the following form 


Y,-YEZah for 


en. (102) 


Port voltages and port currents are described by n-dimensional vectors. An n-dimen- 
sional column vector is a matrix of type (n x 1), 


(10.3b) 


‘The impedances Zik may be summarized in a matrix of type (n x n) (i.e. an nth order 
quadratic matrix) 
Zu o Zw 
Zenxn> = (Zink) =| i > M (10.4) 
V xol 


The circuit equations (10.1) and (10.2), respectively, can be written in matrix notation, 


Ez. (10.5) 
Z is called the impedance matrix of the multiport. The description of the multiport by 
(10.1), (10.2) and (10.5) is the Z-representation or impedance representation of the multi- 
port equations. On the other hand, the admittance matrix Y and the Y -representation or 
admittance representation represent the port currents as a function of the port voltages, 


I=YV (10.6) 
From (10.6) and (10.5), it follows that 
Y-ZI-ZYY (10.7) 
and we obtain 
Y=z". (10.8) 


10.2.2 The Chain Matrix 


The multiport in Figure 10.3 is port-number symmetric, i.e. it has the same number 
m = 4n of input ports and output ports. In the chain representation of the circuit 
equations, the currents and voltages of the m input ports are represented as functions 
of currents and voltages of the m output ports. The input ports are numbered from 1 to 
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Figure 10.3: Port-number symmetric multiport. 


m and the output ports are numbered from m + 1 to n. The input amplitudes may be 
summarized in the m-dimensional vectors 


Yun = Vp Yo Val” (10.92) 
ligi) ls DL] « (10.9) 


To save space in the book we sometimes write column vectors as transposed row vectors. 
The output quantities are summarized in 


Yap) = Emio Lm Val (059 


Doa) = lins Dn Ll" - (10.94) 


‘The input quantities are represented in dependence of the output quantities by 


V2 An V, + Arn(-1,), 
L2AnV;*AnCLb). 


(10.10) 


where Ajiemxm> - -- A22emxm» are quadratic mth order submatrices. These may be 
summarized in a supermatrix A<nxn>» given by 


An An 
A= " 10.11 
[i ral Oo) 


Summarizing the input quantities and the output quantities in n-dimensional vectors, 
we obtain 

LARA 

f ] =A E: . (10.12) 


The matrix A is called chain matrix. The chain representation is useful for the analysis 
of cascaded multiports. Figure 10.4 shows the cascading of two port-number symmetric 
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Figure 10.4: Cascading of two multiports. 


multiports. The first multiport is described by the chain matrix Aj, the second multiport 
by the chain matrix A. The m output ports of the first multiport are connected with 
the m input ports of the second multiport. Both multiports are described in chain 
representation by 


(10.13) 


(10.14) 


For appropriate numbering of the output ports of the first multiport and the input 
ports of the second multiport we obtain 


V. V. 
AN 
hel Nae 
From (10.13) to (10.15) it follows that 
Xij- yx 
E-a [i]. cus 
‘The chain matrix 
An AAs (10.17) 


describes a multiport obtained by cascading of the multiports 1 and 2 in Figure 10.4. 


We obtain 
Yl, [Ys 
li | =A Bl s (10.18) 


‘To convert the Z-representation into the A-representation we first write (10.5) in the 
form 


nt, + Zol, 
Vo = Zah + Zul, 


(10.19) 


418 Electromagnetics 


where V, I, are the input quantities and V. I, are the output quantities. The Zy ... Z2; 
are the four mth order quadratic submatrices of the matrix Z. To compute Ay; we set 
J, = 0 in (10.10) and obtain 


V,=Ay¥, ford, =0. (10.20) 


From (10.19) it follows that 


Vi = Zul, = Zn Zt for I, =0. (10.21) 


From this we obtain 


An =ZyZ3 forl, (10.22) 
For Az; we obtain from (10.10) 
I,=AnV, forl,=0. (10.23) 
In the same way we obtain for I, = 0 the submatrix 
An-7Zg. (10.24) 
To determine Aj? and A22 we set V, = 0 and obtain from (10.10) and (10.19) 
-Zj Zal, for V, (10.25) 
By comparison with (10.10) we obtain 
An = Zi Zn. (10.26) 
From (10.19) it follows that 
Yi = (-Zu Zz Za + Zn) 1, (10.27) 
and therewith under comparison with (10.10) we obtain 
An=-Zn + Zu Zz} Z2 for Vy = (10.28) 


With this we can express the A matrix by the Z matrix in the following form: 


ZuZi -Zv+ Zu Zz Zar 
A= ^ 10.29] 
[ zi Zi Zn (028) 
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‘The so-called inverse chain matrix B represents the output signals as a function of the 


input signals 
Y. Y, 
lapli 
f] -B [5] (20.30) 


For the cascading of two multiports according to Figure 10.4 we obtain 
B-B;B. (10.31) 


We consider that in spite of the name inverse chain matrix B + A^. Conversion 
formulae between the Y-, Z-, A-, and B-representation are given in Table 10.1. 


10.2.3 The Scattering Matrix 


‘The multiport according to Figure 10.2(b) is described by the wave amplitudes of the 
waves incident through the ports and scattered through the ports. The wave amplitudes 
a, and b, are related to the (generalized) voltages V , and (generalized) currents I, 
according to (8.402) and (8.40b) via 


a=} ( x * vail) : (10.32a) 
Kk 
b=} (= - Vials) " (10.32b) 


We allow at various ports different kinds of waveguide types (e.g, a multiport may 
contain coaxial ports as well as waveguide ports). We also have to consider that the 
wave impedances of the transmission-lines of the various ports may be different. We 
summarize the wave amplitudes of the n incident waves a, .. a, and the n scattered 
waves b, .. . b, in n-dimensional column vector 


isst] s (10.332) 


[ 
b= [By bare bal’ (10.33b) 


With the diagonal matrix g summarizing the square roots of the characteristic imped- 


dias, 
g = diag [V Zon Zo... V Zan] > (1034) 


we can write (10.32a) and (10.32b) in matrix notation: 


a=Hg'V+e), (10.352) 
b-ig'V-gD. (10.35b) 
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‘Table 10.1; Transformation of Signal Transmission Matrices 


Y z A 
Y Y zt 143] 
-1 -1 An JTI [0 An 
Z Y z oan) Dl 
á Yua -17I Ya o E AD 22] A 
-Yn 0 -Yn 2b 0 Zn 1 Zn 
o'f 1 0 Za) f1 Z An -An ] [ro 
BO [R K IET BAI Am] UA] 
PIE 
-[ n zanetik] : 
arg] fet SAC ud -Angi-Anii! 
S. [ete] [2v] [ze s] [ze'-e] ode e 
-Augi Augg 
-AngtÁng 
aq- Dag Tl E 
"pesi! Yaga] S -[4 sep. [sky 
T Yan — Yugi Za a8 8 
[ -Ya -Yng ;] "Zu. Zug; ] [price -Ang-An] sl 
-YnggS -Yangasi -Zug'*h Zagi g ~Angi+Angy! -Angi-Angy! 


Ifall ports exhibit the same characteristic impedance Zo, we obtain 


g=VZ0l. (10.36) 
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‘Table 10.2: Continued: Transformation of Signal Transmission Matrices 


B Ss T 


Eque 


-(Tu e Ta) r5 
~(Ta+Tadey 


(ST UR V] [esse] [s-s] 


fi 


5 


(Tua)! IE 

-(Ta* Ti); 

| -gı (-Tu+Ta)gz ] 
ai (Tat Tn) 82 


[VT [85 [ese] [ense] 


[0-56 -ü«508 |. 
[ ] 


Bu -Bn re 9] -$ap -Sagi 
Bu-Bni i03 Sng! Sun ] ~(TutTa) gz! Ci Tales] 
[ur ~(Tu+Taa) 83! Ci Tags 
- a a 
_[ Sasi! Sasa ] 1o [Gens (tu Tades | = 
B (-53)52* -(1+S21)82 (Tn+Ta)s3' (Tn To): 
a-sog? taa) [5 r] ] 
-Sagi Sagi g's 
E a 
-Bun-Bug! gi ] i 
-Bug-Bug! -ü s A M2) 70 Tu 
mI [SI Ve) 
-BapiBags SS 
2a E 
pen Bugi-Bugi ] ; 
BngisBug;! -Bur-Bugi* -1 Su J7} f -Sa 0 
R aal [Ei T 
£c ‘| 


Multiplying (10.35a) and (10.35b) from the left with g and g~, respectively, and forming 
the sum and the difference, we obtain in analogy to (8.42a) and (8.425) 


V=g(arb), (10.37a) 
I-g'(a- b). (10.376) 
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The linear system of equations 
b=Sa (10.38) 


gives the dependence of b on a. The matrix $ is called the S matrix or scattering matrix. 
‘The representation of a multiport by the scattering matrix is the scattering representation. 
This name originates from the picture that the waves incident into the multiport leave 
the multiport as scattered waves through the ports. 

Conversion formulae between the Y, Z, and S representations are given in Table 10.1. 
We show how the scattering matrix may be represented in terms of the impedance 
matrix. To do this we insert (10.372) and (10.37b) into (10.5) and obtain 


g(a«b)-Zg (a-b) (10.39) 
Multiplying this equation from the left with g^! we obtain 
(g'zg'«1b-(g'Zg'-1)a. (10.40) 


Multiplying from the left with the inverse of the bracketed expression on the right we 
obtain 
b-(g'Zg'«1"'(g'Zg'-Da. (10.41) 


Comparing this with (10.38) yields the representation of the scattering matrix via the 
Z matrix 
S-(g'Zg!«1)'(g"Zg!-n. (10.42) 


We note that the bracketed expressions in (10.42) may be interchanged. The proof for 
this is as follows: The matrix 1 may be interchanged with every matrix, and therefore 
also with g^! Z g~'. If two matrices may be interchanged, the sum of both matrices 
may also be interchanged with the difference of both matrices. Furthermore, the two 
matrices A and B^! may be interchanged, if A and B are interchangeable. This may be 
demonstrated by multiplying the equation A B = B A on both sides from the left and 
from the right with B~}. 

We now consider the connection of two multiports according to Figure 10.5. The first 
multiport has a port number n; the second multiport has a port number n; < n;. Every 
port of the second multiport is connected with a port of the first multiport. Therefore 
at the first multiport 

n-n-n, (10.43) 


ports remain unconnected. We number the ports of the first multiport such that the 
ports remaining unconnected have the numbers 1 to n. The multiports 1 and 2 are 
described by the scattering matrices $( and S). We summarize the wave amplitudes 
of the ports 1 to n of the first multiport in the vectors a, and b. The wave amplitudes of 
ports n +1 to n; are summarized in the column vectors a, and b,. The waves incident 
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Multiport 1 Multiport 2 


s% so 


a bi ba 


Figure 10.5: Connection of two multiports. 


into the second multiport are summarized in b;; the waves flowing out from the ports 
of the second multiport are described by a. We assume that the connected ports of 
both multiports are of the same type. The circuit equations of both multiports are 


b 
[e] di [2] ? 0/449) 2; 7 Sb, (10.446) 


Subdividing the scattering matrix of the first multiport into submatrices Sı, S12, $21 
and S22, we obtain from (10.44a) 


b, =Sa,+5a,, (10.45a) 
b, = Sj? a, + S$) a). (10.456) 

Inserting (10.45b) into (10.44b) yields 
a, = 8 SO a +875 a). (10.46) 


We bring this expression into the following form: 
a, = (1-8 SQ) sO 80 a. (10.47) 
After inserting into (10.45a), we obtain 


[s «s a-s sy" sO s] a. (10.48) 


For the scattering matrix S<nxn>» Which relates incident and scattered waves of the first 
n ports of the first multiport according to 


by = Senxn> 4 (10.49) 


we obtain 
s=sP «s a-s@ spis 50, (10.50) 
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Figure 10.6: Portnumber symmetric multiport. 


10.2.4 The Transmission Matrix 


The transmission matrix may be defined for port-number symmetric multiports accord- 
ing to Figure 10.6. It represents the incident and scattered wave amplitudes of the input 
ports in dependence from the incident and scattered wave amplitudes of the output 
ports. This representation of a multiport is called the transmission representation, 


f | -T [3 j (1051) 
& 5 

The transmission matrix for the wave amplitudes therefore corresponds to the chain 
matrix for (generalized) voltages and (generalized) currents. In the column vectors 
a, and by, the wave amplitudes of the m input ports and in the vectors a, and b, the 
wave amplitudes of the m output ports are summarized. The total number of ports 
is n = 2m. The transmission matrix allows one to compute easily the cascading of 
two port-number symmetric multiports. For two cascaded multiports according to 
Figure 10.7 we obtain 


by) 0| 
H =T" [: ] , (10.52) 
b,| _ po | a 
[5] =T 5 | $ (10.53) 


where T) and T) are the transmission matrices of the multiports 1 and 2. By appro- 
priately numbering the output ports of the first multiport and the input ports of the 


second multiport we obtain 
4, [5 
[el = II : (10.54) 


From (10.52) to (10.54) it follows that 


b]... [a 
le] =T li] 3 (10.55) 
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Figure 10.7: Cascading of two multiports. 


where the transmission matrix T of the multiport obtained by cascading multiport 1 
and multiport 2 is given by 


T=TYT®, (10.56) 


The transformation between the scattering representation and the transmission repre- 
sentation is performed by the formulae summarized in Table 10.1. 


10.3 TELLEGEN’S THEOREM 


We have already discussed the field form (4.45) of Tellegen’s theorem in Section 4.2. 
Tellegen’s theorem states fundamental relations between voltages and currents in a 
circuit. It is only based on topological relationships and is independent from the 
constitutive laws of the network [6-9]. In network theory Tellegen’s theorem gives a 
fundamental relation between voltages and currents in the connection network of a 
circuit. The connection network consists only of connections and ideal transformers. 
Stressing the analogy between an electromagnetic structure and an electric network, 
we can partition an electromagnetic structure by separating surfaces into substructures. 
These substructures can be set in analogy to the circuit elements of an electric network 
and the set of separating surfaces plays the role of the connection network. 

To derive the network form of Tellegen'’s theorem from field form (4.45) of Tellegen's 
theorem we consider the set Vg of all boundary surfaces of the electromagnetic structure. 
‘The set of boundary surfaces is of zero volume. In the integral we can substitute the 
fields by the transverse field components since the normal field components give no 
contribution, 


$, p Et Hs no, (10.57) 


where £y (x, f) and Hy; (x, t) are field forms representing the transverse electric and 
magnetic field components (i.e., the field components tangential to the boundary 
surfaces). Each surface of Vg has two sides and the integral over the boundary 9 Vg is 
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performed over both sides of every boundary surface. We mark each side of every part 
of the set of boundary surfaces by a or fi. 

We now expand the fields £ and Ht, at the boundary surfaces into a biorthonormal 
set of basis forms ef, and hÈ, as introduced in (21972), (7197b) and (C.174) with E = «, f, 
where a and denote the side of the boundary surface. If we choose structure forms as 
(71972) and (7.197b) as the basis forms, these forms are already solutions of Maxwell’s 
equations and we have only to satisfy the boundary conditions, Since the field functions 
in time domain are real we have to choose a real basis of structure forms. The numbers 
of structure forms are N, on side « and Ng on side £. The expansion coefficients are 
the generalized voltages V; and the generalized currents 1$,. Inserting (8.9a) and (8.9b) 
we obtain 


Ne 

&-Yvi&. (10.582) 
M 

HFE: (10.58b) 
o 


Inserting this expansions into (10.57) yields 
D " Hn Jn Wi NE WPI PL a a 
Ep EEH ENED VOR CE D fy, em Me 
Ng Ng a T 
«xxvi WG 4-0. a059) 
" m 39V 


Weassume biorthonormal structure forms as introduced in (797a) and (7197b), however, 
for the expansion of time-domain field forms we require the structure forms to be real. 
As in (7206) the structure forms are biorthogonal, 


$ ek, AS = bmn (10.60) 
Vg 
and obtain 
Ne / an Na 2 T) 
Y vr ous qn) + Sve qni (n) -o. (10.61) 
x g 


We summarize all voltages and currents in the vectors 


VED = [VE VALCO v)... VET, (10.622) 


I(t) = (ro. E (0)... KONN (10.62b) 
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Figure 10.8: Canonical form of the connection network. 


and obtain the general network form of Tellegen’s theorem (6-8,10] 
y" (i) I(t") 20, (10.63) 


where V(t) and I(t) denote the voltage and current vectors of the connection circuit. 
The prime ' and double prime " again denote different circuit elements and different. 
times in both cases. It is only required that the topological structure of the connection 
circuit remains unchanged. 
Taking (10.63) and 
I" (t) V"(t") 20, (10.64) 


which follows directly from (10.63) by interchanging the primed with the double primed 
variables and considering the symmetry of the inner product and inserting (10.37a) 
and (10.37b) in both equations we obtain, after forming the sum and the difference of 
the resulting equations, Tellegen’ Theorem in wave amplitude representation [11,12] 


a" (1) PI) = BT) a(t"), (10.652) 
a" (1*) a" (t) = bT (t) b(t"). (10.65b) 


In a network representation of a circuit the connection circuit contains all connections 
but no energy storing or dissipating circuit elements [5]. Ideal transformers may be 
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considered as parts of the connection circuit and not as circuit elements. Expanding 
the tangential electric and magnetic fields on the boundaries again into basis functions 
allows us to give an equivalent circuit representation for the boundary surfaces. The 
equivalent circuit of the boundary surfaces is a connection circuit exhibiting only 
connections and ideal transformers. 

Consistent choices of independent and dependent fields do not violate Tellegen's 
theorem and allow to draw canonical networks, which are based only on connections 
and ideal transformers. Figure 10.8 shows the canonical form of the connection network 
when using as independent fields the vectors V (dimension Ng) and I“ (dimension 
Na). In this case the dependent fields are V^ (dimension Na) and Jf (dimension Ng) 
In all cases we have Ng + Na independent quantities and the same number of dependent 
quantities. Note that scattering representations are also allowed and that the connec- 
tion network is frequency-independent. It is apparent from the canonical network 
representations that the scattering matrix is symmetric (i.e., S" = S), orthogonal, (i.e., 
$7 = 1) and unitary (ie., SS? = 1). The ! denotes the hermitian conjugate matrix. 


10.3.1 Connection Networks 


We now consider the fields as expanded on finite orthonormal basis function sets; the 
assumption of orthonormal basis is not necessary, and is introduced to simplify the 
notation. We consider a set of expansion functions of dimension Na on side a and a 
basis of dimension Ng on side f. 


Subject to the above assumption, we may write the transverse field expansions as 


N, 
&- S: vo A(x), (10.66) 


Ne 
= Shh (x) (10.67) 


where we have used the tilde, as in [13], in order to denote fields expressed by finite 
expansions. The vector fields e$ (x) and h$ (x), £ = a, f are the selected basis functions 
for electric and magnetic fields. Moreover, V; and I5, € = a, f denote the field ampli- 
tudes of the electric and magnetic fields, respectively. They are conveniently grouped 
into the following arrays for the expansion coefficients of the electric field, which are 
generalized voltages, 


T T 
ve€[w voe vel’, vw vi vg (10.68) 
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and the expansion coefficients of the magnetic fields, which are generalized currents, 


r-i as = £j. (10.69) 


leading compactly to 
NT F 
s[e]. 2 m 


10.3.2 Tellegen's Theorem for Discretized Fields 


We start by expanding the fields in (10.57) into basis functions: 


NN. " 
f. E(x.) HU (x, t") = Lda (rug n) $. of Ahi 


POM (1071) 
XX viet Ge nth: 
By introducing the matrix A with elements 
Ma be ek, n hho (10.72) 
with £ standing either for a or £, the general form of Tellegen’s theorem is 
vit (ir) AI" (I) = 0. (10.73) 


In general it is convenient to consider orthogonal electric and magnetic field expan- 
sions; when this is not the case a suitable orthogonalization process can be carried out 
providing an orthogonalized basis. In that case Tellegens theorem takes the standard 
form 


VTE") = 0 (10.74) 


where V(t) and I(t) denote the voltage and current vectors of the connection circuit. 
‘The prime’ and double prime " again denote different circuit elements and different 
times in both cases. It is only required that the topological structure of the connection 
circuit remains unchanged. 
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10.4 THE POWER PROPERTIES 


‘The total active power P flowing into a multiport is equal to the sum of the active power 
flowing into every port. We obtain from (8.46) 


n 
P-y| (10.75) 
The superscript ! denotes the Hermitian conjugate of a vector or matrix, respectively, as 
defined in (C.38). The term at a represents the power carried by the waves incident into 
the multiport and b' b is the power carried by the waves scattered from the multiport. 
The difference is the power P absorbed in the multiport. Inserting (10.38) and its 
Hermitian conjugate 

b! =at st (10.76) 


we can represent this equation by 
P-a'(1- S's)a. (10.77) 


Fora passive multiport for an arbitrary choice of the incident waves a P > 0 must always 
be valid, i.e., the right-hand side of (10.77) must be a positive semidefinite Hermitian 
form in a. This is fulfilled if and only if 


det(1-S'S)20 — fork=1...n (10.78) 


is valid, where the symbol det, denotes the leading principal minor of order k of a 
matrix as defined in (C.53). 
If the multiport is lossless, the total absorbed active power is P = 0. A lossless 
multiport is called a reactance multiport. With (10.77) we obtain 
St=S" for lossless multiports. (10.79) 
A matrix fulfilling (10.79) is called unitary. The scattering matrix describing a lossless 
multiport is unitary. In impedance and admittance representation we obtain from 
(10.42) and (10.79) for reactance multiports 
Z(w) * Z!(v) =0, Y(o) « Y'(o) -0. (10.80) 


A lossless one-port is called a reactance one-port. It has the property 


R{Z(w)}=0, R{Y(w)}=0,  |p(w)| 


(10.81) 
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Figure 10.9: Embedding of a multiport into the domain of integration V. 


10.5 RECIPROCAL MULTIPORTS 


We already have treated reciprocity in Section 4.7 from a field point of view. We now 
derive the reciprocity theorem for source-free multiports. To do this we consider the 
multiport depicted schematically in Figure 10.9 and apply the integral form of the 
Lorentz reciprocity theorem to this structure. 

‘The planes of reference of the m ports are part of the boundary 3V of the volume V. 
From (8.9a) and (8.9b) we obtain the transverse components of the field quantities in 
the plane of reference of the kth port, (k = L... n): 


Va, (10.82) 
Ph. (10.83) 


The index i refers to the excitation of field by the ith group, ( n), of impressed 
field sources where the impressed field sources all are located outside the volume 
V and may be represented by sources connected to the ports of the multiport. The 
voltages VČ’ and the currents I( are the (generalized) port voltages and (generalized) 
port currents of the kth port in the case of excitation of the ith group of sources. The 
‘one-forms e, and hy are the normalized structure forms according to (8.82) and (8.8b). 

We compute the area integral of £; A H over the boundary 3 V. Since an electromag- 
netic field only occurs inside the waveguides, the integral only needs to be performed 
over the cross-sectional areas A; ....A, of the n waveguides. Since Ay...Ay are trans- 
verse cross-sectional areas, only the transverse field components in the waveguide 
cross-section give contributions to the area integral. We follow the usual conventions 
that the orientation of the boundary surface 3V of the volume V is outwards whereas 
the cross-sectional areas of the waveguides are oriented inwards. Therefore the integrals 
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over AV and over all A; have opposite sign. With (10.82) and (10.83) we obtain 


EL ai) Sy C GOD 
$,&^15--Y [, E Mie DPR «^h. — 0080 


From (8.24a) it follows that 
f, ey ^h, -1 (10.85) 
Ai 
and therewith 
f, EnHj= (10.86) 
Inserting (10.86) into (4.62), we obtain 
SYP IP YPE. 10.87) 
Pot [zi 


We summarize the V?) and 1°” into the n-dimensional column vectors V? and I, 
With the transposed vectors V7 and 17“, we obtain according to 


aT b - ayby + 2b) +... andy (10.88) 
from (10.87) 
y? 70) = fO) yO | (10.89) 
With (10.5) and the transposed equation 
Wf (10.90) 
we obtain 
ITO zgTq() 2 jTO) 719), (10.91) 


This equation is valid for connection of arbitrary groups of external sources i and j. 
This is only possible for 
ZzZ'. (10.92) 


Fora reciprocal multiport the Z matrix is symmetric. In component notation this means 
Zik = Zei. With (10.8) it follows that 


y=yY'. (10.93) 
The A matrix of a reciprocal multiport fulfills 


An A22 — ApAa = 1. (10.94) 
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Figure 10.10: Reciprocal two-ports: (a) T-circuit, and (b) n-circuit. 


From this we obtain for reciprocal multiports 
detA=1. (10.95) 


Inserting (10.92) into (10.42) and considering that the bracketed expressions in (10.42) 
are commuting and that g = g we obtain 


S=s", (10.96) 


10.6 ELEMENTARY Two-Ponrs 


In the following we discuss some important elementary two-ports. We confine the 
treatment of this topic to the basics required for the modeling of passive microwave 
circuits and sources. From (10.92), (10.93), and (10.94) we obtain for a reciprocal two-port 


Zn=Zn, YazYa, AnÁnm-AnAn (10.97) 
A reciprocal two-port can be represented by the T-equivalent circuit shown in Fig- 
ure 10.10(a) or the z-equivalent circuit shown in Figure 10.10(b). The impedance and 
admittance matrices for these equivalent circuits are given by 


V,)_[a+2 2 ]l[n 
f] Z dca | ] (10.983) 
L| [n*65 -n [x 
[s] -* ‘| E ! (10.98b) 


A two-port which is invariant under exchange of ports 1 and 2 is called a symmetrical 
two-port. The symmetrical two-port is a special case of the reciprocal two-port. For 
the symmetrical two-port in addition to (10.97) we obtain also 


Zu7Zmg; Yu-Ym, Au-An. (10.99) 
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Figure 10.11: Two-port source. 
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Figure 10.12: General controlled sources with arbitrary input and output impedance: (a) current controlled 
voltage source, and (b) voltage controlled current source 


Figure 10.11 shows a two-port current-voltage source. The two circuits in Figure 10.11(a) 
and (b) are electrically equivalent. We therefore use the symmetrical symbol depicted 
in Figure 10.11(c). The impressed voltage Vg enforces a difference between V, and V, 
and the impressed current I, causes a difference between I, and -1,. This yields 


Yi YatYo. (10.1002) 


-h*l. (10.100b) 


Controlled sources, the ideal transformer and the gyrator are two-port circuit elements 
that are very useful in circuit modeling. Some of these two-port circuit elements cannot 
be described in the Y- or Z-matrix representation or in both of them. However, there 
are no restrictions in the S-matrix representation of these circuit elements. 

Figure 10.12 shows the general controlled source with arbitrary input and output 
reflection factors. Figure 10.12(a) shows a current controlled voltage source with tran- 
simpedance Zr. Figure 10.12(a) and Figure 10.12(b) show a voltage controlled current 
source with transadmittance Yr . The general controlled source is described by the 


scattering matrix 
s “| (10.101) 


where for the voltage controlled current source the reflection coefficients py, p» and the 
transmission coefficient v are 


ZiZa, poa, ,_ _ Bea ZoZo 
Zu-Zu' P ZusZa' ' Zn *Zoi)(Zaa* Zo) 


n (10.102) 
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Figure 10.13: The ideal transformer. 


whereas for the current controlled voltage source these coefficients are 


siaa, pol Yale 0.200 Zaun 
1+ YnZor 1+ Y22202” (1+ YuZo1)(1 + Y22202) 


p (10.103) 


For p, = 0 and p; = 0 we obtain the matched controlled source. The ideal transformer 
(Figure 10.13) relates the voltages and currents V,, V, and J,, L, respectively, of two 
branches 1 and 2 via 


Y,-nY,-0, (10.1042) nl; - 15 


0, (10.104b) 


where n is a real number, called the turns ratio. With 


(10.105) 


where Zo, and Zo, are the characteristic impedances of reference for the ports 1 and 2 
we obtain the $ matrix S,, of the ideal transformer 


Ifthe turns ratio is given by the square root of the ratio ofthe characteristic impedances 
Zo, and Zop the ideal transformer is matched and we obtain 


Em 
A. (10.107) 
Zn 


Choosing the characteristic impedances Zo, and Zo according to (10.107) shows that 
the ideal transformer may also be interpreted as part of the connection circuit instead 
of a circuit element. 

The gyrator with the circuit symbol shown in Figure 10.14 relates the voltages and 
currents V,, V, and Z, L, respectively, of two branches 1 and 2 via 


(10.106) 
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Figure 10.14: The gyrator. 


L-G,V, 


(10.1082) L*G,V,-0. (10.1085) 


The real conductance Gg is called the gyration conductance. With 


17 V ZnZyGs (10109) 


we obtain the S matrix S,„, of the gyrator 


Pay 
: 
ru ay 
E LE d ‘ (10.110) 
Ten? Ton? 


Choosing the appropriate characteristic impedances Zp, and Zg; we obtain the matched 
gyrator. 


0 -1 
sah | fr Gg (10.111) 


10.7 SIGNAL FLOW GRAPHS 


We can represent the relations between the wave amplitudes established by the scatter- 
ing parameters in a graphic format. The corresponding graphs are called signal flow 
graphs [14-16]. A microwave circuit can be analyzed by investigation of the structure of 
the signal flow graph. The description of a circuit by its signal flow graph is equivalent 
to its description by the circuit system of equations. This way of solving the network 
equations is very efficient. The signal flow graph is specified as a set of nodes together 
with a set of directed branches. It represents incident and reflected waves as nodes and 
the scattering parameters as directed branches. The rules for the construction of the 
signal flow graph are: 1. Draw a node for every a, and every b,. 2. Draw a directed 
line from a, to b for every Sij. Figure 10.15 shows the flow graphs for some common 
circuit elements. 

Consider a two-port connected at port 1 toa generator and at port 2 to a load as shown 
in Figure 10.16(a). The open-circuit voltage is Vç of the generator and the generator 
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Figure 10.15: Signal flow graph of common circuit elements, (a) two-port, (b) four-port, (c) generator, (d) 
load. 
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Figure 10.16: (4) Two-port with source and load, (b) corresponding signal flow graph. 


impedance is Zg. The load impedance is Zz. The $ matrix of the two-port is 


b] [su Sz] fa, 

“j= 4 10.112 
e] |s Sa] [as wan 
and the flow graph of the two-port is represented in Figure 10.15(a). The generator and 
the load are described by 


8, = ág + pch,» (10.113a) 4, =fpıb» (10.113b) 


with the generator wave amplitude aç given by 


„V 
“6° Zet Zo 


(10.114) 
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Figure 10.17; Transformation: (a) a graph with loop into (b) equivalent graph with loop, (c) equivalent 
graph without loop, (d) equivalent branch. 


The flow graph of the generator and the load are drawn in Figure 10.15(c) and (d). 

When circuits are connected it is only necessary to connect the corresponding flow 
graphs since the outgoing wave of one circuit is the incoming wave to the circuit 
connected with it. Connecting the flow graphs of generator, two-port, and load yields 
the flow graph shown in Figure 10.16(b). The system described by the signal flow graph 
has only one independent variable, the generator wave amplitude ag. The signal flow 
graph contains paths and loops. A path is a sequence of branches directed in the same 
direction such that no node is touched more than once by one branch. The value of 
the path is the product of all the values assigned to its branches. Two parallel paths 
in the same direction can be replaced by one path that is the sum of these two paths 
‘There is one path from the node a to the node b,. Its value is S12. A first-order loop is 
a closed sequence of branches in the same direction such that no node is touched more 
than once by one branch. The value of the loop is the product of all the values of its 
branches. 

Ifa graph contains a loop we can replace this graph by an equivalent graph without 
loop, as shown in Figure 10.17. In a first step the graph with loop (a) is transformed 
into a graph with a loop beginning and ending in the same node. A loop with the value 
S can be expanded into a branch with the value 


Me 


1 
s"=—. 10.115 
Ics (10.115) 


0 


After combining the two branches in the path (c) we can represent the graph by a single 
branch (d). We apply this rule to the computation of the ratios b,/a, and b,/ag in 
Figure 10.16(b) and obtain 


b 
21 = Su + Sa $5, (10.1162) 
4 l-$pi 


$n 
1- Supe - S22P1 + popu (SuS22 - S2821) ° 


(10.1165) 
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10.8 LUMPED ELEMENT EQUIVALENT CIRCUITS 


The application of network-oriented methods to electromagnetic field problems can 
contribute significantly to the problem formulation and solution methodology. The field 
problem can be systematically treated by the segmentation technique and by specifying 
canonical Foster representations for the subcircuits. Connection between different 
subdomains is obtained by selecting the appropriate independent field quantities via 
Tellegen's theorem. For each subdomain, as well as for the entire circuit, an equivalent 
circuit extraction procedure is feasible, either in closed form for subdomains amenable 
to analytical description or via the relevant pole structure description when a numerical 
solution is available. 


10.8.1 Foster Representation of Reactance Multiports 


"The field solution £(x, w) may be expressed in integral form [17,18] as 
E(x,0) = if GI (x, x o) ^ Z (x o), (10.117) 
j 


where J (x*, w) is the excitation electric density current distribution within the region 
Ri and G} (x, x’, w) is the electric dyadic Green's form (4.76) 


g! - Gu dxdx' + Ga dx dy! + Gi dx dz" 
+ Gu dy dx! + Gu dydy + Gas dy dz’ (10.118) 
+ Gy dzdx! + Gy dzdy! + Gy dzdz/. 


‘The prime in the integral denotes that this operation is carried out with respect to the 
source point x’, The current density can be expressed bys means of a surface density 
current J, (1^, t») flowing on the surface AR} = (u’,v/,w! = wo) and related to 
JG, o) às follows 


(xo) = 8(w!—wo) n ^ (xw) for xc ORs, (10.119) 


where the nis the unit differential form corresponding to the vertical coordinate w and 
whose orientation is normal outward with respect to OR). Inserting (10.119) in (10.117) 
yields 


E(x,w) = $. Gl(x,x' 0) ^ ua Q9). (10.120) 


Now by imposing the continuity condition of the tangential components, and applying 
the equivalence principle, the surface dR; is replaced by a perfect magnetic conductor 
and the equivalent electric surface current defined as 


aso) = dro). 0121) 
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Also the tangential component of the electric field can be obtained by recognizing that 


El=nanné, (10.122) 


where the contraction s; 15; of two unit differential forms s; and s; is defined by 
545) = Ôij + (10.123) 


Applying this relationship together with (10.121), (10.120) results in 


El(x,0) = fb. na(n ^ Gl(x,x' o) ^al). (10124) 


The superscript l in (10.124) implies that the corresponding quantity belongs to the 
region Ry, so that £! and Hi, for instance, represent the electric and magnetic field 
components tangential to 9R;, transferred into the region Ry. The operation n un ^ 
applies only to the observation point x while the integral is over x’. This allows to 
define 

2! (x,x',w) = n a(n ^ GL x^ u)) (10.125) 


as the double differential form for the impedance representation of the dyadic Green’ 
form. The substitution of (10.125) into (10.124) yields 


él(x,s) = $. 2! (x, x o) Mx), (10126) 


which provides an integral relationship between the tangential electric and magnetic 
components on the considered subdomain surface 9R;. In the same way we can derive 


Hns)- $. Y (sx w) NEw), (10127) 


where Z(x,x',w) and Y(x, x’, v) are the dyadic Green's forms in the impedance 
representation or admittance representation, respectively. Green's forms Z(x, x’, w) 
and Y(x, x’, w) are given by [9] 


£x) 
1 a l " P 
2!(x,x',0) jo*) +E a) (10.128) 
and CH) 
"—— o ed 
Vendee D (10.129) 
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The dyadic forms L} (x, x’) and C4 (x, x") represent the static parts of Green's functions, 
whereas every term Lp (x, x^) and C (x, x’), respectively, corresponds to a pole at the 
frequency wp or wy, respectively. 

We discretize (10.126) and (10.127) by expanding the tangential fields on 3R; into a 
complete set of vector orthonormal basis functions. These expansions need only to be 
valid on OR), 


Ni 

El(x,) = Y Vi (o)el (x), (10.1302) 
fat 
Ni 

Hi(x,) = © D (w)hi (x) - (10.130b) 
[zi 


"The electric and magnetic basis forms are related via 
DEPICETAN (10.1312) di 


=-+ (nah) (10.131b) 


and satisfy the orthogonality relation 
jin ej ^ hy = (emlhn}ar, = Onn » (10132) 


where n! (x) is the unit differential form normal to dR,. The expansion coefficients V , 
and I, may be considered as generalized voltages and currents. From (10.1302) and 
(10.130b) and the orthogonality relation (10.132) we obtain 


Y,G)- f, h E) AEE a) =~ (HEC e), 033) 
1,(0)= f. e (x) ^ Ba (0) = (eL [Ha (2, 0), - (10.133b) 


If the domain R; is partially bounded by an ideal electric or magnetic wall £, or H, 
respectively, vanish on these walls. If the independent field variable vanishes on the 
boundary, this part of the boundary does not need to be represented by the basis 
functions. If only electric walls are involved, the admittance representation of Green's 
function will be appropriate, and if only magnetic walls are involved, the impedance 
representation will be appropriate. Consider for example the case where the main part 
of the boundary ðR; is formed by an electric wall and only the ports are left open. 
Choosing the admittance representation, we only need to expand the field on the port 
surfaces into basis functions. Applying the method of moments, we obtain 


Zl a(o) = M d, (x) & £ (a 0) ^ Bo). (10.1342) 


Yl p(w) = [a Ha (x) NY (xo) ^el (x). (10.134b) 
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Then from (10.128) and (10.129), the impedance matrix Z,,,, (w) and the admittance 
matrix Ym,n (i) may be represented by 


LO) Er yx. (10.1352) 


un Toys 


PE 


Ynn(w) = (10.135b) 


Fora linear reciprocal lossless multiport an equivalent circuit model may be specified by 
the canonical Foster representation [19, 20]. Figure 10.18(a) shows a compact reactance 
multiport describing a pole at the frequency w. This compact multiport consists of 
one series resonant circuit and M ideal transformers. The admittance matrix of this 
compact multiport is given by 


Y,(@) = —— (10.136) 


with the real frequency-independent rank 1 matrix A, given by 


"nh nuno AMM 
nian. n nan, 

A; =| ma à mag (10.137) 
namna namar = D 


The n; are the turns ratios of the ideal transformers in Figure 10.18(a). A compact 
reactance multiport describing a pole at the frequency w = 0 is shown in Figure 10.18(b). 
The admittance matrix of this compact multiport is given by 


Yo =— Ao, (10.138) 


where Ao is a real frequency-independent rank 1 matrix as defined in (10.137). If the 
admittance matrix is of rank higher than 1 it has to be decomposed into a sum of rank 
1 matrices. Each rank 1 matrix corresponds to a compact multiport. 

The complete admittance matrix describing a circuit with a finite number of poles 
is obtained by parallel connecting the circuits describing the individual poles. In the 
canonical Foster admittance representation, the admittance matrix Y (p) is given by 


(10.139) 
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Figure 10.19: Foster admittance representation of a multiport. 
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Figure 10.20: A compact parallel multiport element representing a pole, a) at w = w, and, b) at w = 0. 


This admittance matrix describes a parallel connection of elementary multiports, each 
of which consists ofa series resonant circuit and an ideal transformer. Figure 10.19 shows 
the complete circuit of the canonical Foster admittance representation. There exists 
also a dual impedance representation where elementary circuits consisting of parallel 
resonant circuits and ideal transformers are connected in series, Figure 10.20(a) shows 
a compact reactance multiport describing a pole at the frequency w. This compact 
multiport consists of one parallel circuit and M ideal transformers. The impedance 
matrix of this compact multiport is given by 


1 w? 
——- B 10.140 
joc, war (049) 


Zio) 


with the real frequency independent rank 1 matrix Bj given by 


2 
ni "ama nunam 
man n man 
B, =| "nn a A2 PAM (10141) 
i B i 
munu namna e Hy 


Figure 10.20(b) shows a compact reactance multiport describing a pole at the frequency 
w = 0. The impedance matrix of this compact multiport is given by 


Z 4 (10.142) 
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Figure 10.21: Foster impedance representation of a multiport. 
where Bo is a real frequency independent rank 1 matrix as defined in (10.137). The 
complete impedance matrix describing a circuit with a finite number of poles is obtained 


by parallel connecting the circuits describing the individual poles. In the canonical 
Foster representation, the impedance matrix Z(w) is given by 


(10.143) 


‘The equivalent Foster admittance multiport representation or Foster impedance rep- 
resentation may be computed analytically from Green's function. However, it is also 
possible to find an equivalent Foster representation from admittance parameters calcu- 
lated by numerical field analysis by methods of system identification. 


10.8.2 Cauer Representation of Radiating Structures 


Let us assume the complete electromagnetic structure under consideration embedded 
in a virtual sphere $ as shown in Figure 10.22. Outside the sphere free-space is assumed. 
The complete electromagnetic field outside the sphere may be expanded into a set of 
tw and TE spherical waves propagating in outward direction. In 1948 LJ. Chu in his 
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Figure 10.22: Embedding of an electromagnetic structure into a sphere. 


paper on physical limitations of omni-directional antennas investigated the orthogonal 
mode expansion of the radiated field [21]. Using the recurrence formula for spherical 
Bessel functions, he gave the Cauer representation [19,20] of the equivalent circuits 
of the TM, and the TE, spherical waves. The equivalent circuit expansion of spherical 
waves also is treated in [22,23]. 

We derive the Tm spherical wave solutions from the potential introduced in (3.230). 
Superimposing the solutions (3.230) with positive and negative n we obtain waves 
standing in ¢-direction described by the potentials 


VD = Ac D" (cos) cosmp hU (kr), (10.144) 
pts = AS P™(cos@) sin m h? (kr), (10.1445) 


where the P!"(cos 0) are the associated Legendre polynomials and h{?) (kr) are the 
Hankel functions. The A*,, and A1,, are coefficients. Inward propagating waves are 
represented by h” (kr) and outward propagating waves are represented by (kr). 
Since outside the sphere, for r > r no sources exist, only outward propagating waves 
occur and we have only to consider the spherical Hankel functions h{?) (kr). The 
coefficients n and m can assume the values n = 1,2,3,4,...00 and m = 0,1,2,...,n— 
1,n and i = c, s. The superscripts c and s denote waves mutually rotated around the 
z-axis by an angle of r. With (3.233a)and (3.233b) we compute the magnetic and 
electric fields of the TM modes as 


i 1 
HIS =a (rdra AYI), (101452) £e jue dH". (045b) 


‘The TE modes are dual with respect to the M. Superimposing the solutions (3.230) 
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with positive and negative n we obtain the potentials 


WEES = Bo P? (cos 0) cosmé hy”) (kr), (10.1462) 
WL = Bin P" (cos 0) sin mé hi (kr) , (10.146b) 


from which we can derive the electromagnetic field of the rz spherical waves. The Bf, 
and Bj, are coefficients. From (3.2322) and (3.232b) we obtain 


, (01473) Hiz- sagi  (10147b) 


Emn =» (dr A dV, Han 
jeu 


where n = 1,2,3,4,.+.00, m =1,2,3,4,.. m and i= 6s. 
‘The wave impedances for the outward propagating TM and Tz modes are 


Et BS, 
Zin = EE = et (10.148) 
Hong Hino 


The superscript + denotes the outward propagating wave. With (3.235b), (3.235c), 
(3.235e), and (3.235f) we obtain the wave impedances for the rM and TE modes 


S (rhe (kr) rh?) (kr) 


Oy? 
rh® (kr) & (Ch (kr) 
(10.1492) (10.149b) 


Zin’ = jZro Zan --jz 


where Zo = \/u/€ is the wave impedance of the plane wave. The prime” denotes the 
derivation of the function with respect to its argument. We note that the characteristic 
wave impedances only depend on the index n and the radius ro of the sphere. 

Using the recurrence formulae (B.8a) and (B.8b) we perform a continued fraction 
expansions of the wave impedances of the TM modes 


+ 


jkr 
Zan 7o ^ (10.150) 


and the TE modes 


Zw = Zro K D» E (10.151) 
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Figure 10.24: The complete radiating electromagnetic structure. 


These continued fraction expansions represent the Cauer canonic realizations of the 
outward propagating TM modes shown in Figure 10.23(a) and TE modes shown in 
Figure 10.23(b). We note that the equivalent circuit representing the TEmn mode is 
dual to the equivalent circuit representing the TM,,,, mode. The equivalent circuits 
for the radiation modes exhibit highpass character. For very low frequencies the wave 
impedance of the TMmn mode is represented by a capacitor Cp, = er/n and the wave 
impedance of the TEmn mode is represented by an inductor Lo, = r/n. For f > oo 
we obtain Z7", Zz1* + Zro. 

In order to establish the equivalent circuit of a reciprocal linear lossless radiating 
electromagnetic structure, we embed the structure in a sphere S according to Fig- 
ure 10.24. The internal sources | and 2 are enclosed in regions R, and Ry. Region R; 
only contains the reciprocal passive linear electromagnetic structure. Region R; is the 
infinite free-space region outside the sphere S. Rz may be either considered as a whole 
or may be subdivided into subregions. If the electromagnetic structure embedded in 
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Figure 10.26: Equivalent circuit of the modified complete radiating electromagnetic structure. 


R3 is considered as a whole it may be modeled either by a canonical Foster admittance 
representation according to Figure 10.19 or a canonical Foster impedance representa- 
tion according to Figure 10.21. If the internal sources are coupled via a single transverse 
mode with the electromagnetic structure, one-port per source is required to model 
the coupling between the source and the electromagnetic structure. The radiating 
modes in R, are represented by one-ports modeled by canonical Cauer representations 
according to Figure 10.23. The external ports of the canonical Foster equivalent circuit 
(ie., the ports representing the tangential field on the surface of S) are connected via a 
connection network as shown in Figure 10.8. 

From the above considerations, we obtain for a reciprocal linear lossless radiating 
electromagnetic structure with internal sources an equivalent circuit described by a 
block diagram as shown in Figure 10.25. This block structure can be further simplified 
by contracting the equivalent circuit describing the electromagnetic structure Ro, the 
connection circuit and the reactive parts of the equivalent circuits of the radiation 
modes into a reactance multiport. This reactance multiport again may be represented 
by canonical Foster representations. Now the remaining resistors Zo are connected to 
the external ports of the modified reactance multiport and we obtain the equivalent 
circuit shown in Figure 10.26. We summarize the result of the above considerations: 


Any reciprocal linear lossless radiating electromagnetic structure may be 
described by a reactance multiport, terminated by the sources and by one 
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Figure 10.27: (a) Symmetrical obstacle in a waveguide, and (b) equivalent circuit. 


resistor for every considered radiation mode. 


For electromagnetic structures amenable of analytical description equivalent circuits 
may be computed directly. However, topology as well as parameters of the equiva- 
lent circuit may be obtained from the relevant pole spectrum computation when a 
numerical solution is available [24, 25]. A heuristic approach also allows to model lossy 
electromagnetic structures [24,25]. System identification and spectral analysis methods 
allow an efficient determination of generation of topology as well as parameters of the 
lumped element equivalent circuit [17,26]. This approach produces topology as well as 
parameters of a model conserving basic properties such as reciprocity and passivity. 


10.9 OBSTACLES IN WAVEGUIDES 


An object inserted in a homogeneous cylindrical waveguide scatters waves incident on 
it. An incident wave is scattered in forward and backward directions. The scattered field 
can be expanded in propagating and evanescent modes. If only the fundamental mode 
can propagate and the distance of the waveguide ports from the object are sufficiently 
large, at the ports besides the incident wave only the fundamental mode of the forward 
and backscattered waves occur. The waveguide with obstacle can be described by a 
two-port. The higher-order evanescent parts of the scattered fields in the environment 
of the scattering object store electric and magnetic energy and therefore contribute to 
reactance elements describing the two-port. 

Consider a cylindrical waveguide with an embedded obstacle, symmetrical with 
respect to mirroring at a transverse plane at z = 0 as shown in Figure 10.27(a). We 
assume that at the considered frequency only the fundamental mode can propagate 
in the waveguide and that the evanescent higher-order modes excited by scattering of 
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incident waves are sufficiently decayed at the ports at z = 231. In this case the waveguide 
with obstacle can be represented as a symmetrical two-port with a T-equivalent circuit, 
shown in Figure 10.27(b), 


[2+2 A 
Zz di Zone z ; (10.152) 


In case of even excitation of the symmetrical two-port with I, = I, we obtain for 
symmetry reasons V, = V, with 


VisZd;-(A-42Z)), fori-12. (10.153) 


For odd excitation of the symmetrical two-port with I, = —1; for symmetry reasons 
V; = -V, and 
V,=21;=Z, fori=1,2. (10.154) 


‘The equivalent circuit impedances Z, and Zz can be determined from the port imped- 
ances for even and odd excitation, Z, and Z, as 


ZZ (10.1552) Z, =3(Ze- Z). (10.155) 


For even excitation due to symmetry the transverse magnetic field must vanish in 
the symmetry plane and we can introduce a magnetic wall at z = 0. This divides the 
two-port into two identical one-ports. Figure 10.28(a) shows the equivalent one-port 
for even excitation. The corresponding equivalent circuit is shown in Figure 10.28(b). 
For odd excitation for symmetry reasons the transverse electric field must vanish at 
z = 0. Therefore we can insert an electric wall at z = 0 and the two-port again is split 
up into two identical one-ports. Figure 10.28(c) shows the equivalent one-port for odd 
excitation, and Figure 10.28(d) presents the corresponding equivalent circuit. To excite 
these one-ports we use fundamental mode polarization sheets at z = —}1. A fundamental 
mode polarization sheet is a surface polarization sheet in a transverse plane with a 
transverse field distribution given by the electric or magnetic field structure form of 
the fundamental mode e9(1, v) or ho(u, v), respectively. From (8.120a) and (8.120b) 
we obtain the effective transverse electric and magnetic polarizations as 


MO) = * May (2). v), (10.1562) 
Max) = * Maz) ho(u Y) » (10.156b) 
where M, y, (2) and M, o (2) are the modal amplitudes of the effective transverse 


electric and magnetic polarizations, With the modal amplitudes of the impressed 
current I, d (z + 31) and the impressed voltage V 4.5(z 31) for polarization sheets at 
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Figure 10.28: (a) Even excitation of waveguide with obstacle, (b) equivalent circuit for even excitation of 
waveguide with obstacle, (c) odd excitation of waveguide with obstacle, and (d) equivalent circuit for odd 
excitation of waveguide with obstacle. 


41 as defined in (8.138a) and (8.138b) we obtain 


Maso) ade), (101574) 
M27 itas *H), (10.157b) 

where &(z) is the delta distribution. With (10.156a) and (10.156b) this yields 
Mis) = jo tle (9), (10.1582) 


Mas) 


1 
jo Me Dhola). (10.1585) 


The fundamental mode polarization sheets excite fundamental mode waves propagating 
in negative z-direction for z < -} and in positive z-direction for z > 11. At z = 0 the 
waveguide is terminated with half the obstacle which is modeled by either an electric 
wall or a magnetic wall. The back-scattered field due to the obstacle is composed. 
of a fundamental mode wave propagating in negative z-direction and higher-order 
evanescent fields decaying in negative z-direction. The length 41 is assumed to be 
sufficiently large that the field contribution of the higher-order modes can be neglected 
atz =-}l. 

So far we have reduced the analysis of a symmetrical two-port to the analysis of 
the two equivalent one-ports describing even and odd excitation of the two-port. To 
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Figure 10.29: (4) Even excitation of waveguide without obstacle, (b) equivalent circuit for even excitation 
without obstacle, (c) even excitation of waveguide with virtual obstacle, and (d) equivalent circuit for 
even excitation of waveguide with virtual obstacle. 


further simplify the analysis of the problem we split the task into parts. For even 
excitation in a first step we omit the obstacle and consider the waveguide terminated 
by a magnetic wall only, as shown in Figure 10.29(a). For this arrangement we compute 
the primary field £, In the absence of an obstacle from the magnetic wall at z = 0 
only the fundamental mode will be backscattered. Assuming infinite extension of the 
waveguide in negative z-direction or termination of the waveguide with its characteristic 
impedance at z < -11, we obtain a fundamental mode wave propagating in negative 
z-direction and for -11 < z < 0 a fundamental mode standing wave. From (8.1193) and 
(8.119b) we obtain 


E,(x) = V(z)eo(u,v), (10.1592) 
34,(x) = I(z)ho(u, v) - (10.1595) 


Due to (8.1492) and (8.149b) the transmission-line equations in the case of excitation 
by fundamental mode electric and magnetic polarization sheets at z = -1 are 


SO. jx coy) «Yay 8D. (101602) 
um =-j¥"(w)V(z) + Ly(z * 4). (10.1605) 


For the transmission-line terminated at z = 0 with a magnetic wall we obtain I(0) = 0. 
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Considering this boundary condition we obtain for z + -41 the solutions 


j pe E 
rper 
le): E: 
inc ee 
with the phase coefficient f and the characteristic impedance Zo given by 
B-vXP, (10.1622) (10.162b) 
Atz = -1l continuity demands 
Aeb! = Bcosifl, (10.1632) 
AZ, e P! = 1, ej BZ; sin3Bl . (10.163b) 
From these equations we obtain 
IL,7BZje P, (10.164) 


With (10.1592), (10.159b), (10.1612), and (10.161b) we obtain the transverse electric and 
magnetic ficlds, 


Ae es(u, v) forz < -4 
T4, > .165: 
£o o a M for -3«z«0 (01650) 
-AZjePe(uv) ^ forz«-i 
we mm (0.165b; 
240) (EH ME for -M«z«0 Nph 


Inserting (10.158a) and (10.165a) into (4.66) we compute the self-reaction of the current 
sheet as 


Ru =jo f £, nMi, = Bl f, cos(Be)6(2 + yen Qv) ^ env) 
= BI, cosfl (10.166) 


Inserting (10.164) we obtain 


B m 
Ru= PLA (Ite Uae) à (10.167) 
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Assuming B to be real, this yields 


F{Rep}  -singl _ 
DUR} 1«cosfl | 


- tandi . (10.168) 


In a second step we consider a virtual obstacle (i.e., an immaterial obstacle consisting 
only of a surface polarization M ,,, impressed on a surface corresponding to the surface. 
of the obstacle). This virtual obstacle excites a secondary field £ , The total electric 
field £ is given by 

£-£,*£,. (10.169) 
As discussed in Section 4.9 the surface polarization M 4 has to be determined such 


that the tangential component of the electrical field vanishes on the surface Agp of the 
obstacle. With the unit form no, normal to the surface A,;, this condition is written as 


Mop ^E = Nop A (Ep +E.) = 0. (10.170) 


The complete electromagnetic field can be determined by solving the integral equation 
for this problem. 
Choosing ! such that the transverse electric field vanishes at z = —1, we obtain from 
(8.39) 
Xy + 2X2 = -Zo tan Bl. (10.171) 


From (10.168) and (10.171) we get 


Xo2X; — {Rep} 


E (10.172) 
Zo (RS) 
"The reaction Ry, can be decomposed as follows 
Ru jo | En Mti = ju f (E, * £) ^ Ms Rpp + Rap- (10.173) 


Since the total transverse electric field vanishes at z = -4 l, we obtain Ry = 0, hence 
Rpp = -Rsp - (10.174) 
Due to reciprocity we obtain 


Rp = Rp c jo f Ep ^ Moot» (10.175) 


where the integration is performed over the obstacle. From (10.170) and (10.175) it 
follows 


Rys = -Ru ojo f, EA Moon (10.176) 
- 
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This yields with (10.172) 
Xi+2X2 HRe} 

=; s-e. (10.177) 
Zo P) 


10.10 THE SYMMETRY PROPERTIES OF WAVEGUIDE 
JUNCTIONS 


The complete analysis of distributed circuits by solving Maxwell's equations requires a 
considerable mathematical effort also in the case of simple structures. For waveguide 
circuits exhibiting geometric symmetries from the symmetry properties of the circuits, 
symmetry properties of the scattering matrices also follow. Also from general consider- 
ations we can get important information about the scattering matrix of a multiport. For 
example, we know that the scattering matrix of a reciprocal passive lossless multiport 
must be symmetric and unitary. 

We will show in the following that from geometric symmetry considerations we can 
get additional information about the scattering matrix and the scattering matrix from 
this may be determined with the exception of only a few unknown parameters. If, for 
example, only a single parameter may not be determined from computation, in many 
cases the experimental determination of this parameter may be a good solution. 

We consider multiports exhibiting certain geometric symmetries. If, for example, 
the geometric structure of a multiport exhibits symmetry with respect to the rotation 
around an axis or with respect to mirroring at a symmetry plane, this rotation and 
this mirroring are symmetry operations for that multiport. The multiport is said to be 
invariant with respect to these symmetry operations. In that case the field solution 
remains unchanged if the symmetry operation is performed to the multiport. If the 
arrows indicating the direction of the field remain unchanged when the symmetry 
operation is performed, the scattering matrix remains unchanged under this symmetry 
operation. 

‘The mirroring of the multiport structure may yield a change of sign of field compo- 
nents, Considering the mirroring in the yz-plane, we obtain 


xx, yoy, zz. (10.178) 


Making this substitution in Maxwell's equation, this will yield the following changes in 
the field components: 


E,(%, 92) > -E,(-% 2), Ey z)o E,(-% 9.2)» 
E(x yz) > E,(-x yz), — Heeyz) > Hy(-x yz), (10.179) 
H,(x,¥.2) > -H,(-x,y,z), — H,GQoyz) > -H,(-, y, 2) 
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Figure 10.30: Fully symmetric three-port parallel waveguide junction. 


Let E,, ; be the transverse component of the electric field intensity in a certain point 
of the reference plane of the ith multiport. We assume that by a certain symmetry 
operation ports i and j are transformed into ports k and |, respectively. From this it 
follows that 


Eini > ôi Er Eng ESI 81,8) = 41 (10.180) 


a 


Depending on the change of sign of the transverse electric fields in ports j and k, 
the matrix element Sj; remains unchanged or changes its sign when the symmetry 
operation is performed, following the rule 


EDU (10.181) 


10.10.1 Symmetric Three-Port Waveguide Junctions 


We consider the fully symmetric three-port parallel waveguide junction according to 
Figure 10.30. The three waveguide segments are long enough that any perturbation 
of the field distribution occurring in the center region where all three waveguides 
are connected already has decayed in the port plane. We can assume that in the port 
plane the transverse field distribution corresponds to the TE1 mode. We assume the 
waveguide three-port parallel waveguide junction to be reciprocal and lossless. In the 
case of the parallel waveguide junction the broader side of the rectangular waveguide 
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is in parallel to the plane of the drawing. The electric field is normal to the plane of the 
drawing, This corresponds to the case of parallel circuited transmission-lines. Therefore, 
this junction is called a parallel junction. The circuit is invariant with respect to rotation 
by 120° around an axis normal to the plane of the drawing. Furthermore, the structure 
exhibits three symmetry planes normal to the plane of the drawing. We allow a lossless 
scattering object in the center of the waveguide junction and we make the general 
assumption that the symmetry properties of the waveguide junction are not disturbed 
by this scatterer. The rotation of the waveguide branch by 120° affects the following 
interchange of field quantities: 


EE, EE, EE. (10.182) 
With (10.181) we obtain from this 
Sui = S22 = $5, Sia = Soa = S31. (10.183) 


The mirroring in the symmetry plane parallel to the axis of waveguide branch 1 affects 
the following interchanges of electric field components 


B>B. E, > E, E, > E. (10.184) 


From this it follows that 
S23 = S32. (10.185) 


Due to the reciprocity, this relation also follows from (10.96). Due to (10.183) and 
(10.185) the scattering matrix now is determined with the exception of the two complex 
parameters p and T: 


aba 


T 
tl. (10.186) 
LÀ 


Assuming the junction to be lossless, we obtain from (10.79) 


Ip? + jr? 21, (10.187a) 
p*ttpr* =-|r/*. (10.187b) 


Expressing the left side of (10.187b) by magnitude 2]p||r| and phase ¢, 
pr pt” =2plir|cosd (10.188) 


we obtain with (10.187b) 
2\p|cos = -|r|. (10.189) 
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After inserting (10.187a), we obtain 
le (1 8cos* g) =1. (10.190) 


We see that the fully symmetric parallel junction with three terminations cannot 
simultaneously be realized as a matched multiport (i.e., with p = 0). The minimum 
value of p is obtained for cos? ¢ = 1. In this case we obtain 


lisi dii. (10.191) 


Furthermore, it follows from (10.189) that cos p must be negative. With cos $ = 1, we 
obtain from (10.188) 


Rr” } = -lelil (10.192) 


and from this with (10.191) 


(10.193) 


where eJ! is a parameter depending on the length of the waveguide arms. Using 
symmetry and power considerations we could determine the scattering matrix of the 
completely symmetric parallel junction with three arms with the exception of a remain- 
ing scalar parameter $i. The optimization of the parameter $, may be accomplished 
empirically by variation of the scatterer introduced in the center of the parallel junction. 

We have seen that a matched completely symmetric lossless three-port parallel 
junction cannot be realized. It can be shown in general that a matched lossless reciprocal 
three-port cannot be realized. A matched three-port must be characterized by the 
scattering matrix 


0 Sn $n 
S=|S2 0 $5. (10.194) 
Sis Ss 0 


If the three-port is lossless, the scattering matrix must be unitary. With (10.79) we 
obtain from (10.194) 


$585 70, 
$555 70. (10.195) 
Sash = 0. 


These equations may only be fulfilled if at least two of the Six are vanishing. 
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10.10.2 Symmetric Four-Port Waveguide Junctions 


The so-called directional coupler according to Figure 10.31 exhibits two symmetry planes 
normal to the plane of the drawing, Mirroring in symmetry plane 1 yields the following 
interchanges of field components 


EE, E >E, E, >E, E,+E,. (10.196) 
From this it follows for the scattering matrix 
Su = S335 $3 = S4. 
$1753 (Sis = S31); (10.197) 
Su = $n, (Sa = Sez). 


‘The bracketed conditions already followed from reciprocity. From the mirroring in the 
second symmetry plane we obtain the following exchanges 


EE, EE, E, E, E, > E, (10.198) 
and from this the following additional conditions for the scattering matrix 
Su=Sn, $5 = Sas, Sis = Sz- (10.199) 


With this the scattering matrix is determined with the exception of four complex 
parameters p, Ti, T2, and T3. 


Phn 
n a 5n 
n n p naf 
Bnn p 


(10.200) 


We now assume the multiport to be matched so that p = 0 is valid. This may be achieved, 
for example, if both waveguides in Figure 10.31 are only weakly coupled over small 
holes or if the coupling region of both waveguides is long enough so that a coupling of 
waves in the forward and backward directions will not occur. Assuming the directional 
coupler to be lossless, we obtain from (10.79) 


(55)-0, M{t{13}=0, 9(rn)-0. (10.201) 


These three equations mean that the three complex quantities r;, T and 73 are mutually 
orthogonal in the complex number plane. Hence one of these quantities must vanish. 
Without restriction of generality we assume 7; = 0 and obtain the scattering matrix 


S= | s + ; (10.202) 
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Symmetry Plane 1 


Figure 10.31: Directional coupler. 
where the submatrix S12 is given by 
2 


Tj 
Saes- ja E (10.203) 


Due to (10.79), Siz also must be unitary and we obtain 


Inf + Ir: 


(10.204) 


‘The scattering matrix of the matched lossless directional coupler only depends on a 
parameter 75 and with the exception of a phase factor it is given by 


0 o vE ajk 
0 0 ik VICE 


V-E ajk o 0 Q2) 
sk Vi-FP 0 0 
For the 3 dB coupler we obtain 
1 (10.206) 


F 
The hybrid junction or magic T, respectively, according to Figure 10.32 exhibits only 


a symmetry plane z = 0. In the ports 1 to 3 the electric field lines are parallel to 
the symmetry plane, whereas in port 4 the electric field is normal to the symmetry 
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Figure 10.32: Hybrid junction. 


plane. According to (10.179) the mirroring in the symmetry plane yields the following 
interchange of the electric field components 


EE. EE, EE. E, ^ -E,. (10.207) 


Ports 1 and 2 are interchanged in the mirroring, whereas ports 3 and 4 are transformed 
into themselves. Since the electric field in port 4 is normal to the symmetry plane, the 
sign of E, is changed in the case of the mirroring, With (10.180) and (10.181) we obtain 
the following relations for the scattering parameters: 


Su = S22, Si = $5, Sis = Sra, S34 = -$4 = 0. (10.208) 


From this it follows that ports 3 and 4 are not directly coupled with each other. Therefore 
it must be possible to insert independently matching elements in arms 3 and 4 of the 
hybrid junction and to tune S33 and S44 independently such that 


S33 = Sag =0 (10.209) 


is valid. The tuning elements must be inserted in such a way that the symmetry is 
maintained. If ports 3 and 4 are tuned to be free of reflection, the scattering matrix 
assumes the following form: 


« By 
f A Bh. (10.210) 
8 -8 0 0 


Assuming the circuit to be lossless, we obtain from (10.79) 


la? + (BP «|y? «|o =1, 2yP-1, 288-1. (10.21) 
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From this we obtain 


a-f-0, lvl - loe (10.212) 


" 
Therefore ports 1 and 2 are not coupled directly with each other. The scattering matrix 
according to (10.210) again describes a directional coupler. It may be shown in gen- 
eral that every matched lossless reciprocal four-port isa directional coupler. We can 
determine the lengths of arms 3 and 4 independently and therefore we may choose 
independently the phases of y and 8. Without loss of generality we are choosing y and 
6 to be positive and real and obtain 


Hoo 


(10.213) 


oor 
° 


10.11 PROBLEMS 


1. Consider the two-port described by the admittance matrix S = j ("5^ 4,55, ) 
with B; = Gi (2 - $i) fori =1,2,3. 


2) Draw the Foster admittance representation of this three-port and determine 
the circuit elements. 

b) Compute the impedance matrix of this three-port. 

c) Draw the Foster impedance representation of this three-port and determine 
the circuit elements. 

2. Consider a hybrid T-junction (magic T) terminated at ports 1 and 2 with loads 
with reflection factors p; and p2. The TE branch (port 3) is terminated with an 
RE source and the TM branch (port 4) with a detector. 

a) Give the scattering matrix for the ports 3 and 4 as a function of the param- 
eters p; and pa. 

b) Which amount of energy is detected when the source is supplying a wave 
amplitude ay and the detector exhibits no reflection? 

3. Consider the four-port depicted in Figure 10.33. 

a) Give the Z, Y and S matrices of this four-port. 

b) Which representations exist for Z, > 0? 

c) Which representations exist for Zz > oo ? 

d) Which representations exist for Zı > 0 and Zz > co ? 

4. A circulator is a nonreciprocal circuit, usually realized with unsymmetrically 
anisotropic magnetic material. The scattering matrix of a circulator four-port 
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Figure 10.33: Multiport. 


is given by S$ = n 100 ) Terminate port 2 with a reflection factor p and port 4 


Oot 
reflection free. Give the scattering matrix of the resulting two-port. 


. An optical ring-interferometer can be easily described as a trunk of optical fiber, a 


laser, a detector, and a 3 dB directional coupler. For the optical fiber the condition 
of monomode propagation will be assumed. The scattering matrix for this trunk 
ofline is $= (.. cp aa 0 (1^9) ). For Ag « 0 (due to an external static 
magnetic field), the optical fiber is nonreciprocal. The optical fiber is connected 
to ports 3 and 4 of the 3 dB directional coupler, the detector to port 2, and the 
laser to port 1. How much power P, and P, flows out from ports 1 and 2 of the 


3 dB directional coupler in case of matched detector? 


. Compare a lossless transmission-line of characteristic impedance Zo and length 


44 with a gyrator with the gyration conductance G, = 1/Zo. 

a) Compare the input impedance for the 41-line and the gyrator terminated 

with p. 

b) Compute the signal transmission behavior in both cases. 
Consider the fully symmetric three-port waveguide junction (p = -4, T = 3), 
which is terminated at port 3 by various types of load. Give the scattering matrix 
for the remaining two-port in the case of 

a) port 3 terminated reflection-free, 

b) port 3 short-circuited, 

c) port 3 left open. 


. Consider a sphere of radius r = 10 cm. 


a) Compute the wave impedances Z72* and Z72* characterizing the tangen- 
tial field at the sphere for n = 1, 2, 3 and the frequencies 1 GHz, 10 GHz, and 
100 GHz. 

b) Draw the Cauer equivalent circuits for the wave impedances Z27* and 
ZIM for n = 1, 2,3 and determine the values of the circuit elements. 


Passive Microwave Circuits 465 


c) Determine the complex power flowing through the sphere in the above 
cases, 

4) How does the complex power flowing through the surface of the sphere 
change when the radius of the sphere is changed to r = 20 cm? 
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Chapter 11 


Periodic Structures and Filters 


11.1 PERIODIC ELECTROMAGNETIC STRUCTURES 


Periodic electromagnetic structures exhibit numerous applications as frequency-selec- 
tive structures and slow-wave structures [1-4]. 

With the space-dependent real permittivity e(x) and the space-dependent real 
permeability u(x) for source-free regions Maxwell's equations (2.124a) and (2.124b) 
become 


dH (x) =jwe(x) + E(x), (11.12) 
d£(x) - -jup(x) + H(x). (11.1b) 


Eliminating either £(x) or H(x) yields the second-order equations for an inhomoge- 
neous isotropic medium 


€'(x)* di^ (x) « dE(x) + wE(x) =0, (11.2a) 
w(x) « de^ (x) « d(x) + o? H(x) =0. (IL2b) 


Either one of the above equations is self-contained. We can derive the solution for the 
complete electromagnetic field by solving just one of them. If only (x) depends on 
space and p is uniform we obtain from (1122) 


a dx d£(x) + w(x) E(x) =0. (113) 


ILLI TE Modes in Rectangular Periodic Waveguides 


Consider a rectangular waveguide filled with a dielectric having a permittivity varying 
periodically in z-direction as shown in Figure 11.1. For the electric field form £(x) of 
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TEE tit 


Figure 11.1: Waveguide with rectangular cross-section. 


the transverse electric TEmn mode we make the ansatz 
Ey (3) = Vos mn 95 Y) fon (2) » (14) 


where Vit, is a complex voltage. amplitude, eT, (x, y) is the electric structure form 
introduced i in (71982), and 7, (z) describes the longitudinal variation of the field. To 
solve (1.3) we first consider the first term on its left-hand side, 


* ded [fo (2), G6 )] = finn(2) * de dies Go y) 


SAO ven qaem) — qa 
ET dea [ds ae ui] 


On the right-hand side of this equation the second term vanishes and in the third term 
the two-fold application of the operator + dz ^ (.) means a rotation of e(x, y) by 180°. 
Therefore we obtain 


«ds d RORE = (02) der dr (2,9) + LHL) ieu), 
(L6) 
Due to (22162) the structure function of the TE,,, mode fulfills 
* di de ean Qo y) = -Pi rmn mn 00 9). (117) 


where f), «s; is the cutoff phase coefficient of the TE», mode. Inserting this into (11.6) 
yields 


wd d EOE) = [Eus iO -EEE EEO aas). as) 
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Let the permittivity e(z) depend on the longitudinal coordinate z only. We insert (11.4) 
and (11.7) into (11.3) and obtain 


2 
S de EA) + (we(z)u - Pè remn) fmn (2) | enn (% y) = 0- (11.9) 


‘The TEmn mode for the longitudinally inhomogeneous rectangular waveguide has the 
same transverse field distribution as the TE mn mode of the longitudinally homogeneous 
waveguide. The longitudinal field variation is described by f7* (z), which is a solution 
of the ordinary differential equation 


EIO p teau- 2) (o) =0. quao) 


In this equation and in the following equations we omit the indices TE, m and n in 
order to simplify the notation. 

Let the period of the longitudinal variation of the permittivity be p. In this case we 
have 


e(z + p) = e(z). (La) 
Introducing x as 
x(z) = we(2) - Be-remn (11.12) 
the differential equation (11.10) assumes the form 
d 
2f) e *k(z) f(z) =0. (1113) 


This second order differential equation has two fundamental solutions. Let us call these 
solutions f (z) and f,(z). Furthermore the differential equation is invariant under 
transformations z > z + np, where n is an arbitrary integer. Therefore at any z + np. 
the solutions of the differential equations must be linear combinations of the two 
fundamental solutions, hence 


A(z + p) = &ifiz) + ufala), (1142) 
hlz + p) = &ufi(z) + &xfi( 2). (11.14b) 


where the 4j; are coefficients to be determined. The general solution of the differential 
equation (11.13) is a linear combination of the particular solutions f, and fz, therefore 


f(2) =afi(z) *afi(2). (11.15) 


where c, and c are suitably determined coefficients. From (11.142), (11.14b) and (11.15) 
we obtain 


Sf (z+ p) = (atu + créer) fiz) + (iba + 62) falz) - (11.16) 
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If f(z) represents a wave propagating in positive z-direction it must fulfill the relation 


f(z+p) =e? f(z), (11.17) 


hence, (11.15) multiplied by e"? must be equal (11.16). This yields 


a(&i 7€ 77) «el = 0, (11.182) 
alg + e(a- 67?) - 0. (118b) 


We obtain a nontrivial solution for these equations only if 
= (ën + be + nn - Eni = 0 (11.19) 


is fulfilled. The solution of this quadratic equation is 


oP? = Mn +22) + Vi (Eu + baa)” - (na - fola). (11.20) 


Now consider the Wronsky determinant 


JAG) fhi) 


=|ai@ hG 
dz dz 


- jo 3. py BO, 


(11.21) 


With (11.13) we obtain for the derivative of the Wronsky determinant 


aW(A(). fi) fh (2) a d) 
E AO AOT aa c (11.22) 


Therefore the Wronsky determinant W(fi(z), fo(z)) = W is constant. From this and 
(11.14) and (11.14b) it follows 


[1 ~ Eada = 1. (11.23) 

We may substitute 
cosh 8 = 3(En + £22), (11.242) 
sinh 8 = V/i(En + £3)? - 1. (11.24b) 


Inserting these equations into (11.19) yields 


oP zer, (11.25) 
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Let us introduce the function u(z) as 
u(z) =e? f(z). (11.26) 


From (11.17) we obtain 

u(z+ p) - u(z). (11.27) 
The function u(z) is periodic in z with a period p. We therefore come to the conclusion 
that f(z) can be expressed as the product of e*?* with a function u(z) periodic in z 
with a period p, 

f(z) =e*"u(z). (11.28) 
In this equation y is a propagation constant. This proposition is known as Floquets 
theorem [4-7]. 

The periodic function u(z) may be expanded in a Fourier series as 


u(z)= Y, uem, (11.29) 


In the lossless case there will be propagating solutions with y = j f and evanescent 
solutions with y = a. The wave propagating in positive z-direction is described by 


f(z) = > apa VOTA = X use P (1130) 
E Ro» 
with " 
[Em e (1131) 


Considering (11.29) describing a superposition of partial waves, every harmonic exhibits 


a different phase velocity 
w w 


rr: (11.32) 
anp pE iod 
‘The group velocity vg, however, is the same for all harmonics, 
Bn)? _ (4B)? 
= |= E 11.33) 
" (ae) (35) (133) 


With (11.4) we obtain the field solution for the TE,,,, modes for both directions of 
propagation 


E (x) = (Viet (2) + VuDemmnan(z))emony). 030 


Vin nn 
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a, b| 
| Stable Solutions r=4 | 


Figure 11.2: The characteristic values ac of ġe (V) and a, of (C) as functions of q. 


11.1.2 Sinusoidal Variation of the Permittivity 


Consider a waveguide as depicted in Figure 11.1 filled with a dielectric medium with 
periodic variation in z-direction and homogeneous in transverse direction. Let ¢(x) 
be given by 

E(x) = €m - Aecosxz, (11.35) 


where « depends on the period p via 


zee (11.36) 


P 


and Ae is the amplitude of the variation of the permittivity. Inserting this into (11.3) 
yields 


* dx d£(x) + wp [es - Aecos(xz)] E(x) =0. (11.37) 
For this case the differential equation (11.10) becomes 
ie Tu + {wy [em - Accos(xz)] - B2) f(z) = 0. (1138) 


Introducing the variable ¢, the constants a and q and the function z((), 


Cds (11392) 
10) f(z); (11.39b) 
= E -g (11.390) 


q= J utube (11.39d) 
x 
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Figure 11.3: The Mathieu functions ceo, ces, sei, Cea, sea for q = 2. 


we can transform the differential equation (11.38) into the normalized form 


gn) 
dg? 


+ (a - 2qcos(20)) (4) = 0. (11.40) 


This differential equation is called the Mathieu differential equation. The Mathieu func- 
tions C(a, q, () and S(a. q, Ç) are solutions of this differential equation. The function 
C(a, q, C) is called the even Mathieu function and the function S(a, q, () is called the 
odd Mathieu function, both of rth order [5,8,9]. For q = 0 the Mathieu functions are 
simply the harmonic functions, 


C(a,0,¢) = cos( fat) , (11.412) 
S(a,0,¢) = sin(Vat) . (11.41b) 


For q + 0, the Mathieu functions are only periodic for the Mathieu characteristic 
values of a. The even and odd Mathieu functions with characteristic values acr and 
asr, respectively, are denoted ce,(¢,q) and se, (6, q). The characteristic values a, of 
ce;(¢,q) and a, of se,(¢,q) are plotted as functions of q in Figure 11.2. The curves for 
the characteristic values separate the regions with stable solutions from the regions with 
unstable solutions. In the regions with aer < a < as,r+ı the solutions of the Mathieu 
equation are stable and describe propagating waves. For asr < à < acr the solutions are 
unstable and describe evanescent waves. In Figure 11.2 the unstable regions are hatched. 

Figure 11.3 shows the even and odd Mathieu functions ce, (7, q) and se, (Ç, q) up to 
second order for q = 2. For the even Mathieu functions the lowest order is 0, whereas 
for the odd Mathieu functions the lowest order is 1. 

Since the coefficient of the Mathieu differential equation is periodic in ( with a 
period z, it follows from Floquet's theorem that the Mathieu functions can be written 
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in the form 


te Q), (11.422) 
Pts, (11.42b) 


C(a.q.) 
S(a.q,€) 


where $, (Ç) and $,(¢) are periodic in ¢ with a period x and the Mathieu characteristic 
exponent v depends on a and q. When a belongs to the set of characteristic values 
Asr, Acr, then v is zero or an integer. If v is not an integer then the Floquet solutions 
C(a,q,¢) and S(a, q, ¢) are linearly independent. 
With the solutions (11.42a) and (11.42b) and considering (11.39a) and (11.39b) we 
obtain 
f(z) = AC (a, 4, 1xz) + BS (a, q, ik) 5 (11.43) 


where a and q are given by (11.39c) and (11.39d) and A and B are the complex amplitudes 
of the even and odd waves. With (11.4) we obtain for the TEmn modes of the rectangular 
waveguide 


£y (x) = [We (a 4, 3x2) + V, (a, 4,22) ] e, (x y) (11.44) 
with 
4 
Amn = aU 6m 7 eaa) (11.453) 
2 
d uon Ae. (11.45b) 


These equations hold also for a TEM wave propagating in a medium with a perimittivity 
of sinusoidal variation in the direction of propagation only, In that case £? mn becomes 
zero. 


11.2 WAVE PARAMETER THEORY OF Two-PonrsS 


One-dimensional periodic structures also can be realized by a periodic sequence of 
chain-connected two-ports. In Section 3.6 we already treated plenarily layered media 
as cascaded two-ports. Multiport methods are powerful tools for the investigation of 
periodic electromagnetic structures. 

The characteristic impedance of a transmission-line is defined as the impedance of a 
transmission-line of infinite length. Consider the transmission-line of infinite extension 
in one direction, schematically drawn in Figure 11.4(a). Let the characteristic impedance 
of the transmission-line be Zo. If the transmission-line is cut into two parts at distance 
| from its end and both parts are connected, this has no influence on the impedance 
Zo measured at the open end of the resulting circuit. However, we also can consider 
the circuit as a transmission-line segment of length I terminated by its characteristic 
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(a) (b) 


Z| A NZ 


Figure 11.4: Termination with characteristic impedance, (a) transmission-line segment, and (b) two-port. 


impedance. Considering the transmission-line segment as a symmetric two-port, we 
can generalize the definition of the characteristic impedance of a symmetric two-port 
as follows: 


The characteristic impedance of a symmetric two-port is that specific im- 
pedance with which we have to terminate the two-port at one of its ports to 
obtain the same impedance as the input impedance at the other port. 


Figure 11.4(b) shows a symmetric two-port terminated with its characteristic impedance 
Zo. The wave impedance of a symmetric two-port is the input impedance of an infinite 
chain of such two-ports. Let the symmetric two-port in Figure 11.4(b) be described 
by a wave impedance A. The input voltage and current V, J, are related to the output 


voltage and current V., 1, by 
VY) a a| X 
[ | = E (11.46) 


Interchanging input and output yields 


V;| -g| Y. 
A a : (147) 


‘The chain matrix A and the inverse chain matrix B are related via 


a 
Au -An 1 0 1 [An An 
d LL 11.48, 
s he -An| [0 -1|7 deta An An (uss) 
In the chain matrix of the inverted two-port Ay, and Aa are interchanged. For a 
symmetric two-port An = Azz holds. 


Terminating a nonsymmetric two-port A at its port 2 with a load impedance Z;; as 
shown in Figure 11.5(a) yields an input impedance 


_ AnZ12 + Án 


Z= " 
!7 AnZia + An 


(1.49) 
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4 
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Figure 115: Termination of two-ports with characteristic impedance. 


1A 2| [|Z 


Figure 11.6: Cascading of a two-port with its inverted two-port. 


For a symmetric two-port the characteristic impedance must be mapped into itself. 
With Z, = Zi; = Zo and An = Az; we obtain from the above equation 


AuZo + Av 
AnZo + Au 


Zo. (11.51) 
n 


To generalize the characteristic impedance concept for the case of nonsymmetric two- 
ports as depicted in Figure 11.5 we consider the chain connection of a nonsymmetric 
two-port with its inverted two-port (i.e., the two-port we obtain by exchanging the 
two ports). In this way we can form two different symmetric two-ports, as shown in 
Figure 11.6. For each of these two symmetric two-ports we can define a wave impedance. 
‘The wave impedance of the two-port shown in Figure 11.6(a) is Zo; and characteristic 
impedance of the two-port in Figure 11.6(b) is Zo2. The wave impedance Zo; is the input 
impedance of an infinite chain of cascaded pairs A, A’ and the wave impedance Zo; is 
the input impedance of an infinite chain of cascaded pairs A’, A. With the exception 
of the first two-port, both infinite chains are identical. If A is the first two-port in 
the infinite chain, the input impedance will be Zo. Removing the first two-port of 
the infinite chain yields an infinite chain beginning with the inverted two-port A’. 
The input impedance of this chain now is Zo2. We now can define two characteristic 


(11.50) 


This yields 
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Filter į Load 
Zo i 
c 


Figure 11.7; Filter two-port terminated with its image impedances. 


impedances of the nonsymmetric two-port, such that 
- AnZo + Ara 
AnZo2 + An 


AnZo + Arz 
Zo = <. 
27 AnZo + An 


Zo 


From these equations we obtain the characteristic impedances 


477 


(11.52a) 


(11.52b) 


(11.53a) 


(11.53b) 


Consider a filter two-port A terminated with its image impedances Zo; and Zo; as 
shown in Figure 11.7. The forward voltage transfer ratio Ay and the forward current 


transfer ratio A; are given by 


Zo 


Aye LÀ, 
"TW ZuAntán 
zl 1 
nr 
Uh  ZaAntán 
Inserting (11.532) and (11.53b) yields 
PY a SEE 
Au VAnAn + VAnAn 


Au 1 
A= 2 
An Vaudn + Ann 
We define a propagation factor for the filter two-port by 
à 


© Jian + Ann" 


e 


(11.542) 


(11.54b) 


(11.55a) 


(11.55b) 


(1.56) 
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Figure 11.8: (a) Series element, (b) parallel element, (c) SP element, and (d) PS element. 


where the g is a logarithmic attenuation measure. Since the determinant of reciprocal 
multiports is 1, as shown in (10,95), we obtain from (11.56) 


= VAnA2 - VArAar- (157) 


We can synthesize ladder networks by cascading series- and shunt two-ports. The chain 
matrix of the series element depicted in Figure 11.8(a) is 


s_|l Z 
A= li A ] l (1158) 
"The parallel element of Figure 11.8(b) has the chain matrix 
p_fi o 
APs K Jj 3 (1159) 
Cascading a series and a parallel element as shown in Figure 11.8(c) yields 
AGD = ASAP |t YoZs 2 (11.60) 
Y» 14° 
and for the circuit shown in Figure 11.8(d) we obtain 
(Ps) _ APAS | 1 Zs 
APS) = APA [s uzl arsi) 


‘The characteristic impedances as defined in (11.52a) and (11.52b) of the SP and PS 
circuits are 


ay ag? sy I~ +Y (11.62a) 


zz Zi. w (11.62b) 


Yp 1+ YZ, 
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Figure 11.9: (a) T element, and (b) 7 element. 


‘The propagation factor according to (11.57) is 
e$) = s = VIF YyZs - V Ys. 
The T circuit according to Figure 11.9(a) is described by the chain matrix 


(T) = A(SP) (PS) — 1«2Y,2, 2Z,(1* Y¥pZ,) 
AE RUIT [ 2Y, 025A |* 


‘The impedance matrix of the T circuit is 


eb 3 

zn. m om 
d dt mL 
25 Ait ay, 
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(1163) 


(11.64) 


(11.65) 


Since the T circuit is symmetric (i.e, An = A22), the characteristic impedances 247) 


and ZÉ? are identical, 


A Z 
ZP = 28 = 2) =y = VS. 
" p 
The propagation factor of the T circuit is 
ed = 1+ 2Y p25 - A Y ZA Yo. 
For the x circuit shown in Figure 11.9(b), the chain matrix is given by 


tlg] ee ee 
AA S “Lanter oe 142Y,Z] 


(11.66) 


(1.67) 


(11.68) 
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Figure 11.10; Low-pass filer, (a) T element, and (b) r element. 


The admittance matrix of the m circuit is 
X44 — -L 
ym) |? B e (11.69) 
«abs sk 


The characteristic impedance Z\") of the r circuit is 


(m) E" Zs 1 
zm. EN 21 11.70) 
Y An Yp 1+ YpZ; qa 


The propagation factor of the n circuit is the same as the propagation factor of the T 


circuit, 

ei 718 2Y?Z, -2/ Y Z, A + YoZ, - (171) 
Consider a low-pass filter shown in Figure 11.10. The characteristic impedances are 
given by 


L 
ga a h - 9LC,, (11.722) 
m I 1 
gun | 2 (172b) 
i C, y1- WLC, 
‘The propagation factor is 
ed - p 21-20? L.C, - 2j / LC 1 - &?L5C, . (11.73) 


We introduce the cutoff frequency o;, the normalized frequency N, and Žo by 


o 
i 
| 


(11.74) 
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Source | Filter i Load 


Figure 11.1 Filter two-port connected to source and load. 


With this we can put (11.72) to (11.73) in the normalized form 


zP = ZyVi- 02, (11.75a) 
moz _! 
z = Loe (1175b) 


From (11.73) and (11.74) we obtain the propagation factor 


eh = es -1-Q?-2j0VA- M. (1.76) 


11.3 Lumpep Low-Pass FILTER PROTOTYPES 


A low-pass filter prototype is a passive, reciprocal reactance two-port that is designed 
for insertion between a generator and a load, both with a real impedance Zo [10,11]. 
Consider the filter two-port connected to source and load as depicted in Figure 11.11. 
We define the return loss Lg and the insertion loss L4 as 


_ Power available from the source 


la 
R Power reflected to the source 
_ Power available from the source 


La = power delivered to the load 


(11772) 


(1.775) 


For the S-parameters referred to Zo, the reflection factor of the load is 0 and the 
reflection factor at the input of the terminated two-port is Su. From this it follows 


Ly = Sal? 14=|Sul?. (11.78) 


Since the filter two-port is assumed to be lossless, according to (10.79) the scattering 
matrix is unitary and therefore 


Sul? + [Sal (11.79) 
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This allows to determine L4 from the magnitude of the reflection coefficient of the 
one-port resulting when the filter is terminated with Zo, 


1 


a= ——. (11.80) 
1- [Sul 
11.3.1 The Butterworth Prototype 
A maximally flat filter characteristic will be given by a loss characteristic 
L,(Q) =1+07", (1.81) 
where the normalized frequency Q is defined as 
ase (11.82) 
m 


with the angular cutoff frequency w. Since the first n — 1 derivatives of L4 (N) vanish 
at Q = 0, the insertion loss characteristic exhibits maximum flatness. For Q = 1 (i.e., 
at the cutoff angular frequency o.) the insertion loss L4 is 3 dB, and for © > 1 the 
insertion loss rapidly increases with ©. From (11.78), (11.79), and (11.81) we obtain 


1 
Qnm 
o 
Qm 


[o (11.832) 


[E 


(11.83b) 


‘The maximally flat filter response according to (11.83a) is called the Butterworth response. 
Figure 11.12 shows the Butterworth response for n = 4, 6, 8. For real Q the magnitude 
[Su (0)] is given by 

an 


Viram’ 


For real Q the relation between Sj (Q2) and its complex conjugate S} (Q) is given by 


ISu (0) 


(11.84) 


Si(Q) = $4(-Q). (11.85) 


‘The complex conjugate of an expression is not an analytic function of this expres- 
sion. The function Sj (-@) is the analytic continuation of Sj, (Q1). We introduce the 
normalized complex frequency 


p=0+jQ (11.86) 
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Figure 11.12: Butterworth low-pass characteristic. 


with the real part c and the imaginary part Q. Replacing Q by -j p yields Su (Q) > 
Su(-jp) and Sy(—O) > Sui (j p). For p =j Q we obtain from (11.83) 


an 
Su(9)Su(-9) = Tz (11.87) 
The analytic continuation f (p) of this function for complex frequencies p is 
stts TEN GIO 
F) = SuCip) GP) = o yy (11.88) 


For p = j Q this analytic continuation coincides with |Sy:(2)|?. The poles of f (p) are 
given by the zeros of the denominator, 


1+ (3px) 20. (11.89) 


From this we obtain 


P= (11.90) 


This equation exhibits 2n solutions located on the unit circle in the complex number 


plane, 
2k-1 


2n 
Figure 11.13 shows the location of the poles p, in the complex p-plane for the cases n = 4 
and n = 5. From the 2n poles of f (0) the poles numbered from 1 to n exhibit negative 


n. (1.91) 


Pk =jop(j n) withk= 
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Figure 11.13: Location of the poles for (a) n = 4, (b) n = 5. 


real part. We design Sn (N) such that the negative real half-plane poles are assigned 
to 5j (Q). This ensures the stability of the corresponding two-port. The positive real 
half-plane poles are contained in Sn (- 0), which is the analytic continuation of the 
complex conjugate of Sı ()) and has only been used as an auxiliary function. From 
(11.90) we obtain 


P = j cos DEL D ML (11.92) 


2n 


With this we obtain the scattering parameters of the filter two-port 


xl 
Sp(Q) = ———————. (11.93a) 
nO) = a a) 2 
x 
Sije (193b) 


Tia (n - en) 


If the filter two-port is terminated with Zo, the reflection coefficient at the input is Sy, 
and the input impedance of the terminated filter two-port is 


1+Sn(Q) 


z(a) = Zoe ay MON 


(11.94) 


The filter design task is to synthesize a reactance two-port that exhibits the input 
impedance Z(Q) when terminated by the real impedance Zo. This means to synthesize 
a one-port. This problem can be solved in various ways [10-13]. 
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T,(2) 15 


Figure 11.14: Chebyshev polynomials T, (x). 


11.3.2 The Chebyshev Prototype 


An interesting filter characteristic for many practical applications is one where the loss 
ripples in the pass-band is bounded between two given values and beyond the cutoff 
frequency the loss rapidly increases. The Chebyshev filter characteristic exhibits this 
property. The insertion loss characteristic of the Chebyshev filter prototype is given by 


La(Q) = 1+ 7 T;(0), (11.95) 


where the normalized frequency Q. is defined by (11.82), T, (9) is the Chebyshev poly- 
nomial of the first kind and nth degree (9,14), and y is a parameter determining the 
ripple of the filter characteristics in the pass-band, The Chebyshev polynomial T, (x) 

is defined as 


T, (X) = cos (n arccos x) (11.96) 


The explicit form of the Chebyshev polynomials of the first kind and degrees 1 to 8 are 


Tix) =x, (1.97) 
Th(x) = -1+2x', (11.97b) 
Tx) = -3x + 4x°, (11.97¢) 
Ta(x) = 1- 8x? + 8x*, (11.974) 


Ts(x) = 5x - 20x? +16x°, (11.97e) 
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Figure 11.15: Chebyshev low-pass characteristics for y = 0.5 and n = 4, 6, 8. 


Ts(x) = -1 + 18x? - 48x* + 32x5, (11.97f) 
Ty(x) = -7x + sex? - 112x5 + 64x”, (11.978) 
Ta(x) =1- 32x? + 160x* — 256x°  128x5 . (11.97h) 


Figure 11.14 shows plots of the Chebyshev polynomials T, (x) of degrees  =1...5. 
For 9 < 1 the Chebyshev polynomials are bounded in the interval +1 and assume 
the values +1 for |Q| = 1. Therefore in the pass-band, specified by || < 1 the insertion 
loss L4(Q) satisfies 
1<14(Q) «1*9. (11.98) 


For || > 1 the magnitude |T;,((2)| exhibits a steep increase with ||. Choosing a higher 
value of |0| yields a steeper increase of the attenuation in the stop-band but also a 
higher ripple in the pass-band. 

For Q = 1 i.e. at the cutoff angular frequency wç, the insertion loss L4 is 


La(Q=1)=1+7°. (11.99) 


From (11.78), (11.79), and (11.95) we obtain 


|Si2(Q)P = TCOPTN mE s (11.1002) 
saca)? = EO) (1.1006) 


“Tepe TRO) * 
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Figure 1.15 shows the plots of the Chebyshev low-pass |Si2(@)|? for y = 0.5 and 
n= 4,6,8. With the complex frequency p = a + j introduced in (11.86), poles occur 
for 


T,(-jp) = = à (11.101) 


With (11.96), this yields 
cos? [narccos(-jp)] = -= - (11.102) 


To proceed in the determination of the poles we introduce the parameter x as 


k= sinh E arcsinh (3)] q1103) 
n " 

‘This yields 

2 sinh [n arcsinh(x)] (11104) 
" 
From (11.102) and (11.104) we obtain 

cos? [narccos(-j p)] = sinh” [n arcsinh(«)] = sin? [m arcsin(jx)] . (11.105) 

This yields 
cos? [narccos(-j p)] = cos? [n arcsin(j x) + (2k -1)37] (11.106) 


with integer k. From there we obtain 


arccos(-j py) = aresin(jx) + Qr (11.107) 
with 2n solutions for k = 1...2n given by 
Pk = opi Mg =j cos [oe K+ cw] , (11.108) 


"The real part c; and the imaginary part Q, of the poles py are given by 


oy = ksin (=) s (11.1092) 
2n 


M= Vic id cos( A=9") y (11.109b) 


n 
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From 


(11.110) 


it follows that the poles are located on an ellipse in the ø — Q-plane. Figure 1116 shows 
the location of the poles px. 


11.4 LADDER FILTER NETWORKS 


A common realization of filter two-ports is the ladder network [10, 11). Figure 11.17 
shows ladder network realizations of low-pass filters. The four cases shown in that 
figure differ in whether they are beginning or ending either with shunt capacitors or 
series resistors, For an LC ladder two-port beginning with a shunt capacitor C, ending 
with a shunt capacitor Cn, and terminated with an ohmic resistor Zp, as shown in 
Figure 11.17(a), the input impedance is given by the continued fraction expansion 


(LW) 


FE 


In this case the number of capacitors is one larger than the number of inductors, the 
shunt capacitors exhibit odd indices, the series inductors exhibit even indices and the 
total number n of elements of the ladder two-port is odd. 

For the ladder two-port beginning with series inductances and terminating with Zo 
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Figure 11.17: Low-pass filter prototype ladder networks, (s) beginning and ending with a shunt capacitor, 
(b) beginning with a series inductor and ending with a shunt capacitor, (c) beginning with a shunt 
capacitor and ending with a series inductor, and (d) beginning and ending with a series inductor. 


as depicted in Figure 11.17(b), the continued fraction expansion is 


1 


11112 
rom T (1.12) 


Z ph 


n 
+ 
PC ni sues 


‘The reader may easily write down the corresponding expressions for the circuits de- 
picted in Figures ILI7(c) and (d). 
11.4.1 Butterworth Ladder Networks 


Orchard has given formulae for the elements of Butterworth ladder filters [10,15]. For 
ladder filters of order n and cutoff frequency w, beginning with a shunt capacitor as in 
Figures 11.17(a,c) the element values C241 and Lzy can be determined from 


[^ (111132) 
v 


Ly = 22, (1.1136) 
w 
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‘Table 11.1: Element Values for the Butterworth Ladder Filter 


n n g [3 g gs ge g gs 
1 1.00000 

2 0707107 141421 

3 0.50000 1.33333 1.50000 

4 0,382683 1.08239 1.57716 — 1.53073 

5 0,309017 0.894427 — 1.38197 — 1.69443 1.54508 

6 0258819 0.757875 1.20163 1.55291 1.75031 1.55291 

7 0222521 0.655971 1.05496 1.39717 1.65883 1.79883 1.55765 

8 0.195090 0.577552 0.937052 1.25882 1.52832 1.72874 1.82464 1.56072 


For ladder filters beginning with a series inductor as in Figures 11.17(b,d) the element 
values Cay and Lay.1 are given by 


Laer = E (1L1Ma) 
We 
Cie SH, 1.114) 
@-Lo 
‘The values gy are given by 
2k-1 
ay = sin SRD (11.153) 
2n 
by = cos? ium (11.115b) 
2n 
&-4, (11.115c) 
= SEL fgpk2 3,.. ausa) 
Ck-18k-1 


Table 11.1 summarizes the element values for Butterworth ladder filters of order 1 to 8. 


11.4.2 Chebyshev Ladder Networks 
For Chebyshev ladder filters Orchard's equations [10,15,16] for the parameters g are 


(11.116a) 


> LAWET Lai kn 
d= |> (=) 2I. 11.116b) 
n [in (= eani LO ae ¢ ) 
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Table 11.2: Element Values for the Chebyshev Ladder Filter with 0.1 dB Ripple 


» Lü & & Ld $5 £e La 8s 
1 0.152628 

2 0421534 0.715866 

3 0,515793 1.08641 1.08949 

4 0.554406 — 1.19943 — 1.45758 1.24534 

5 0.573419 124903 1.55624 1.59238 — 1.3759 

6 0,584068 1.27524 1.59987 167493 1.72359 1.40351 

7 0.590601 1.29079 162357 1.71067 1.79872 1.73947 14745 

8 0,594888 130079 1.63804 1.7302 1.83022 1.80698 — 1.81628 — 1.46603 


Table 11.3: Element Values for the Chebyshev Ladder Filter with 0.2 dB Ripple 


* La Ld Li La 85 Ld £g 8e 
1 0.217102 

2 0.518935 0.817675 

3 0.613789 1.18888 1.19006 

4 0.651438 1.29358 1.56157 1.2898 

5 0.669739 1.33824 1.65416 1.63202 1.43563 

6 0.679923 1.36153 1.69376 1.70833 1.78707 1.41828 

7 0.686148 1.37524 17149 1.74018 1.85901 1.75057 1.51619 

8 0.690223 138401 1.72767 12572 188804 181446 1.86239 — 146769 


m 


n— A (11116c) 
sinh (£ 
pa ED, fork a2, Bins (11.1164) 
dy agi 
where the parameter £ is given by 
Arippte/4B 
zl th — 1L. 
i-hn [^ h EB [mon 


and Aripple is the specified pass-band ripple in dB. Tables 11.2 and 11.3 summarize the 
element values for Chebyshev ladder filters with 0.1 dB and 0.2 dB ripple. 
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11.5 FREQUENCY TRANSFORMATION 


So far we have treated low-pass filters in this section. We may also require high-pass, 
band-pass and band-stop filters. It is possible to derive these filter characteristics 
from the low-pass characteristics via frequency transformation. Since the frequency 
transformation may also be applied to the circuit elements, high-pass, band-pass, and 
band-stop filters can be derived from the low-pass filter prototypes. The low-pass filter 
prototypes are normalized to unit cutoff frequency of the normalized frequency O and 
unit wave impedance. To transform the normalized low-pass prototype filter to a low- 
pass filter with arbitrary cutoff frequency wc low-pass transformation, we substitute 
the normalized frequency © by w/w,. The normalized prototype filter uses normalized 
inductances |, and capacitances cx, 


welk 
k= ; 11.118: 
di^ (1182) 
Ck = 9c C. Zo (11.118b) 


The normalized inductances l; and capacitances cy are normalized with respect to 
the low-pass cutoff frequency w, and the characteristic impedance Zo which is equal 
to the terminating resistor of the filter two-port. The lx and cx are the inductance 
and capacitance values for unit cutoff frequency and unit load impedance. If we have 
determined these normalized circuit element values for a prototype low-pass filter 
we can easily determine the element values for arbitrary cutoff frequency w: and 
characteristic impedance Zo. Furthermore frequency transformation allows to derive 
high-pass, band-pass and band-stop filters from the low-pass filter prototype. 


115.1 Low-Pass to High-Pass Transformation 


For agiven normalized low-pass prototype filter the low-pass to high-pass transformation 
is performed by 

Re 
ne 


Q (11.119) 


Figure 11.18 shows the Chebyshev high-pass characteristic we obtain by applying this 
transformation to the prototype Butterworth low-pass characteristic. Applying this 
transformation to inductors L, and capacitors C; yields 


1 
kamna Tizi (11.120a) 
w oC, 


=—. (11.120b) 
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02 


Figure 11.19; High-pass filter ladder network beginning and ending with a shunt inductor. 


This means we have to replace inductors Ly by capacitors Cy and capacitors C, by 
inductors L; according to 


Q=—s) 11.121 

Vii EA (11212) 

L- fi. (11.121b) 
weet 


Figure 11.19 shows the high-pass ladder network we obtain in that way. 


11.5.2 Low-Pass to Band-Pass Transformation 


The low-pass to band-pass transformation converts the low-pass prototype filter into a 
band-pass filter with a lower cutoff frequency w and an upper cutoff frequency <2. 
The low-pass to band-pass frequency transformation is given by 


A(w) = (2 s 2) (11.122) 


w 


494 Electromagnetics 


t t 
2 
08 
06 
04 
02 
099 0995 1 1.005 101 


E o ©, wo — 


Figure 11.20: Chebyshev band-pass characteristics 


Choosing wo and x such that the cutoff frequencies o, and v? are mapped into O = 1 
yields 


0o 7 \/@a@a» (111232) 
E (11123) 


9u-9a 


Figure 11.20 shows the characteristics of a Chebychev band-pass filter of order n = 6 
with 7 = 0.5 and a relative bandwidth (w2 — w1) /wo = 0.01. Applying this low-pass 
to band-pass transformation to the normalized inductors |, and capacitors c; yields 


X (a) = WZ = —— (2-2) 20h, (111242) 

Wa-wa w w 
sawt- (m oma 

Bi(o) 2(2)7 m 2)z- (11.124b) 


We have to replace inductors ly by series resonant circuits with Ly, Cy and the capacitors 
ci by parallel resonant circuits with Lr, Cj according to 


Xe(w) = oL, - 2c 3 (11259) 


l 
= @C)-— S 
Bi(w) = we - —- (111255) 
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Figure 11.21: Band-pas filter ladder network beginning and ending with a shunt inductor, 


with 
l 
yenik, (11.126a) 
0,2700 
9-940 
C 2T, 11.126) 
t= Ooh ( ) 
1, - ata (1269 
p^ 
ar 
Ci (11.126d) 


7 (ua wa)Zo ` 


Figure 11.21 shows the band-pass ladder network we obtain by replacing in the low-pass 
ladder network of Figure 11.17(a) the series inductors with series resonant circuits and 
the shunt capacitors with parallel resonant circuits. 


11.5.3 Low-Pass to Band-Stop Transformation 


"The low-pass to band-stop transformation transforms the low-pass prototype filter into 
a band-stop filter with a lower cutoff frequency ea and an upper cutoff frequency ux. 
The low-pass to band-stop frequency transformation is performed by 


A(w) = qx) : (1.127) 


Choosing wo and x such that the cutoff frequencies we, and wz are mapped into Q = 71 
yields 


wo = (Waa, (11.128a) 
ga FE (11.1285) 
0,2700 


Figure 1122 shows the characteristics of a Chebychev band-stop filter of order n = 6 
with 7 = 0.5 and a relative bandwidth (<2 — wa) uo = 0.01. Applying this low-pass 
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Figure 11.22: Chebyshev band-stop characteristics. 


to band-stop transformation to the normalized inductors I and capacitors c; yields 


on 1 
Xq(w) = Q(u)Zyl, = 9892 oh (11.1292) 
oo we 
@a-Wa_ loa 


TAS (11.129b) 


e 

Bi(o) = Q(u)5- z 

) Zo % x 

We have to replace inductors lx by series resonant circuits consisting of Ly, Cy and the 
capacitors c; by parallel resonant circuits consisting of Lj, C; according to 


Xy) = grum (1.1302) 

By(w) = cs (111306) 
with 

gen AN (1.1312) 


7 (oa on)Z 
1, = (a7 aA (111316) 
lk 
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Figure 11.24: Transmission-line periodically loaded with (a) the parallel susceptance B, and (b) the series 
reactance X. 


Wer ~ Wei 
DM, 1131 
i^ ahaa qute) 
Z 
i. (11.1314) 
We2 7 Ver 


Figure 11.23 shows a band-stop ladder filter network. 


11.6 TRANSMISSION-LINE WITH PERIODIC LOAD 


Consider a transmission-line of characteristic impedance Zo, periodically loaded with 
either parallel susceptances B or series reactances X, as shown in Figure 11.24(a) and (b), 
respectively, Such a periodically loaded transmission-line may be considered as a chain 
connection of two-ports as shown in Figure 11.25(a) and (b). ‘These two-ports represent 
loaded transmission-line segments of length |. To make these segments symmetric 
the loads are embedded between two transmission-line segments 31. The voltage and 
current at the left-hand port of the kth segment are called V ,, L. Voltage and current 
at the input of the kth segment are related to voltage and current at the input of the 
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Figure 11.25: Transmission-line periodically loaded with (a) parallel susceptance, (b) series reactance. 


(k +1)th segment by 
Y. 
[| =A Fed . (11.132) 


The chain matrix A“) ofa line segment of length 1, the characteristic impedance Zo, 
and the phase coefficient fi is 


(sy _[ cosifil Zo sin3B,1 
$ Mts cost! |' (1.133) 


‘The embedded two-port consisting of the parallel susceptance B only is described by 
the chain matrix 
B) i 
AQO = [5 ile (11134) 


The complete segment according to Figure 11.25(a) is represented by the chain matrix 
AB) = AS) AQ) AX) | (11135) 

Inserting (11.133) and (11.134) into this equation yields 

cos fy! - 3 BZo sin fl j Zo [}BZo (-1 + cos fil) + sin fil] 


jZg! [3BZo (1 + cos Bil) + sin il] cos Bi - 3BZo sin fil 
(11.136) 


AGB) = 


The determinant of the chain matrix is 
Jaces) = 1, (11.137) 


Consider the transmission-line periodically loaded with reactances X. The embedded 
two-port exhibiting the series reactance X only is described by the chain matrix 


eol jX 
A -b at (11.138) 
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The loaded transmission-line segment according to Figure 11.25(b) is described by 
AMEND 5 Al AO AU, (11.139) 
Inserting (11.133) and (11.138) into this equation yields 
AGI - 


cos By! - 3X Z;! sin Bil jZo [4X23 (1 + cos fI) + sin Bil] 
j Zo) [3XZ; (71 + cos By!) + sin il] cos By! - 3XZ; sin By 
(11.140) 


‘The determinant of the chain matrix again is 
jase) = 1, (11.141) 


For a wave propagating along the loaded transmission-line with a propagation coeffi- 
cient y voltages and currents at the inputs of the kth and (k + 1)th segments must be 
related by 


Von =e" Laser. 1142) 


n 


Together with (11.132) this yields 


Anz As [Vea] 
An Anm] [Tea] d 


This homogeneous system of equation only exhibits a nontrivial solution if the coeffi- 
cient determinant vanishes. This yields the quadratic equation 


e — (An + Ane"! + An Ara ~ Anda (11.144) 
With (11.137) or (11.141), respectively, we obtain 
e! — (Ay + An)” «170. (11145) 
‘The solutions of this equation are 
of Auten, (11146) 
2 
This yields 
cos yl = Au + Az (11147) 


2 
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Expanding the left-hand side of this equation into real and imaginary parts and inserting 
Aj, and A2, from (11.133) we obtain 


cosh yl = cosh al cos By! + j sinh al sin By! = cos Bi! - 1x sin Bi! (11.148) 
with 


XZ! for series reactance 
zi 9 (11.149) 


BZo for parallel susceptance ` 

Since both sides of (11.148) must be real either « or 8 must vanish. We therefore have 
to distinguish two cases, 

cosfl-cosfil-ixsimfil —— for|cosfil-ixsinfil|cl,  (11.150a) 

cosh al = cos Bil - 4x sin 6il for |cos I - 1xsinfil| 21. (11.1506) 

The first case with a = 0 and $ + 0 corresponds to a propagating wave, whereas the 


unstable solution a + 0 and £ = 0 describes evanescent waves. 
‘The cutoff frequencies between both regimes are determined by 


cos BI - 4xsin Bl =1. (11151) 
From this we obtain 
cos? Bil = 4x? sin? Gil +x sin fil +1 (11.152) 
and 
(1+ 4x?) sin? fil + xsin Bil = 0. (11.153) 


Finally, this yields the equation for the determination of the cutoff frequencies we, 


-áx 


at (11.154) 


sin By! = 


For the transmission-line loaded with parallel susceptances the characteristic imped- 
ance Z po follows from (11.51) and (11.136) as 


Ae) BZp (cos Bil -1) + 2sin By! 


AG ON BZ; (1+ cos fi!) +2sin Bil’ (11155) 


where Zo is the characteristic impedance of the unloaded transmission-line. For the 
transmission-line loaded with series reactances the characteristic impedance Z po fol- 
lows from (1151) and (11.140) as 


Ae XZ; (1+ cos By!) + 2sin Bi 


z E 11.156) 
Ages 17V XZ; (cos Bil - 1) + 2sin Bil quss 
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Incident 
wave 


Figure 11.26: TEM wave incident on a plane periodic surface. 


11.7 PLANE WAVE SCATTERING BY PERIODIC 
STRUCTURES 


11.7.1 Scattering of TE Waves by Periodic Structures 


Consider a time-harmonic TEM wave incident on a plane periodic structure as depicted 
in Figure 11.26. Assume TE polarization with respect to the plane of incidence. The field 
of the incident wave can be derived from the magnetic Hertz form 


Digg? = AM eV eRe) qz (11157) 
with 
2 2 2 o! " 
kitke = ksr (11.158) 


With (3.36a) and (3.36b) we obtain the field of the incident wave as 


EÙ =~ po * d Tp = opo, AM I EEA dy, (11.159a) 
HÒ = -åd Np = kk; ACD e (7a dx 4 kA ei (beth) dz,  (11.159b) 


The planar structure at z = 0 is a surface impedance plane with a surface impedance 
Z,(w,x) dependent on frequency periodic in x-direction with a period p, hence 


Z,(w,x) = Z5(w, x + p). (11.160) 


The surface impedance can be expanded in a Fourier series, 


Z;(w, x) = S Zm(w)eimn* (1.161) 
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with 
kel, (11.162) 


The total field £, H is the superposition of the incident field and the scattered field 
E69, yo, 


£s-£g0 ge, (11.1632) 
H-uO0 +H), (11.163b) 


On the plane periodic surface at z = 0 incident and reflected waves satisfy the boundary 
condition as introduced in (6.46), 


ACA la =Z,(@,x) 1; 3x), " (11164) 
With (A.176) this can be written as 
£y(w,x)| o = * Z Qo x) dz ^H(w»x)|, ,- (11.165) 


Considering Floquet’s theorem (11.28) the scattered field must be of the form. 


£09 = opok, Y a( 9 (z)ei Pt dy (1.166) 
RR 
with. 
Bs ke nk. (11.167) 


‘The scattered field must satisfy the Helmholtz equation, 


AEC) + REC) = o. (11168) 
Inserting (11.166) yields 
d'a? (z 
zuo ) +ga? (z) =0 (11.169) 
with 
qn = VK (11170) 


The solutions of (11.169) are 


a (z) = Aet, a7) 
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For 

kå > (ky + nK)? (172) 
the corresponding field term in the series expansion describes a plane wave scattered 
away from the impedance boundary. Otherwise the field component is evanescent in 
z-direction and oscillating in x-direction. The evanescent solutions contribute to the 
energy stored in the field. Since the scattered wave propagates in positive z-direction 
qn must be positive and only the positive roots of (11.170), qx = q-» = |qu| have to 
be taken. For the evanescent solutions the negative imaginary values of qn have to be 
considered. 

Inserting (11.171) into (11.166) yields 


£09 = wpoke Y; AGIAN dy, (11.173) 
ns 
With Faraday's law (2.124b) we obtain the scattered magnetic field 


we) - 4, ag - 
tr 


Y. [kgn dx — kx By dz] AQ9e er e), (11.174) 


From (11.1592), (11.159b), (11.163), (11.163b), (11.166) and (11.174) we obtain the total 
field 


E= opok, ADT dy + woke X) AGI P dy, — (ILI752) 


H= [inatasan 5 b» laden] dz 


nts 


Fe [ RAM erie S kB ACD ien de; (11175b) 
Rotating H, at z = 0 counterclockwise by 90° around the z-axis yields 


* (dz A 24) = D d - È kega Garta | ay. 


TA (11176) 
Inserting (11.161), (11.175a) and (11.176) into (11.165) yields 


CoA MET + wg Y) Alder i tines = 


p 


S Jas, s AOI emn aS „Zm Age es emer, (11177) 
s dns man 


meo m 
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Dividing this equation by e~!+* and replacing in the first term of the right-hand side 
the index m by n and in the second term n by n ~ m yield 


AD. YD AGO. 
cos Bi O Bo M py 4 
estig nA eint nm y AUS) emo (11178) 
afe m 76 X aeta, ajo RAM 
where we have used 
kiz = ky cos 0; (11.179) 
with the angle of incidence is 8; and the free-space wave impedance Zro = \/# 
Multiplying (11.178) with e//** and integrating over the interval [0, p] and using the 
orthogonality relations 


P 
Z [ er dx = Bin (11180) 
p Jo 


we obtain 


A. y EU -a0 (252, -1) for n=0, (Illa) 


E 
ACD 4 Xa AC. wt doom s AO for n#0. — (1L181b) 
Pi Ho Zro 


‘The solution of this system of equations yields the expansion coefficients A(**) for the 
series expansions (11.173) and (11.174) of the scattered field. The plane waves constituting 
the scattered field are called Floquet modes, Bloch waves, or space harmonics. If (11.172) 
is fulfilled and q, is real, the corresponding Floquet mode describes a plane wave 
scattered away from the impedance surface, Otherwise the Floquet mode describes a 
surface wave propagating along the impedance surface and decaying exponentially in 
z-direction. Considering 

k, = ko sin 6; (1.182) 


we obtain from (11.172) 
~ (ko sin 6; + nx)? » 0. (1.183) 


With the free-space wavelength A defined in (2.88) this can be can be put into the 
form 


1 n)[1i n 

l-sn6;) - "|| La+sine) « 350. 11.184 

[ze sin6;) zem t (1184) 
This yields the condition 


-Z (1+sin0;) < ns &(1- sin 8;) (11185) 
Yo Ao 
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for the existence a propagating Floquet mode of order n. 

Consider the surface with an impedance grating as shown in Figure 11.26 with a 
period p = $A. An incident uniform plane wave exhibits an angle of incidence 0, = 60° 
and is polarized transverse to the plane of incidence. In this case (11.185) yields 


Vt ane ER, 
4 4 


(11.186) 


This condition is only fulfilled for n = 0 and the reflected plane wave exhibits an angle 
of reflection that is identical with the angle of incidence. For p = A and 6; = 60° we 
obtain from (11185) 

2 43-2 


sns 
2 


In this case we obtain two propagating Floquet modes with n = -1, From (11.170) we 


obtain with x = ko 
q4 = ko1- (17 sin0;)? = 3&VAv3- 3. (1.188) 


The angle O, under which the nth order Floquet mode is radiated is given by 


(11187) 


@, = arccos (£) ; (11.189) 
ko 
In the above example we obtain 8-1 =7.7°. 


11.7.2 Scattering of tm Waves by Periodic Structures 


Consider now a time-harmonic TEM wave incident on a plane periodic structure shown 
in Figure 11.26 and TM polarization with respect to the plane of incidence. That means 
that the magnetic field of incident and scattered waves is in y-direction and normal to 
the plane of incidence and the electric field is in the plane of incidence. The field of the 
incident wave can be derived from the electric Hertz form 


19 = Beri enhn dz (11190) 


with kx» ky and ko related by (11.158). With (3.29a) and (3.29b) we obtain the field of 
the incident wave 


HO = joes » AN, = wpoksBOe HK) dy, (st) 
£9 --adn, keka BO e Ibe) dy + KiBO ei (kezka) qz,  (11.191b) 
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Applying the principle of duality introduced in Section 3.2 we obtain the formulae 
describing the scattering of rM waves from the equations derived in Section 11.71 by 
the substitutions (3.31a) and (3.31c). In this way we obtain the total field 


H= -wegk BOT Ust hun dy — wegk, S^ BD. e) dy, — (11922) 


Z [ien ena -$ T dx 
+ [daten +> isa tnn] dz. (11.192b) 


Imposing the impedance boundary condition (11.165) at z = 0 and imposing the Fourier 
series expansion (11.161) of the surface impedance Z,(w, x) we obtain from (11.1922) 
and (11.192b) 


weo Y, Ki Ze BÜeri )* + weg YY ZemBGOe kee armed 


LS neo nr 
- BO eiker y x quB id, quaes) 
p 


We proceed as in Section 1171 and obtain 


, z Zi; 
Be - 53 pis) Sam = 20 (2 + cose) for n=0, (11.194a) 


ma Zro 
Gon. plse) Zam _ pt Zar 
Bt p PEU B p" for n#0 (11.194b) 


for determination of the amplitudes BU of the Floquet modes. The condition for the 
existence of a propagating Floquet mode of order n is given by (11.185). 

One method to realize an impedance grating is a corrugated surface [17] as shown 
in Figure 11.27. The corrugated plane exhibits grooves of width w and depth h with 
a period p = d + w and is assumed perfectly conducting and infinite in extent. We 
assume a uniform incident plane wave polarized in y-direction, If the width w of the 
grove is small compared to the wavelength then the incident wave excites TEM waves 
in the grooves with the electric field directed in x-direction and the magnetic field 
directed in y-direction. Figure 11.28(a) shows schematically the electric field potential 
planes in the groove. A groove can be modeled by a short-circuited transmission-line 
of length / as shown in Figure 11.28(b). Since we want to model the field impedance, 
we take the field impedance of the free-space Zro as the characteristic impedance of 
the transmission-line. With (8.39) we obtain for the surface impedance Z, (w, x) 
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Incident Statiered 
wave 


Figure 11.28: Excitation of a periodic corrugated surface, (a) TEM field in a groove, (b) transmission-line 
model of a groove. 


Zpotankgh formp-wsx«np 


‘ 11195; 
0 for np <x<np+w É ) 


Z(w,x)= { 
where n is an integer. The Fourier coefficients for the series expansion (11161) are 


Zgotan koh | -exp ( | (11196) 


9 
Za Zro tan koh f gu. 


T 
? P 


11.8 METAMATERIALS 


A metamaterial is an electromagnetic structure designed to exhibit special material 
properties like negative permeability, negative permittivity or negative refractive in- 
dex [18,19]. Veselago in his 1968 paper investigated materials with negative real parts of 
permittivity and permeability (20). Veselago showed that in negative refractive index 
materials for an electromagnetic plane wave the directions of the electric field, the 
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Figure 11.29: Propagation of a wave packet. 


magnetic field, and the wave vector form a left-handed orthogonal trihedron. This 
means that for a plane wave the wave vector and the Poynting vector exhibit opposite 
directions. Metamaterials also are referred to as left-handed materials. A wave with 
opposite group and phase velocity was already discussed by Pocklington [21]. Waves in 
which phase- and group velocity exhibit opposite signs are called backward waves [22]. 
A fundamental property of metamaterials is that they cannot be realized by homoge- 
neous materials. Metamaterials so far are composite materials exhibiting an internal 
structure [19, 23]. Early examples of composite structures are given in [24]. Composite 
materials with simultaneously negative permittivity and permeability are investigated 
experimentally [25,26]. The singular properties of metamaterials allow a multitude of 
interesting applications in microwave circuits, transmission-lines and antennas. Pendry 
has suggested the application of negative refraction material to realize a perfect optical 
lens [27]. Experimental verification of negative index of refraction has been given 
in [28]. 

In 1905 Pocklington published a short letter “Growth of a wave-group when the 
group velocity is negative,” which may be considered as the first treatment of negative 
index material [21]. Pocklington already stated that in the considered case a wave would 
move towards a perturbation. To establish an elementary model of a negative refractive 
index material we examine whether there is the possibility for a material for which 
group velocity and phase velocity are of equal magnitude but opposite signs. With (73) 
and (77) we obtain 


36 


di (11197) 
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Integration of this equation yields the dispersion relation 


K 
Bst, (11198) 


where « is a constant with the dimension m 
velocity c, and the group velocity v, are 


1, According to (73) and (77) the phase 


(11.1993) 


(11.199b) 


Phase and group velocities exhibit opposite sign. A partial differential equation describ- 
ing a one-dimensional scalar field y(z, t) and satisfying the dispersion relation (11.197) 


is 
tyle t) 
0z?9t 
‘This equation exhibits the time and frequency harmonic solution 


=x y(z,t). (11.200) 


y(z.t) = A cos (wt - Bz + 6) + AM cos (wt - Be + eO), (11.201) 


where AC, AC), are the amplitudes and $(*) and $C are the amplitudes and phases 
of the waves with the phase planes moving positive and negative z-directions. Figure 
11.29 shows the propagation of a wave packet formed by superposition of harmonic 
waves, 


m 
vo0-2 Y 4 sin cos pox + Sor) (11.202) 
T pen, 1 o n 


for No = 40, N, = 20, and N3 = 60. For small time increments (wot = $1) we see 
that the phase is moving in negative z-direction. The envelope of the wave, however, 
is propagating in positive z-direction as we can see for larger times (wot = 50r). The 
wave is highly dispersive. 

Figure 11.30 shows the transmission-line equivalent circuit model for a plane wave 
in material with positive and negative refractive index, where Az is the length of 
the modeled longitudinal section of the transmission-line, and Lk and C are the 
series inductance and the parallel capacitance per unit of length. For the left-handed 
transmission-line we have the series capacitances and parallel inductances C; and Li, 
times unit of length. In the limit Az — 0 the element values of Ly Az and CRAZ go to 
zero. The elements values of L/ /Az and C4 /Az, however, go to infinity for Az > 0. 
This indicates that a left-handed transmission-line or a left-handed material cannot be 
realized as a homogeneous structure. 
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Figure 11.30: Transmission-line equivalent circuit model: (a) positive refractive index, and (b) negative 
refractive index. 


‘The magnitude of the phase and group velocities grows in proportion to w*. Therefore 
it becomes unphysical when the magnitude of the group velocity exceeds the free-space 
speed of light. Physically it is not possible to realize a transmission-line with a series 
capacitor and a parallel inductor only. A more realistic transmission-line model shown 
in Figure 11.31 contains also a series inductance anda parallel capacitance. The reactance 
per unit of length X’(«) and the susceptance per unit of length B’(«) are given by 


X"(w) = («ts ^ =z) . BY(w) = (e - x) f (11.203) 
j 


The series resonance frequency w,, of X’(w) and the parallel resonance frequency Wp 
of B'(w) are given by 


(11.204) 


Below both resonance frequencies ws and wyp and the reactance per unit of length 
X'(w) as well as the susceptance per unit of length B'(«) are negative. This yields a 
real negative refractive index. Between both resonance frequencies wrs and wrp the 
reactance per unit of length X’(w) as well as the susceptance per unit of length B(w) 
exhibit opposite signs and the refractive index becomes imaginary. The frequency 
band between w,, and wrp therefore is a stop-band. Above both resonance frequencies 
X'(w) as well as B’(w) are positive and the refractive index is real and positive. 

With (8.3) we obtain the dispersion characteristics for the pass-bands w < wc and 
W> Wen 


T 


B(w) =slo)y| w?L aCe (11.205) 


with 


POS id (11.206) 
1 dfooa 
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Figure 11.31: One-dimensional equivalent circuit model. 


and the lower cutoff frequency «x and the upper cutoff frequency w; are given by 
wa = min(oy,, 0,5) , 0,5 = Max (wrs, wrp) (11.207) 


In the stop-band wa < w < «5 the attenuation coefficient is given by 


Ij & 
L, C 


a(w) = 


a? AC, (11.208) 


vL, C, 


The dispersion diagram is shown in Figure 11.32(a). This case, where series and parallel 
resonances differ from each other, is called unbalanced. When the series and parallel 
resonances are equal (i.e., Wrs = w,p) no stop-band occurs. At the transition frequency 
wo given by 

1 1 


Vince VU 


the phase coefficient changes the sign. The phase coefficient f can now be expressed by 


@ = (11.209) 


B7 Bit Br (11.210) 


with 


1 
Bu HE Br = wI}. (11.211) 
VHC, 


The dispersion diagram for the balanced left-handed transmission-line is shown in 
Figure 11.32(b). 

Left-handed structures may be composed only by connection of segments of finite. 
size or by embedding finite-size structures in the material. Left-handed materials can be 
of periodic or random structure. Periodic metamaterials differ from periodic structures 
as treated in Section 11.1 particularly with respect to the size of the period. In periodic 
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Figure 11.33: Two-dimensional metamaterial structure. 


structures where the frequency selective properties are utilized the period is in the 
order of the wavelength. Periodic metamaterials are designed such that the period 
is small compared with the wavelength in order to keep the dispersion as small as 
possible. A two-dimensional metamaterial structure can be realized by a mushroom 
structure [29] as depicted in Figure 11.33. The mushroom structure consists of a two- 
dimensional periodic array of small conducting plates mounted on the top of thin 
conducting posts. The posts are mounted on a conducting ground plate. The posts act 
as inductors between the mushroom caps and the ground plate. The gaps between the 
plates are narrow so that each mushroom cap is capacitively coupled with its neighbors. 
However, it is inevitable that every mushroom cap also exhibits a capacitive coupling 
to the ground in parallel to the post inductance and an inductive coupling in series 
to the capacitive coupling to the neighboring cell. This can be seen easily when trying 
to increase the parallel inductance as well as the series capacitances of a cell. In the 
limit, when parallel inductance and series capacitances are going to infinity, the post 
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Figure 11.34: Two-dimensional equivalent circuit model. 


diameter as well as the width of the gap between the cells are going to zero. In this 
limit the structure becomes a parallel plate structure with only parallel capacitance and 
series inductance. 


The equivalent circuit of a cell of two-dimensional mushroom structure is presented 
in Figure 11.34. This circuit has been investigated in [30]. From the definition of the 
impedance matrix (103b), it follows that the matrix element Z;; of the impedance 
matrix is the ratio of port voltage V; to port current J; when all ports with exception 
of the jth one are open. This allows us to write down the impedance matrix of the 
four-port depicted in Figure 11.34 directly as 


1000 111I 
0100 1111 
Z-Z(9) o 1 oft, i11 (11.212) 
0001 1117 


with. 


a(o) at (ziy tora) £y arca eje). (11213) 
L. L 


Consider a plane wave with wave vector components ky and k, propagating through 
a two-dimensional array of cells. To simplify the model we assure infinite extension 
of the structure in the x y-plane. Applying Floquets theorem we imply the boundary 
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conditions 


V,(w)] [XM.exbGi AD) 
Yalu) |_| V, exe (SAI) 
¥3(w) | |X 
YQ) 


3] | L exp (Sj kAD) 


Is 
" 


(11.214) 


10)|.| Lex (SAI) 
Blw) |7 |-Lexe(-k M) V 
L(»)| |-L, exp (-4)4, Al) 


m= 
" 


(11.214b) 


With the transformation matrix 


(11.215) 


1 
=.= oo 
Hore 
Koon 


(11.216) 


‘The transformed voltages and currents are 


-V, exp (3) ke Al) + V, exp (~3)k, Al) 
V-My- L| Ys GIAI) + V, exp (3) kx Al) 
CUT VA| ~V exp jS AD) +V, exp (3jkyAl) |" 
2V, cos (5j k Al) + 2V, cos (3j, AI) 


-L, exp (3j kxAl) - L, exp (-3jk AU) 

; 3 -Ls exp (3jkxAl) - L exp (-3 EAD) 
Vi | I, exp sal) +1, exp (3jkyAl) |: IEEE 

21, cos (3j kyAl) + 21, cos (3jkyAl) 


(11.2172) 


v 
x 

pe 
n 


"The transformed variables are related by 


Y (11.218) 
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Inserting (112172) and (11.217b) yields a homogeneous system of equations with the 
four amplitudes V,, 1, V., and I. The determinant of the coefficient of the system of 
equations yields the characteristic equation 


sin? ($k, AD) + sin? (}kyAl) = "3Z,) (11.219) 
Inserting (11.213) we obtain the dispersion relation 
i ol w? w? 
sin? (Jk, Al) + sin? ($k, Al) = p (- a irs (11.220) 
with i 
Gi: aep es Ca 
VEC; TO TRE 


The dispersion characteristics is anisotropic. Comparing the dispersion characteristics 
for propagation in the x- or y-direction with the dispersion characteristics in the 
diagonal direction yields 


2 2 2 

in? mL La d 7 

sin? (3kAl) = wi (- z) ( = =) fork=kx,ky, (1.222) 
2 


2 2 
2sin? (3 2kAI) = E (- =) ( = =) 4Vik, (12220) 
LÀ 


For small wave numbers k in the limit k — 0 we can approximate the dispersion relation 


by 


Al 
k= +k = gma "heb (1223) 


11.9 PROBLEMS 


1. Consider a time-harmonic TEM wave propagating in z-direction in an isotropic 
medium with a permittivity e(z) varying in z-direction sinusoidally according 
to (11.35) and (11.36). The parameters are €m = 12, Ae = 9.2 and p - 5 mm. 
2) Compute the cutoff frequencies of the three lowest pass-bands. 
b) Draw the dispersion characteristics for the three lowest pass-bands. 
2. Consider a waveguide WR28 (see Table 73) filled with the material specified in 
the previous example with permittivity varying in longitudinal direction of the 
waveguide. 
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Figure 11.36: Trnsmission line with periodic capacitive load. 


a) Compute the edge frequencies of the three lowest pass-bands for the TE; 
mode, 

b) Compute the edge frequencies of the three lowest pass-bands for the TE29 
mode, 

3. Consider an isotropic dielectric with periodic permittivity variation in z-direction 
with period p as shown in Figure 11.35, The parameters are cy, = 1.5, Ae = 0.1, 
p =5 mm, and w = 2 mm. Consider a time-harmonic TEM wave propagating in z- 
direction in an isotropic medium with a permittivity e(z) varying in z-direction 
sinusoidally according to (11.35) and (11.36). 

a) Compute the cutoff frequencies of the three lowest pass-bands. 

b) Draw the dispersion characteristics for the three lowest pass-bands. 

c) Compute the field impedances when looking at z = 0 and z = w into the 
right half-space. 

4. Consider a transmission-line periodically loaded with a capacitance C as shown 
schematically in Figure 11.36. The transmission-line is excited in the TEM mode. 
The unloaded transmission-line is characterized by the wave impedance Zo and 
the wave velocity c. 

a) Compute the dispersion characteristics of the loaded transmission-line. 

b) Compute the characteristic impedance of the loaded transmission-line for 
the plane of reference at z = 0. 

c) Compute the frequency dependence of the dispersion characteristics and 
the characteristic impedance for Zo = 500, c = 2- 10° ms™, p = 3cm, 
C-01pR 
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5, Design a Butterworth band-pass filter with a center frequency of 1 GHz and a 
bandwidth of 10 MHz and n =5. 

6. Design a Chebyshev band-pass filter with a mid frequency of 1 GHz and a 

bandwidth of 10 MHz, 0.1 dB ripple and n = 5. 

Consider a harmonic TEM wave of frequency f = 60 GHz normally incident on 

the corrugated surface depicted in Figure 11.27 and polarized in y-direction. Let 

d -10 mmand w = 2 mm. 

a) Determine h for maximum variation of the surface impedance. 
b) Identify all propagating Floquet modes and their angle of scattering, 
©) Discuss the power flow. 

8. Consider a left-handed transmission-line. The equivalent circuit model is given 
by Figure 11.31. Realize this left-handed transmission-line by periodically cascad- 
ing this two-port and its inverted two-port. 

a) Compute and draw the dispersion diagram and frequency dependence 
of the group velocity and the characteristic impedances for Az - 1 mm, 

^Az = 0.25 nH, ChAz= 0.1 pF L; /Az = 1 nH, and C; /Az =1 pF. 

b) Compute and draw the dispersion diagram and frequency dependence 
of the group velocity and the characteristic impedances for Az = 1 mm, 
L'Az = 0.25 nH, C, Az = 0.1 pF, L} /Az = 1nH, and Cj /Az = 0.8 pF. 

c) Change the electrical length of the transmission-line segment to Az = 
0.2 mm and keep the parameters L^, Ch, Li, and C; unchanged. How 
does this affect the circuit elements in Figure 11.31 and the dispersion 
characteristics in both cases? 

9. Consider the equivalent circuit of a two-dimensional metamaterial structure 
shown in Figure 11.34. The parameters are LpAl = 0.5 nH, CRAL = 0.1 pF, 
LL /Al = L nH, and C[/Al = 1 pF. Compute the dispersion characteristics and 
the frequency dependence for wave propagation in the axial direction and for 
wave propagation in the diagonal direction. 


EI 
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Chapter 12 


Radiation from Dipoles 


12.1 THE Hertzian DIPOLE 


Heinrich Hertz was the first to compute the radiation of an electric dipole and he also 
published the first diagrams showing the development and outward propagation of 
the field radiated from the dipole [1-4]. In his derivation of the electromagnetic field 
excited by a short electric dipole he introduced a vector quantity that is named after 
him the Hertz vector. 

We compute the radiation field of a short straight wire segment with impressed 
harmonic current. The length h of this conductor is assumed to be small compared 
to the wavelength. Therefore the current I may be considered to be uniform over the 
length A of the wire segment. Such an arrangement is called a short electric dipole or 
Hertzian dipole. In his early experiments, Heinrich Hertz realized such a dipole by 
attaching spheres at the end of the line segment. These spheres are storing the charge 
accumulated at the end of the wire, ifa uniformly distributed current is flowing through 
the wire. Complex wire antennas or other radiating wire structures may be modeled by 
segments of Hertzian dipoles. The current I may be impressed at some intersection 
introduced into the Hertzian dipole. For r much larger than h we may consider the 
polarization excited by the current J to be concentrated into the origin. From (4.103a) 
we obtain under this assumption the approximate solution for the Hertz form 


e» pr /Adz 
D) =F f, aas 2!) Ax Mass) dy + Maas) de) ds! A dy’ A d. 


(121) 
Due to (3.23), the impressed electric polarization M, and the impressed current 
density J, are related by 


(12.2) 
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Figure 12.1: Conductor of the length A. 


According to Figure 12.1, the current density J (x) exhibits only a z-component. Since 
the surface integral of 7, over the cross-section of the conductor is equal to the current 
I, (x), we obtain 


fas =ħh. (123) 


The polarization M, (x^) also exhibits a z-component only. From (12.1) and (12.3) it 
follows that : 
Aly kr 


nec r 


TL, (x) = 


From (A.160) and (A.163) we obtain 


(12.4) 


D, = TI; dz = cos 0 IL, s — sin 0 IT, sz = cos OTI; dr — rsin @ II, d0 . (12.5) 


Using (3.292) and (3.29b) and considering that M,,, vanishes outside the conductor, 
we can compute £ and H, 


H=jwex dl, (12.6a) 
€=-ddf,. (12.6b) 
From (12.5) we obtain 
an, - 2. (cos 611.) da dr - 2. (r sin TI.) dr 0 d (12.7) 
me” 36 E ar A i z 


Inserting (12.4), it follows that 


3 € sin @rdr ^ dé. a28) 
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Applying the Hodge operator yields 


+ 5) edt sinOrsinO dg. 29) 


Using (12.6) yields 


hlo (1 IK) ekr gin Orsi 
2—[—4— cr s * 
uu (5^ JL sin Orsin 0d (12.10) 


Consequently, the magnetic field only exhibits a ¢-component 


hlo 
dE 


jk 
(E + 5) e sind. (21) 


In order to obtain £ from (12.6b) we first compute the exterior derivative of (12.9) and 
obtain 


hlo k* jk Ys ira P 
deae a (T$ €" sin Or sin Odd ^ dr 


+ (E + i) e" cos8r sin8d8 A d|. (12.12) 


Applying the Hodge operator yields 


" 
= tle [(- E ik 1) eit sinora 
mwao |r nin 


jk 
+ (5 + i) e» cos 6dr] . (213) 
Br 


The electric field exhibits @-components and r-components, 


hh (È jk, YYsaeg 
Bi ads (- — + lie ) esing, (12.142) 
hl, j 1 , 
E-O (E) ei cos, (2.14b) 
Ze Ar Dp 


For kr «1 the magnetic field component H is only determined by the term propor- 
tional to 1/7? and E, and E, are only determined by the terms proportional to 1 IP. 
This region is the near-field region. In the near-field the magnetic field is in phase with 
the current. The magnetic field there corresponds to the magnetic field distribution 
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Figure 12.2: Electric flux lines in the near-field of the Hertzian dipole. 


generated by the stationary current. The electric near-field also corresponds to the field 
distribution excited by a static electric dipole. 

Figure 12.2 shows the electric field lines in the near-field. The field in the region 
kr > lis called the far-field. With the exception of the electric field in the directions 
0 = Dand @ = n, respectively, the field quantities proportional to 1/r are dominant, and 
the electric field exhibits a @-component only. For the far-field region we obtain the 
approximate differential forms 


jwpohlo ek 


É S sinorao, (12452) 
4n r 
LK etr 

He In T — sin @rsin bag (125b) 


and the corresponding field components 


jouphI, ei*t 
p, = tog eT" 6, (12.16) 


<— sine. (12.17) 


In the far-field the electric and magnetic field components are mutually orthogonal 
and both are orthogonal to the direction of propagation (Figure 12.3). Furthermore the 
electric field and the magnetic field are proportional to each other and in phase. The 
radiation diagram of an antenna depicts the angular distribution of the radiated field. 


Radiation from Dipoles 523 


zh 


Figure 12.4: Radiation diagram of the Hertzian dipole. 


‘The antenna characteristics of the Hertzian dipole is given by the dependence of the 
magnitude of the electric field |Eg| from the angles and d (Figure 12.4). From (12.16), 
(12.17), and (6.36) it follows that the ratio of electric and magnetic field in the far-field 
is given by 


9 = Zro 3770. (12.18) 


BS 


From (4.19), (12.15a), and (12.15b) we obtain the complex Poynting form T for the 
far-field 


Zp R^ |I 
32m 


T-i£^ H4 r^ sin 6 d8 ^ d$ = 


sin? dð a dg. (1219) 
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In the far-field the complex Poynting vector exhibits only a radial component 


Ze I| a 


T- p ine, (220) 


In this case T, is real and the active power P radiated from the Hertzian dipole is 
obtained by integrating 7 over a closed surface surrounding the Hertzian dipole in the 


far-field, 
x a 
LEM LT (12.21) 


a 
Í sin? 040 =$ (12.22) 


With 


we obtain from (12.20) and (12.21) 
1 
P-— Zpgl? hp . 12.23 
i; Zn I Il (2.23) 


With k = 271/Aq we obtain from this 


is 
nZe (4. iu. a224) 
» 


We can introduce formally a radiation resistance R, in which the active power P is 
anticipated, if a current Ip is impressed, 


P=3R,|L,/. (12.25) 


Therewith we obtain 
2 


h 
R, -inZm (z) : (12.26) 
7 


12.2 APERIODIC SPHERICAL WAVES 
To investigate the emission of aperiodic spherical waves we analyze the Hertzian dipole 


in the time domain. In the time domain the impressed polarization meo (t) and the 
impressed current ig(t) are related via the inverse Fourier transform of (12.2), 


: 
Mat) = | dus t) dts. 227) 
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Integrating the electric polarization form Mep over the volume V of the Hertzian 
dipole yields 


meo(t) = f Meola =h fils) dh, (12.28) 


where io(t) is the current through the Hertzian dipole, meo (t) the polarization due to 
this current, and h the dipole length. This yields 


r 


Tle. (x, t) = Meo (t - z) " (12.29) 


Anegr 


Using (3.20b) and (3.21) and considering that Meo (x, t) vanishes outside the conductor, 
we can compute E(x, t) and H(x, t), 


H(t) =» dem f(x. 0), (12302) 
£(x,t) » -åd M(x, t). (12.30b) 


Using (12.30a) yields 


hfl r H FAY ; 
m [5o (iD) + mts (1-2) norm oe. (231) 


E 


The magnetic field only exhibits a $-component 


hf. Tr 1 r " 
Heu Xm (i D) Ema (e- 2)] sino. (1232) 


The electric field form is 


paz (ES ( Dea 
“ame UP 9 c) cr 


+ Fem (#- £)] sin rao (233) 
a c 


The electric field exhibits the 9- and r-components 


h jl r 1 r 1 y 
Bye A lice d (-3«z / (- D] soe. 1234 
prr ( d gine 2t ane e R54) 


k [1 (odo 
e mo (r-) iroli- 2] (12.34b) 
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Figure 12.5: Wave pulse: (a) pulse waveforms and (b) radial dependence of the wave pulse. 


As an example we consider a wave pulse emitted from a Hertzian dipole excited by 
a current pulse. In Figure 12.5(a) the dipole current pulse i(t) = m’ (t) of width 24t, 
its integral over time m(t) and its time derivative m"(t) are depicted. Figure 12.5(b) 
shows the time evolution of E9(r, 0, 0, £). The wave front of width 2At mainly depends 
on m’ (t) and m” (t). In the far-field region, defined by r >> c^t, the terms proportional 
to I/r in Eg and H, exhibit the double pulse shape specified by m"(t). The energy 
connected with this term is constrained within the shell of width 2cAt at the wave 
front and transported into infinity, This is the radiated part of the field. The electric and 
magnetic far-field time waveforms Eg and Hy of the wave pulse are proportional to 
the time derivative of the driving current i(t) of the dipole. The near-field parts of the 
electric and magnetic field proportional to m'(t-r/c)/r? also are confined to the wave 
front in a shell of width 2A¢. This part of the wave front is carrying the electromagnetic 
energy for building up the near-field. It leaves behind the wave front an electric field 
proportional to m(t ~ r/c)/r?. This field behind the wave front corresponds to the 
electrostatic field excited by a static dipole. Figure 12.6 shows the electric field in a 
meridional plane. 

In the far-field we obtain the approximate differential forms 


ee 
£(r,8,0) = Hoh mio (t~ i) sin rd6, (12.35a) 
4n r 


h my (t-+) 


H(r, 0, t) = ae: z sin Or sin Odd (12.35b) 


and the corresponding field components 


" 
F9(1,0,1) = pak malie) ind, (1236) 
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Figure 12.6: Near-field of the Hertzian dipole under pulse excitation. 


h ma(t-i). 

He(r 8, t) = 5 sind, (12.37) 

The far-field is depicted in Figure 12.7. From (12.36), (12.37) and (6.36) it follows that 

the ratio of the electric and magnetic fields in the far-field is given by Zro. From (4.19), 
(12.35) and (12.35) we obtain the time-dependent Poynting form S for the far-field 


Zr? ^ [AS 
S(r 6D) = FE NH = ES md (1-2) sin? eae ^ ao. (12.38) 


In the far-field the complex Poynting vector exhibits only a radial component 


Zpoh? mf r 
$,(r,,t) - meg m2 (: = z) sin? 0. (12.39) 


‘The power P(r, t) radiated from the Hertzian dipole through a spherical surface with 
radius r in the far-field is obtained by integrating S over this surface. 


npn 
P(r, t) = ja ee 8,t). (12.40) 
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ollo 


Figure 12.7: Far-field of the Hertzian dipole under pulse excitation.. 


We obtain from (12.39) and (12.40) 


2 
P(r,t) = I m2 (- z) ; (12.41) 


12.3 VERTICALLY ORIENTED ELECTRIC DIPOLE 
OVER Lossy HALF-SPACE 


Radio-wave propagation over flat earth has been a subject of interest from the beginning 
of the 20th century. Consider a vertically oriented electric dipole above an infinitely 
extended lossy half-space as depicted in Figure 12.8. Sommerfeld gave a solution to this 
problem in 1909 [5,6]. In his analytic treatment Sommerfeld was able to classify and 
evaluate the wave types excited by a dipole over ground. In addition to the treatment of 
electromagnetic wave propagation over the earth surface, Sommerfeld’s theory became 
crucial for the computation of electromagnetic fields in planar and layered structures 
and therefore is fundamental for many advanced computational methods for microwave 
circuit and antenna design. 

Following Sommerfeld’ treatment we subdivide the space into three regions. Region 
Lis the free-space above the dipole for z > h, region 2 is the free-space 0 « z < hand 
region 3 is the half-space filled by a lossy dielectric material in z < 0. The field will be 
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Region 1 
gmh--------- 1 | I 


Region 2 


2=0- 
Region 3 


Figure 12.8: Vertically oriented dipole above a lossy half-space. 


derived from a Hertz form /7,. The Hertz form fulfills the Helmholtz equation (3.28) 


AN, + oue D, * Mao: (242) 


€ 


For the Hertzian dipole oriented in z-direction the polarization Mg is given by 


(12.43a) 
Je = 118(x xo) with xo  [0,0, h] . (12.435) 

‘The Hertz form in this case exhibits only a 2-component 
1,(x) = IL (x) dz. (1244) 


Since the problem exhibits circular cylindric symmetry, we will introduce circular 
cylindric coordinates to solve this problem. The Hertz form only has a z-component 
that can be determined in free-space (regions 1 and 2) from the scalar Helmholtz 
equation 


AIT, + PIL, EEREN] (12.45) 
p 
and in the lossy medium (region 3) from 


ATL, + ka I 


(12.46) 


Since region 3 is assumed to be source-free, (2.46) is homogeneous. The wave numbers 
k in free-space and km in the medium are 


K? = w° uoeo , (12.472) 
Ky = © Hoe - (12.476) 
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The permittivity €, in the lossy medium is complex and given by 


fn 76s cie. (248) 


where ej, is the real part of the complex permittivity of the medium. In the following 
we first consider the primary Hertz vector field 7, radiated from the Hertzian dipole 
into free-space. This primary field is scattered at the boundary surface between free- 
space and medium and yields the scattered field 7, °. The total field /7, results from a 
superposition of the primary field 7,” and the scattered field 7, ‘°. In our case for 
symmetry reasons the primary Hertzian field /7, ? as well as the scattered field 7, 

only have z-components II”, The solution for the primary field is given by 


(12.49) 


‘The field components transmitted through the boundary surface and reflected from 
the boundary surface are computed by matching partial solutions of the Helmholtz 
equation under consideration of the boundary conditions at the boundary surface 
z = 0. To proceed in that way we represent the Hertzian vector in cylinder coordi- 
nates (p, $, z). We obtain from (12.45) and (A.157) the Helmholtz equation in circular 
cylindric coordinates, 


ld/( 9 19g 9 HE 
(22 (02) im Rej. 


p p pag? 

(12.50) 

First we expand II, into a Fourier series in ¢ and obtain 

ies 
IL(p.$.2)- Y) n,(p.2)e)n 6-99, (12.51) 
where z,, (p, z) is given by 
1 pa a 

mP h, U(0.92)explim(G-de)]dv. 0252) 


With this we obtain 


13( Ə) m 2 ) ju 
(32 (oz)- ug } m= Fmasgpll?~po)O(z-z0). (1253) 
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Now we perform a Bessel transformation with respect to the coordinate p and obtain 
mop). [7 gusto (op) dkp» (12543) 
gs 2) = [7 muc) In KoPo)P 4 (12:54) 


With this we obtain from (12.53) 


{5 +h =k 3h allt) “ise Tölz- zo) Jm (Kppo) - (12.55) 
‘The solution of (12.55) is given by 
Hu : 
&m(kp»2) = aue; 9C jkalz - ol) Jn (KpPo) (12.56) 
with 
Bekr-i: (12.57) 


Inserting (12.56) into (12.54a) and then (12.51) and (12.52) yields 


I 


EUR 


eimo S” 1, p) Is hypo ak, 


(2.58) 
The equation (12.58) corresponds to (12.49), if the wave emitted from the Hertzian 
dipole is expanded into cylindrical functions with the propagation coefficient kp. The 
boundary conditions at the boundary surface z = 0 are fulfilled for all p by matching 
all partial waves with the same k, on both sides of the boundary surface. 

For a Hertzian dipole at po = O and zy = h we obtain from (12.58) 


Il (p, gz) - - 


I1 (p, o, 


- k 
Jo(kpp) exp(—jkzlz — Al) dk, s (12.59) 
We solve (12.45) for xy given by po = 0 and zo = h. The Hertz vector field II, is 
composed by the primary Hertz vector field II excited by the Hertzian dipole and 


the scattered Hertz vector field I1, The field 11? originates from transmission and 
reflection of the primary vector field at the boundary surface z = 0. 
We represent the primary field in region 1 by 


j Ho( k 
IO (p.$.2) =- J, Jol kop) expli (a - 10] adi, (12.60) 
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and in region 2 by 


Ir e » k, 
1 (eo) =o h, Jolkop)explike(e—H)| dk, 2.61) 


The different exponential terms in (12.60) and (12.61) reflect the singularity of the 
primary field at z = h. The scattered Hertz vector field I1(? exhibits no singularity at 
2o = h and consequently may be represented in both subspaces 1 and 2 by the same 
expression 


Doe -g i [T Rügen Gre pda, quen 


Dm 

In this equation R(kp) is the reflection coefficient that is determined by matching of 
the partial waves. In the lossy medium of region 3 with z < 0 the variables k and kz 
must be replaced by km and kj, 

Kye = ky — Ke (12.63) 


In region 3 there exists no primary Hertz vector field and the transmitted vector field 
fulfills the scalar Helmholtz equation 


All, + kê I, =0. (12.64) 


The solution in region 3 is given by 


Up, 9,2) =- 


Ir ex ^ k, 
aue h, TNO (sp) Ke? K)] dk. (12.65) 


The variable T(k,) is the transmission coefficient that has to be determined by matching 
of the partial waves. In region 3 we have to replace (12.57) by 


kiz Kay — ke. (12.66) 
In (12.60), (12.61), (12.62), and (12.65) the sign of j kzz is chosen in such a way that the 


expression for |z| > oo goes to zero. We determine R(kp) and T(k,) by matching the 
partial waves at z = 0. From 


* Moos (12.67a) 
(12.67b) 
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we obtain 

(12.683) 
(12.68b) 


(12.68c) 


For symmetry reasons only these field components exist. At z = 0 the tangential field 
components E, and H, have to be matched. The boundary conditions are given by 


3 g9 - 27°) 
sgl? = Sn. (12.692) 
ne =, (12.69b) 
The complex refractive index n is given by 
n=e,[€0- (12.70) 


From (12.61), (12.62), (12.65), (12.692) and (12.69b) we obtain 


Rlky) = Fea kee (12.71a) 
2k 
T(kp) = aE T 73 (2710) 


With this we obtain for the Hertz vector the solutions 


IL(p. 9.2) = 


ae es [hup Cis -h)a 


fs - kmz , 
4 L Fk Kt pp) exp[- jl) di forz>0 (272) 


and 


Il (p.oz) = 


Hop 3k kp 
m PEN MEN xd fc 12.73) 
v J Bake Jo kop) expli (kmzz ~ kh) dk, for = <0. (273) 
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We consider the wave in free-space and start with the superposition of the z-components 
of the Hertz vector II? and 1), In this way we obtain 


m -nO +n, (12.74) 


The z-component of Hertz vector of the primary wave II? is given by the spherical 
wave 
lI exp(-jKlx - xol) 


np, 6,2) - -j 
Be) 3 Gwen nlx - xo| 


(12:75) 


‘The scattered wave in free-space is described by 


DP 6.2) =- 


lI EL mk -kmz 


f i 
much mk kerlop) expl-jki(z+h)] dkp. (1276) 


To compute the integral we enlarge the integration interval from [0, oo) to (~00, co). 
This simplifies the evaluation of the integral using methods of theory of functions. 
For this purpose we express the Bessel function Jo(z) through the Hankel function 
H(z) and H{(z). The Hankel functions are related to the Bessel functions J, (z) 
and Yn (z) in the following way 


HQ) (z) = Im (2) +j ¥m(2)> (12.772) 
HQ (2) = Jo (2) ~jYn(z)- (12.770) 

With 
Jo( kop) = 3H (Rp) 3H? (kop) 0278) 


the contour integral over C; can be decomposed in the following way 


JL GIC, =} fF (kp HS) (kyp)aky ++ f, fo) HË? (hppa 


(12.79) 
With the substitution Kj; = -kp and using the identity 


HỌ (zexpjn) = - exp(-jmn) HO (2) (12.80) 
we obtain 
S femi kpp)dky =- f. FC) HP (kp p)dkp 
i à 


" f : fs) HP (kip) dks (12.81) 
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kyrplane 


Figure 12.9: Path of integration for the integral (12.83). 


‘The path of integration (Figure 12.9) C; goes from 0 to —co. The reverse path of inte- 
gration from —oo to 0 is denoted by —C;. Under the assumption f(k,) = f (-k,), we 
obtain from (12.79) finally 


J, feb olkppdaky f. FG HE Gasp), + f, fU) HP (hyp day 


= ay Fk) HO (kpp)dky . (12.82) 


where the path of integration C is extended from —oo to oo. Using (12.82), we can write 
down (12.76) in the form 


3 Uf nhs kine 
UP C.6.2)=-a f. ke + kme 


HP (pee 9 Bax, - (1283) 
‘This integral cannot be represented by elementary functions in a closed form, but the 
solution by approximation methods is possible. 

Since Sommerfeld' first publication from 1909 [5], literature dealing with the evalua- 
tion of Sommmerfeld’s integrals has grown extensively. Detailed treatments are given in 
Sommerfeld’ textbook on partial differential equations of physics [6] and in a number 
of other textbooks [7-9] and in [10-12]. There have been numerous controversies in 
the literature concerning the existence of certain solutions, particularly the Zenneck 
surface wave. A comprehensive overview of the literature on ground-wave propagation 
has been given by Wait [13]. In 2004, Collin revisited the electromagnetic field radiated 
by an infinitesimal electrical dipole over a lossy homogeneous half-space [14,15]. He 
demonstrated that Sommerfeld’s original work was correct and that there was no sign 
error in Sommerfeld's work as had been claimed in parts of the literature. 

Moving the singular points at -k and k by an infinitesimal imaginary distance j 5 to 
-k +j8and k — jô can replace the path of integration in Figure 12.9 by an integration 
along the real axis of the kp-plane from -o0 to co, as shown in Figure 12.10. 

Due to (12.57) and (12.63) the denominator of the integrand in (12.83) contains the 
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ani id 


e th 
Figure 12.10: Modified path of integration for the integral (12.83). 


square roots 


k= k-k, (12.84a) 


kms = / E - E (12.84) 


The integrand in (12.83) therefore contains four branch points at k, = +k and k, = +km. 
This follows from the property of the integrand to change its sign when kp follows a 
path around a branch point. Due to the four possible combinations of signs in (12.84a) 
and (12.84b) the integrand is a multiple-valued function containing four branches. 
A branch of a multiple-valued complex function f(z) is any single-valued function 
‘fu(z) so that the value of f;(z) is identical with one of the possible values of f(z) and 
which is analytic in some domain of z [16,17]. To make the integrand single-valued, 
we introduce branch cuts in the complex plane from every branch point to the point 
at infinity as shown in Figure 12.11. Across the branch cut the single-valued function 
is discontinuous. The branch cut may be chosen in an appropriate way to make the 
computations simple. In performing the integration the path of integration must not 
cross the branch cut. We decide to use that branch, which exhibits positive real parts of 
k; and kmz. 

There is a further singularity in the integrand at the point kp = kp of the kp-plane 
where the denominator vanishes. The value of kp is determined by 


nk, kmz = 0. (12.85) 


‘The pole kp is called the Sommerfeld pole. From (12.84a), (12.84b), and (12.85) we obtain 


(12.86) 


and from this 
(12.87) 
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Im{kp} 


Figure 12.11: Branch cuts for the integration of (12.83). 


Since we have chosen the real parts of kz and kmz as positive, this yields 


g 
B-re, 12.88a) 
£ e+, ae) 
ie, = ke (12.88b) 
Po" fie +, 
For |km] >> k we can use the approximation 
R 
val) (12.89) 


However, we note that the exact value of kp is symmetrical in K^ and k;,. 

‘We now can replace the integration over the real axis from —oo to co by an integral 
over a complex contour C, shown in Figure 12.11. For 2 (kj + —co, the integrand goes 
sufficiently strong to zero so that the dotted parts of the contour C give no contribution 
to the integral. The only contributions arise from the parts Ca, Cp, and Ce, where Ca 
and C, contribute the integrals over a path from the point at infinity to one of the 
branch points k or ky, along one side of the branch cut and from the respective branch 
point back to the point at infinity. Since the integrand is discontinuous along the branch 
cut, the contributions to the integral from both sides of the branch cut do not cancel 


538 Electromagnetics 


each other. The contribution to the integral along the contour C, is given by the residue 
of the integrand at kp. 
12.3.1 The Far-Field of the Vertical Dipole over Ground 


Consider the far-field of the dipole over ground for k,p > 1. In the far-field case we 
can approximate the Hankel function in (12.83) by its asymptotic form 


HP (kpp) = Fen for pl. (12.90) 


This yields 


n2 "un Lm 
(e$2- ml PE, + kmz ses 


(2 ike(e+h)-ikppri n/a ke h tako. (29) 


To evaluate the integral we use the saddle point method described in Section E.3. From 
(E.16) and (E.29) we obtain 


[roca = as (pente, (12.92) 
Applying this to (12.90) yields 
J fikje Gr Horti nq, = [ks (ksine) cos de i m*im^ — (293) 


with 


n2 Vp? +(z4hy, (12942) 


2-rcos8-h, (12.945) 
pznsiné (12.940) 
From this we obtain 
(9 a UE pe 12.95 
UP (p, 6,2) = RO) (1295) 
with 
(ay = Peesü- Vat sid (Gs 


n? cos + y/n? E 
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Figure 12.12: Vertical dipole with mirror dipole. 


This solution corresponds to the integration over C, in Figure 12.11. For |k,| > k the 
contribution of the integration C, can be neglected. Together with the Hertz form for 
the primary field (12.49), the total field is represented by 


E e" 
ju [e yet 


-g (9) an 
11, (p62) = II (p $,2) I (p) = ge | Tar ay 


| (12.97) 


with 
n-zVpi*(z-h). (12.98) 
‘The electric and magnetic field components can be computed from (12.682) to (12.68€). 


The second term in (12.97) can be interpreted as originating from a mirror dipole as 
depicted in Figure 12.12. 


12.3.2 The Surface Wave 


We now show that the integration of (12.83) over C, around the Sommerfeld pole at kp 
in Figure 12.11 yields a surface wave, the so-called Zenneck surface wave [18] already 
discussed in Chapter 6. To apply the method of residues for computing the integral 
along C. we replace in all terms of the integrand with the exception of the denominator 
the variable kp by the location of the pole kp [6]. Since due to (12.86) the denominator 
in the integrand in (12.83) vanishes for kp = kp, we use (E.13). We have to set 


for ky=kp. — (299) 


da n? 1 
— (mk, + km:) = kp (ee +——— 
dk, Je- i-r 
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‘This yields the expression 


d k 
—— (n ks + kms) -2lhk, (12.100) 
dks m 
where K is given by 
Em "m l ppr ) 
K= "m _|=-j n - (12.101) 
( [p-e Ja- ko kh 


The quantity K is antisymmetric in k and km. For the free-space region z > 0 the 
contribution to the integral (12.83) is 


2 
II) (p, 6.2) jE HO Ug) epf- A E for z20. (121022) 


For z < 0 wc obtain by interchanging k and km and reversing the sign of z 


NE 
1 (9.0.2) =i EHP (hyp) exp ( [5 -.:) for z<0.  (12102b) 


For regions with kpp >> 1 we can use the asymptotic approximation (12.90) for the 
Hankel function and obtain 


2 ^ 
I (o,6,2) = dua | pen es(-/& ZE 2 for 220, 


(12.1032) 
(9) d [2B cups ( 2B ) 
LY) (6. 2) = v pusg s reip VH-khz) for z«0. 
(12.1035) 


This wave is a surface wave since it decays exponentially with the distance |z| from 
the surface, For |km| >> k the wave decays in the medium more rapidly with the 
distance from the surface than in free-space above the surface. Besides the exponential 
attenuation due to the losses the surface wave depends on the distance from the origin 
like 1/\/p. This is characteristic of two-dimensional wave propagation. 


12.4 HORIZONTALLY ORIENTED ELECTRIC DIPOLE 
OVER Lossy HALF-SPACE 


We consider a dipole oriented horizontally in the x-direction in free-space over lossy 
half-space as depicted in Figure 12.13. As in the case of the vertical dipole the space 
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Region 1 


reh--------- 


Region 2 


Figure 12.13: Horizontally oriented dipole above a lossy half-space. 


is subdivided into three regions. Region 1 is the free-space region above the dipole 
with z < h. Region 2 is given by 0 < z < h, and region 3 is the region filled with a lossy 
medium in the lower half-space, z < 0. We recall the derivation of the electric field 
from the electric Hertz form /7, satisfying the Helmholtz equation 


An, + wpe 1, = -1 * Mo- (12.104) 
For the Hertzian dipole oriented in x-direction the polarization ML, is given by 
1 
My = ma dy dz, (12.1052) 
Js =1I8(x =) with xo = [0,0, h)”. (12.105b) 
"he primary wave can be derived from a Hertz form exhibiting an x-component only, 
D, (x) = I (x) dx. (12.106) 


For the primary wave the x-component of the Hertz vector in free-space (regions land 
2) can be determined from the scalar Helmholtz equation 


u 
AI, + I, = j dx - 3). (12.107) 


Since the problem of the horizontal dipole over ground exhibits no rotational sym- 
metry, we also introduce a z-component of the Hertz vector, This will allow to satisfy 
the boundary conditions for the tangential electric and magnetic field components at 
the z = 0-plane. Therefore for the secondary field we make the ansatz 


T, (x) =H (x) dx +1 (x) dz. (12.108) 
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Inserting this into (12.104) yields the scalar Laplace equations for the x- and z-components 
I1, and II, of the electric Hertz vector, 


AU, +KH,=0 fori=x,z 220, (12.109a) 
AH-KLI,-0, fori=x,z z«0 (12.109) 
with 
K = w uoo, (12.1102) 
KL = w Woe, » (12.110b) 


‘The permittivity c,, in the lossy medium is complex and given by 


(12.111) 
The solution for the primary field is given by 
po LL exp(-iklx - ol) (12.112) 
= T noe ecr] i 
From (2.173b) and (2.173c), we obtain the boundary conditions 
FE (x -x)| (12.1132) 
M 
@) go) 
dz^ (e £ JL. (12.113b) 
With (3.29a), (3.29b), (12.110a) and (12.1106) this yields 
dz o (e+ ar, - e,» ar, )| =0, (12.1142) 
den («de à? - «a» ar,?)| (12.114b) 


From the boundary condition for the magnetic field (12.1142) and using (12.1102) and 
(12.110b) we obtain the boundary conditions for the components of the Hertz vector, 


Pan? = Kam , (12.1152) 


MEETS 
dz ox a 


(12.115b) 
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The boundary condition for the electric field (12.114b) together with (12.113a) and 
(12.1136) yields 


ou? an anf) ont? 
ax à: — x — d: 
en? - ne. (12.115) 


(12.115c) 


Solving the Helmholtz equation in circular cylindrical coordinates, 


10[(. 9| m Ë 
1l S Pha, = ; 
t 3p (3) p 5t s Eu $(p-po)((z-z9) (12.116) 


we obtain for the x-components of the Hertz vector expressions similar to (12.62) and 
(12.65), 


If (pz) 


E k 

un Rx (kp)Jolkpp) expli s (z + 5)] 2 dkp for 220, 
(12.117a) 

If (.2) =-7 (kp )Jo(kpP) expl) (km: — kh) di for z«0 


(12.117b) 


with the reflection coefficient R(kp) and the transmission coefficient T(kp) computed 
from (12.115a) and (12.115d) as 


= kes 

Rx(kp) = A. (12.1182) 
L 2k 

L5) = rix p (12.18b) 


To compute the z-component of the Hertz vector we use (12.115b) and (12.115c). First 
we consider that. 
2 3p9 a a 
ax dx dp ax de 


= cos te ~psing B 3 (12.119) 


Since the z-components of the Hertz vector are independent from @ we obtain from 
(12.115¢) 


2 (n - 0%) = 2 (19 -0®)= Š (uf) -n%)cosp. (12120) 


(124212) 
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With (B.10) this yields 
lIcosó f% 
(s) * j 
1(p, 6,2) =-FEEE J ne (E) (kpp)expl-ike(2+ Wk dky for 220, 
W s O88 fee yp eg TNNT WIR 
I (62) = -Tnne Jo TOEP epli (Kaz - kslt) kp dk, for 2<0 


with 


2 ka- kmz 
P niks + kmz” 
L2 keys 
SOAK nk + kme 


(12.121b) 


(12.1222) 


(12.122) 


The horizontal dipole over ground primarily radiates in directions perpendicular to its 
axis. Also, in the case of the horizontal dipole, the secondary field consists of a field 
radiated from the mirror image of the dipole into space and a surface wave. In this case 


the field from the image dipole has the tendency to cancel the primary field. 


12.5 PROBLEMS 


1. Consider a short electric dipole of length | = 2 cm. A sinusoidal current of I mA 
amplitude and 900 MHz frequency is impressed into the dipole. 
a) Compute for 6 = 0 and 0 = $1 the electric and magnetic field components 

at distances of r = 10 cm, 1m, 10 m, 100 m and 1 km from the origin. 
b) Compute the same for @ and r the complex Poynting vector. 
2. Consider a short electric dipole of length | = 2 cm. Let the dipole be excited by a 
current pulse 


i(t) = losin? (4n) for 0<t<T 
de for t<0 and t» T 


a) Compute for @ = 0 and @ = 3 the electric and magnetic field components 
at distances of r = 10 cm, 1 m, 10 m, 100 m and 1 km from the origin. 
b) Compute the same for 6 and r the complex Poynting vector. 
3. Consider a vertically oriented electrical dipole in height h over ground as de- 


picted in Fi 


gure 128. 
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2) Show that for a perfectly conducting ground the electromagnetic field in 
regions | and 2 can be derived from a Hertz form 


jl! (exp(-jklx~ ol) | exp Ein + xol | qy 
Amo |x - xol lx + xol i 


L(x 


b) Compute the electric and magnetic field components for this case. 
4. Consider a horizontally oriented electrical dipole in height h over ground as 
depicted in Figure 12.13. 
a) Show that for a perfectly conducting ground the electromagnetic field in 
regions 1 and 2 can be derived from a Hertz form 


A(x) =~ 


jll (exp(-jklx~xol) _ exp(-jklx + xol) \ qy 
4nweo |x - xc] |x + xol i 


b) Compute the electric and magnetic field components for this case. 
. Derive the formulae for the field of a vertically oriented magnetic dipole over 
ground, 
. Derive the formulae for the electric and magnetic fields of a horizontally oriented 
magnetic dipole over ground. 
A vertical electric dipole of length | = 2 cm is located in height h = 2 m over 
ground. A sinusoidal current of 1 mA amplitude and 900 MHz frequency is 
impressed into the dipole. The conductivity of the ground is ø = 107? S/m and 
its relative permittivity is e, = 10. 
a) Compute the values of k and km- 
b) Find the location of the Sommerfeld pole kp in the k,-plane. 
c) Compute the attenuation factor of the surface wave. 


m 


E 


E] 
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Chapter 13 


Antennas 


13.1 INTRODUCTION 


An antenna is any structure or device used to collect or radiate electromagnetic waves. 
‘Antennas allow the transformation of electromagnetic waves propagating along a 
transmission-line into electromagnetic waves propagating in free-space. This transfor- 
mation may be performed in both directions. A transmitting antenna transforms a 
transmission-line wave into a free-space wave, whereas a receiving antenna converts 
part of the free-space wave into a transmission-line wave. An antenna usually is a 
reciprocal device and, in principle, each antenna may be used for receiving as well as 
for transmitting electromagnetic waves. However, the choice of the type of antenna 
and details in their construction depend on the special application of the antenna. An 
antenna is designed to achieve a certain radiation pattern (i.e., angular distribution 
of the radiated power). Furthermore, volume, weight and mechanical stability play 
a role. In the case of transmitting antennas, the power of the transmitted signal also 
has to be considered. With decreasing wavelength the antenna dimensions decrease as 
well. Due to this circumstance the scope for antenna design at higher frequencies is 
larger. Figure 13.1 shows some antenna types. One of the most common antenna types 
is the dipole antenna shown in Figure 13.1(b). The dipole antenna usually is formed by 
two straight wire segments and excited by a source inserted between these segments. 
Using the mirror principle, we can put one wire segment in a position normal to a 
conducting plane. This yields the monopole antenna according to Figure 13.1(a). This 
antenna type is used frequently in the medium-wave and short-wave range. In this 
case the conducting plane is formed by Earth's surface. The loop antenna depicted in 
Figure 13.1(c) excites a field that is dual to the field excited by the dipole antenna. The 
loop is formed by one or several turns of a wire. Figure 13.1(e) depicts a horn antenna. 
The horn antenna is formed by conically expanding a waveguide. If the aperture of the 
horn is large compared to the wavelength, the radiated power may be concentrated 


547 


548 Electromagnetics 


(a) (b) © (d) 


(e) 


Figure 13.1: Different antenna types: (a) monopole antenna, (b) dipole antenna, (c) loop antenna, 
(d) parabolic reflector antenna, (e) horn antenna, and (f) slot antenna. 


in a certain direction. We say then that this antenna has a high directivity compared 
with an imagined isotropic radiator. If in a waveguide wall currents are interrupted by 
slots, from these slots electromagnetic energy can also be radiated. Figure 13.1(f) shows 
a slot antenna. The directivity of antennas may be increased by combining several 
antennas into antenna arrays or by the usage of reflectors. Figure 13.1(d) shows as an 
example the combination of a dipole with a parabolic reflector. The dipole that excites 
a primary wave is positioned into the focal point of the parabolic reflector. By the 
parabolic reflector the spherical wave excited by the dipole is transformed into an 
almost plane wave. 

A fundamental problem in computing the electromagnetic field excited byan antenna 
is to compute the electromagnetic field excited by the surface currents flowing in the 
metallic conductors forming the antenna. In general the current distribution on the 
antenna surface is also completely unknown. We may consider the antenna to be excited 
by some primary field or by currents or voltages impressed at certain points. Our task 
then will be first to compute the current distribution on the antenna and then the 
electromagnetic field generated by this current distribution. An exact treatment of this 
problem requires us also to consider the influence of the radiation field on the current 
distribution in the antenna. This usually requires a solution of integral equations as 
discussed in Section 13.3. However, the treatment of the problem may be simplified 
considerably if the current distribution on the antenna is already known. For simple 
antenna structures the current distribution may be computed with satisfactory accuracy 
without taking into account the radiation. In this case the problem of computing the 
field radiated by the antenna may be done in two steps. In the first step the current 
distribution in the antenna is computed., and in the second step the field radiated by 
the antenna is computed by superimposing the contributions of the infinitesimally 
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Figure 13.2: Magnetic field of the linear conductor. 


small antenna elements. For a detailed treatment of antennas the reader is referred 
to [1-6]. 


13.2 LINEAR ANTENNAS 


Linear antennas are formed by segments of straight cylindric conductors. The linear 
antenna according to Figure 13.1(a) and the dipole antenna according to Figure 13.1(b) 
are examples of linear antennas. ‘The excitation of the linear antenna is performed in 
a gap between two wire segments or across the gap between the wire segment and 
the conducting plane in Figure 13.1(a). We assume the cross-sectional dimensions 
of the conductor are small; furthermore we can assume that short segments of the 
linear conductor act as Hertzian dipoles. To compute the field produced by the linear 
antenna we can superimpose the field contributions of small wire segments, which 
may be considered as Hertzian dipoles. In general the current will be varying over the 
length of a linear antenna. Therefore at first we will investigate the spatial variation of a 
current along a linear conductor. For an exact analysis of a linear antenna, the current 
distribution must be computed by taking into consideration the electromagnetic field 
radiated by the antenna. In many cases, however, we can obtain a good approximation 
by splitting up the problem into first computing the current distribution over the linear 
wire without considering the radiated field, and then, in the second step of our analysis, 
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by computing the radiated field from the given current distribution. In this section we 
will proceed in that way. Consider an infinitely extended straight wire with a circular 
cross-section. Figure 13.2 shows the magnetic field lines in a transverse plane of the 
infinitely extended straight wire. 

For symmetry reasons the magnetic field lines are concentric circles in the transverse 
planes with the center in the wire axis. Assuming no longitudinal electric field, we 
obtain from Ampére’s law 


rz) = Hor z) rap = + Ue) dg . (131) 


Due to (3.28), and (3.29b) the magnetic field must fulfill the Helmholtz equation in 
free-space. 


AH+KH=0. (13.2) 
From (3.14) we obtain for the cylindric coordinate system (r, , z) defined by 
x-rcoó, y=rsing, z-z, (13.3) 
and with 
&=1, =r, pel, (13.4) 


the Laplace operator for one-forms, 

7H, 13H, 10H, PH, 
„12H, 12H, , 

or ror rog dz? 

. (5 10H, 18H, PH, 


on-( 


am rar nop 


(že 13H, | 19H, ži) 
^ 19H. , 19H. , 


oF tr ar ag” az 


If H exhibits only a ¢-component depending only on r and z the Laplace operator 
reduces to 


0z? 


?H, 
+ | rdg. (13.5) 
Inserting into (13.2) yields 


PH, 
or? 


(136) 


Inserting (13.1) into (13.6) the first three terms on the left side of (13.6) vanish, and we 
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Figure 13.3: Dipole antenna. 


obtain 
d 
+I. 137 
dê > wa 
This is the well-known transmission-line equation for the TEM wave with the solution 
I(z) = 1) e** 4 f ele, (13.8) 


where I) and I) are the amplitudes of current waves propagating in positive and 
negative z-directions, respectively, A current wave propagates on the straight wire with 
the velocity cy of the plane wave in free-space. Let us consider the symmetric dipole 
antenna according to Figure 13.3. Both segments of the dipole antenna have a length I. 
With (+1) = 0 we obtain from (13.8) the current distribution 


0 
um (13.9) 


z«0 


on the dipole. According to (12.16), the contribution of the current flowing through a 
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line segment of length dz to the electric far-field in point x is given by 


i jkr, 
à peo UM sin 0,dz. (1310) 
1 


To determine E we have to integrate dEo from z = -I to z = l. For points x in the 
far-field all lines drawn from a certain point of the far-field to any point of the linear 
antenna may be considered to be parallel. Assuming 8, = 6, we obtain 


r-r-zcos8. (13.1) 


The exponential factor e~)*" is strongly varying with rı, whereas in the denominator 
of (13.10) the variable r, may be substituted by r. By that way we obtain from (13.10) 
and (13.11) the approximate formula 


„n jopo elk al jkecos 0, 
Ba Po sme f. I(z)e dz. (13.12) 


With (13.9) it follows 


; "m á 
ool fef eh FF"? sin[k(I 42) |dz 


4n 
+l 
+f e ask - s). (13.13) 
o 
With 
T 
T 7 i 
fe sin(bx  e)dx = [asin(bx + c) - beos(bx  c)] (13.14) 
and 
w 
GUO rm (13.15) 
k 
we obtain 
jZrol,, e cos(kl cos8) - cos kl 
p, = Volo, e" cos(H cos) - cos k (pi 
mor sin 8 
Fora half-wave dipole with a length 21 = $2 we obtain kl = 37 and from this 
)Zrol,, e" cos(incos8) ain) 


2n sin8 
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Figure 13.4: Radiation pattern of linear dipole antennas with various lengths. 


Since in the far-field (12.18) is valid for the contributions of all differential current 
elements, we obtain for the total far-field of the linear dipole antenna also 


LA 

Zn (13.18) 
Figure 13.4 shows the radiation patterns of linear dipole antennas with a half-length /, 
which is an integer multiple of }Ao. If l is an odd integer multiple of ło, the number 
of the maxima of the radiation pattern is equal to 41/Ao. If I is an integer multiple of 
4Ao, the number of the maxima in the radiation pattern is equal to 21/Ao. With (12.19) 
we obtain the radial component T, of the complex Poynting vector 


(13.19) 


cos(kl cos8) - cos kl T 
sinf i 


In the far-field T, is real (i.e. there is only an active power flow). The active power 
radiated by the antenna is obtained by integrating T, over a closed surface surrounding 
the antenna in the far-field. Integrating over the surface of a sphere, we obtain from 
(12.21) 


Zell, 
p= Zea fen) (13.20) 


with 
[cos(k cos?) - coskl}? ay 


sin (13:21) 


f&n- f" 
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The evaluation of the integral yields 


Jf (kl) = C « In2kl - Ci(2k1) + 3(Si(4kl) - 28i (2kl)] sin2kl 
+3[C+In kl + Ci(4kl) -2Ci(2kl)]cos2kl (13:22) 


where C = 0.5772157... is known as the Euler constant and the integral sine Si and the 
integral cosine Ci are given by 


Si(x) = F Ta (13.232) 
Ci(x) [ mas. (1323b) 


With reference to the current maximum J, we may define the radiation resistance Ry», 


by 
P-iRelL. (1324) 


With (13.20) we obtain 


Rin = a Ie) -eof(ki)n. (13.25) 


In Figure 13.5, Rym is represented as a function of kl = 2n1/Ao. The current I, at the 
excitation point z = 0 of the antenna is given by 


s inkl for kl nz. (13.26) 


In the derivation of (13.8) we did not consider the attenuation of the current wave by 
the radiation of electromagnetic energy. Due to the radiation the wave is attenuated 
exponentially. Therefore the wave on the antenna wire is not really a standing wave, 
and also in the case kl = nn we have no current nodes at z = 0. With this restriction we 
obtain the radiation resistance R, with respect to the current impressed at the excitation 
point of the antenna, 


2P 
sees (13.27) 
"m 
Inserting (13.24) and (13.26) yields 
LM 
R= " 13.28) 
sin? kl (328) 


For the $A dipole with | = 14 we obtain 


R, = Rym = 73.40 for 1= 41. (13.29) 
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Figure 13.5: Radiation resistances Rrm and R of the dipole antenna referred to the maximum current L, 
and the feed current [,, respectively, in dependence of 1/Ao. 


‘The radiation resistance of the dipole antenna R, according to (13.28) has been com- 
puted from the power radiated by the antenna into the far-field. Since the free-space 
is lossless, the spherical wave emitted by a dipole propagates without losses, and in 
the case of time-harmonic excitation of the dipole the active power flowing through 
a sphere surrounding the dipole does not depend on the radius of that sphere. The 
reactive power flowing into the antenna feed, however, is related to the electromag- 
netic energy stored in the near-field of the antenna. ‘Therefore, the computation of the 
imaginary part of the antenna impedance requires the consideration of the antenna 
near-field. This will be done in Section 13.4. 


13.3 THE INTEGRAL EQUATION FOR THE LINEAR 
ANTENNA 


Up to now we have investigated linear antennas on the basis ofa given current distribu- 
tion on the antenna. This allowed us to determine the radiation pattern of the antenna 
with satisfactory accuracy; however, we could not determine the antenna impedance in 
this way. For a more accurate computation of the radiation pattern and for the compu- 
tation of the antenna impedance, an accurate determination of the current distribution 
under consideration of the radiation is necessary. In the following we apply the integral 
equation method in connection with the method of moments (MoM) to determine the 
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Figure 13.6: Dipole antenna. 


current distribution on a linear antenna [2,3,7,8]. 

We investigate the linear dipole antenna depicted in Figure 13.6. The linear antenna 
consists of a straight circular cylindric conductor of length 2! with diameter 2a - much 
smaller than the wavelength. If a primary wave is incident on an ideally conducting 
surface, on this surface currents are induced, causing the tangential component of the 
total electric field to vanish on the surface of the ideal conductor. Assuming an ideal 
conductor, the surface current density J , is bounded to an infinitesimally thin surface 
layer of the antenna. The linear dipole antenna exhibits a current flow in the z-direction 
only. From (4.111) we obtain 


£0 - f^ Galax non. (13.30) 


The integration is performed over the coordinates x' over the volume of the antenna 
wires Van- The points of observation x are located on the surface of the antenna wires. 
If the antenna exhibits infinite conductivity the current is confined to the wire surface. 
We can simplify the computation by replacing the current on the wire surface by a 
current line source in the axis of the cylinder. For the field excited by the current on the 
wire surface and outside the conductor this will be a good approximation. The virtual 
field excited by the equivalent line source inside the wire will be ignored, since the field 
vanishes inside an ideal conductor. In this case we can set x’ = (0,0, 2^) in G (x, x"). 
Integrating the current density over the wire cross-section A,,,(2) yields the antenna 
current 


(2) = I(x). (13.31) 


Aw) 


Integrating (13.30) over the wire cross-section Aant(z), we obtain with (4.107) and 
(4.112) Pocklington’s integral equation [9] 


1 a=l ( 92 exp(-jkr) 
E tk) I'd 13.32) 
roa Injaeg ie i: ) ye dm 3 


EOG) 


Antennas 557 


with 

r=|x-x'|= Val + (zz). (13.33) 
The kernel of Pocklington’s integral equation (13.32) may be written in the more conve- 
nient Richmond form [10] as 


EP) -— [E ES ion o) «ego 
uu ra  4njeco Jz- r5 = $ 
(13.34) 
Exciting the dipole in the gap [-15, }b] with a voltage V yields 
V,/b for |2| «3e 

E, e 1 13.35 

EG, { forib«|d «1 329) 
‘The solution of this integral equation (13.34) of type 

(s) m aM "xz dz, 

Et e). f MI (13.36) 


is performed using the method of moments. We make the following staircase approxi- 
mation of the current distribution 


bi Z-Zn 
I(z) = 3 InPC ) (13.37) 
nel Az 
with 
21 
Az- Wu (13.382) 
Zn =-l+ nAz. (13.38b) 


As the test function we use the delta distributions 


Yn =Ô(2- Zn) (13.39) 
and obtain 
D Lmnan = Bn (13.40) 
with 
Bm = A2Eiz(2m) (13.41) 
and 


zz 
Ln = AZ Í. K(zm2')d2! . (13.42) 
" 
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Figure 13.7: Radiation impedance Z,m of the linear dipole for a/1 = 107*, 1072, 1072. 


13.4 THE IMPEDANCE OF THE LINEAR ANTENNA 


In the following we show a method to compute the complex antenna impedance by 
approximation [3,4,11]. We consider again the linear antenna depicted in Figure 13.3. 
The antenna consists of two circular cylindric conductors separated by a gap. We 
assume the diameter of the conductors to be small compared with the wavelength. The 
z-component of the electric field is given by (13.36) as 


Eua e f KEDIA. (as) 


At the surface of the ideally conducting antenna rod the tangential electric field van- 
ishes. In the gap between the two rods of the dipole the electric field is assumed to be 
homogeneous. Let the voltage across the gap be V. This yields 


E=% forle «36 


PAOME i a (13.44) 


0 forid«|z«l 
Multiplying both sides of (13.44) with J(z) and integrating over z from —1 to I yields 
[iioc Woh. (13.45) 
From this we obtain the antenna impedance Z,m related to the maximum current I, A 


f E,(z)1(z) dz. (13.46) 
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Figure 13.8: Radiation impedance Z, of the linear dipole for a/1 = o~#, 10-3, 107, 
Inserting (13.43) for E,(z) yields 


z= Tn J IOKE dead (3.47) 


Let us assume the current distribution (z) to be known. We can for example use the 
approximation of the current distribution used in (13.9), hence 


l(z)-l,smk(l-|gd). L(2)-L,simk(). (13.48) 


The antenna impedance Z, exhibits a real part Ry and an imaginary part X,. The real 
part is given by (13.27). Inserting (13.48) into (13.46) yields the reactive part of the 
radiation impedance, 


x = gts) 4 [2S1(2k1) - Si(4k1)] cos( kl) 


- [2Ci(2kI) - Ci(4kl) - Ci(4kl)] sin (ka) } , (13.49) 


K, 


with the integral sine Si and the integral cosine Ci given by (13.23a) and (13.23b). 
This method for computation of the antenna impedance also gives good results if 
only an approximation of the current distribution is used. The reason for this is that 
the expression (13.47) exhibits a quadratic dependence on the current distribution. 
Therefore it is not sensitive to small errors in the current distribution. Figure 13.8 
shows real and imaginary parts of the radiation impedance Zmr = Rmr +) Xy referred 
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Figure 13.9: Loop antenna. 


to the maximum current J,,, and Figure 13.7 shows real and imaginary parts of the 
radiation impedance Z, = R, +j X, referred to the feed current J, for various ratios 
of ajl. The real part of the radiation impedance is related to the power radiated into 
the antenna far-field, whereas its imaginary part is connected with the reactive power 
flowing forth and back between the antenna feed and the near-field. The reactive power 
is proportional to the difference of the average magnetic and electric energies stored in 
the near-field, Since the near-field exhibits a singularity in the dipole axis, the stored 
near-field increases when the dipole diameter is lowered. 


13.5 THE Loop ANTENNA 


A loop antenna consists of a wire loop of one or more turns. The loop antenna primarily 
excites a magnetic dipole moment, which may be considered as the source of the 
electromagnetic wave. Figure 13.9 shows a circular loop antenna of diameter 2a with 
one turn. We consider the circumference of the loop to be small compared to the 
wavelength so that we can assume the current flowing through the loop to be spatially 
uniform. We compute the electric Hertz vector using (4.103a). The loop antenna exhibits 
rotational symmetry with respect to rotation around the z-axis. The necessary feeding 
line yields no perturbation of this symmetry since the field contributions of the two 
wires of the feeding line compensate each other. Due to the symmetry properties of 
the circular loop antenna the electromagnetic field also exhibits rotational symmetry; 
therefore it will be sufficient in the following to compute the Hertz vector IL, (x) in the 
plane y = 0. The volume integration in (4.103a) needs to be performed over the volume 
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Figure 13.10: Definition of ri. 


filled by the conductor only. According to (12.2), we obtain for the region 


May = De rap = D (i 
Mot jua 1 jua sing dx + cos dy), (13.50) 


where A is the cross-sectional area of the conductor. The volume element is given by 
Aa dg. For IL, , we obtain from (4.103a) 


aly f?" cosgeitn 
Il, = Ed —— — d, 13.51) 
Ly) = zc [oe ae (3.51) 


where r, marks the connection from the point x in the far-field to the conductor. For a 
point x in the far-field we can assume the lines r and r; to be parallel. Since M, , exhibits 
no z-component, IT, , = 0 is also valid. Furthermore, it follows from (13.50) that in the 
plane y = 0 the x-component of the Hertz vector disappears, that is, IT, , (x, 0,2) = 0. 
According to Figure 13.10, we obtain 


n -r-acosósin8. (13.52) 
We use this expression in the exponent of the integrand, since the exponential func- 


tion is strongly varying with rı, whereas in the denominator r, may be replaced by r. 
Furthermore, due to the rotational symmetry of the electromagnetic field we obtain 


11, (r,@) = I. DM : (13.53) 
This yields 
P al, gie » jkacospsin@ 
Bei Í cos $e dg. (1354) 
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Since the circumference of the current loop is small compared with the wavelength, 
ka <1is valid, and we can make the approximation 


ejkacospsin O 1 4 ikacossin® (13.55) 
Therewith we obtain from (13.54) 
karl, 
D, =~ e sin? dg. (13.56) 
m 


With (12.63) we obtain 


TEE k 
31 - joe)» dll, - jika!L e E cost dr «sino rae) . 0 Qn) 
and therewith 
(13.582) 
(13.585) 
With (12.6b) and Zo = k/wey we obtain 
£7 * d+ dN, = 40°Zpol, en" (13.59) 
and therefrom. 
(13.60) 
In the far-field r > co we obtain from (13.57) and (13.59) 
1kg? eh " 
-ika 1; —— sinérde, (13.612) 
e 
E=}Zrok’a’ 1 —— sin @rsin 8 dg (13.61b) 
and the corresponding field components 
(13.622) 


(13.62b) 
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"The far-field is given by (13.58a) and 


de 
E, = -ZroHo = Vase! ly — sin 8. (13.63) 


‘The far-field of the loop antenna with a small diameter is dual to the far-field of the 
Hertzian dipole. From (4.19), (13.58a), and (13.63) we obtain the complex Poynting 
form T for the far-field 


T - -45E, Hj r’ sin 8 d8 ^ d$ = d Zrok*a^ |I! sin’ 0 d6 ^ dé. (13.64) 
In the far-field the complex Poynting vector exhibits only a radial component 


0 Zrokta* |o? sin? 0 


i A (13.65) 


‘The power radiated from the loop antenna follows from this with (12.21) and (12.22) 
P = &nZeok*a'|[y!* . (13.66) 


We again introduce the radiation resistance defined in (12.26) and obtain 


2P 


E" 


Ry (13.67) 


13.6 RECEIVING ANTENNAS 


13.6.1 The Hertzian Dipole as Receiving Antenna 


We consider the Hertzian dipole as depicted in Figure 13.11 in the field of a plane 
electromagnetic wave, The magnetic field H may be oriented normal to the dipole axis. 
The direction of the electric field E may enclose an angle 0' with the dipole axis. The 
Hertzian dipole of length ! is formed by two wires with spheres attached at the end. 
‘The wires are assumed to be thin enough so that only the spheres at the end of the 
wires are contributing to the capacitance of the antenna, ‘The current flowing in the 
short linear conductors between the spheres may be considered to be spatially uniform. 
The circuit loop is closed via the displacement current between the two spheres. The 
potential difference V, between both spheres is given by 


IEcos&'. (13.68) 
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Direction of Incidence 


Voy 


Figure 13.11: The Hertzian dipole as receiving antenna. 


‘This voltage is equal to the open circuit voltage in the feeding point of the antenna. If 
the antenna is oriented in parallel to the direction of the electric field the node voltage 
Vo assumes a maximum value Vo max: We obtain 


|Vo,max! = AIEI- (13.69) 


The length h of the Hertzian dipole determines the ratio between the open circuit 
voltage across the antenna port and the electric field intensity. Via (13.69) an effective 
antenna length lese may be defined for arbitrary antennas. 


13.6.2 The Loop Antenna as Receiving Antenna 


A plane wave is incident on a loop antenna according to Figure 13.12. We assume that 
E is parallel to the plane of the loop, whereas the direction of the magnetic field H 
encloses with the normal to the loop plane an angle 6’. We assume a « A. From (2.114b) 
we obtain the open-circuit node voltage of the loop antenna 


Vo = jad (13.70) 
where the magnetic flux according to (2.29) is given by 
o= f B= AugH cos 6" (13.71) 
A 
where A is the surface of the loop antenna, For the circular loop antenna according to 


Figure 13.12 we obtain 
Azan. (13.72) 
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Direction of Incidence 


Figure 13.12: The loop antenna as receiving antenna. 


We want to represent Vg as a function of the electric field intensity E and obtain with 


wHo 2n 
foot se ett 13.73) 
Zw. Ta OP) 
from (13.18), (13.70), and (13.71) 
anja 
Vy = Eost. (13.74) 


o 


We now define according to (13.73) an effective antenna length ler for the case of an 
incident wave polarized in parallel to the axis of the linear antenna: 


[Viol = leeelEl - (13.75) 
‘We obtain from (13.73) and (13.75) the effective antenna length of the loop antenna 


2nA 
la (13.76) 


13.6.3 The Linear Dipole Antenna as Receiving Antenna 


If we are using an antenna as a receiving antenna we want to know the signal obtained 
at the antenna port if the antenna is irradiated by an electromagnetic field. Usually 
a receiving antenna is positioned in the far-field of the transmitter and the distance 
between the transmitter and the receiving antenna is by orders of magnitude larger 
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Figure 13.13: Calculating herr of the dipole antenna. 


than the linear dimensions of the antenna. Therefore we can assume the received 
electromagnetic wave within a spatial region of the size of the antenna to be a plane 
wave. However, arranging the antenna in the received field will create a considerable 
perturbation. The primary field will be scattered by the antenna and the resulting 
electromagnetic field will no longer be a plane wave field. In the following we shall 
overcome this difficulty by applying the theorem of reciprocity. We will demonstrate a 
way to analyze the receiving antenna on the basis of the unperturbed primary incident 
plane wave field. 


Let us consider the two antennas, (1) and (2), respectively, depicted in Figure 13.13(a). 
We assume both antennas to be coupled via the far-field - that means the distance 
between the antennas is by orders of magnitude larger than their linear dimensions. 
Let antenna (1) be a linear dipole antenna according to Figure 13.3, whereas antenna 
(2) may be of an arbitrary type. At the feeding nodes of antenna (1) and antenna (2), 
respectively, the currents Jo, and J), may be impressed. The current distribution I, (z) 
on the antenna wires of antenna (1) is due to the impression of the node current Lp}. 
The reaction of the far-field of antenna (1) on the current Jọ impressed into antenna 
(2) is given by Riz, whereas the reaction of the far-field of antenna (2) on the current 


Antennas 567 


source Ip, is given by Rai. From (4.67) we obtain 
Ro = Ra (13.77) 
and (4.71) yields 
Ra = -Valo > (13.78) 


where V, is the open circuit voltage excited from the far-field of antenna (2) in the nodes 
of antenna (1). We now replace the current distribution 1,(z) due to the excitation 
of antenna (1) with the current source 5; by a polarization Mo; (x) impressed into 
free-space. Similar to (4.68), we obtain 


(13.79) 


where A is the cross-sectional area of the linear dipole antenna (1). The impressed 
polarization M,,; (x) excites the same field as antenna (1). Therefore the reaction Rs 
of the far-field excited by M,3(x) on the current source J, must also be equal to the 
reaction Rua of the far-field excited from antenna (1) on the current source Ip, 


Raz = Ria. (13.80) 


On the other hand due to the reciprocity of the radio link formed by the two antennas 
we obtain from (4.67) 
Raz = Ras. (13.81) 


From (13.77), (13.80) and (13.81) it follows that 
Ra = Ras. (13.82) 


“The field excited from antenna (2) at the location of the impressed polarization M..93 (x) 
is equal to the unperturbed electric field since we have removed antenna (1). This 
procedure allows us to compute the voltage induced in the receiving antenna without 
considering the field perturbation by bringing the receiving antenna into the primary 
field, The reaction Rz; of the field E(x) on M; (x) according to (4.66) is given by 


Ry =jo fe ^ Maos (13.83) 


where the integration is performed over the volume Vos, where M.o3(x) is impressed. 
Since E(x) and M,o3(x) are uniformly distributed over the cross-sectional area, we 
obtain from (13.79) 


Ras [7 LOBO (384) 
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Figure 13.14: Unperturbed plane wave at the position of the linear dipole antenna. 


The integration is performed over a length 2/ of the linear dipole antenna from z = 
to z= +L. The current distribution [,(z) is given by (13.9). 

For an electromagnetic wave incident under an angle @ relative to the dipole axis, 
as shown in Figure 13.14, with the wave number k and the electric field parallel to the 
plane x = 0, we obtain 


l 


k: = -kcos0 (13.85) 
for the z-component of the unperturbed electric field 


E, = Ey singe) 059, (13.86) 


Inserting (13.14) and (13.86) into (13.84) we obtain 


Ra = [cos(k! cos @) — cos(KI)] . (13.87) 


in 
With (13.26), we relate Rzs to the node current Jp, and obtain 


cos(kl cos 8) ~ cos kl 


Ras = Eolo Fin Bin kl am 
With (13.78) and (13.82) we obtain with V, = V, 
Log, (kl cos 8) - cos kl m 


79 — ksinBsinkl 


Antennas 569 


A comparison with (13.16) shows that the antenna pattern of the receiving antenna is 
the same as the antenna pattern of the transmitting antenna, We will demonstrate the 
identity of the receiving antenna pattern and transmitting antenna pattern for arbitrary 
antennas in Section 13.7. This identity is a consequence of the reciprocity theorem. 
For the case of an incident wave polarized in parallel to the axis of the linear antenna, 


we obtain from (13.75) and (13.89) for @ = 1r 
kl X coskl 
la HS 2. (13.90) 
For the short linear antenna with k! « 1, we obtain 
lac (13.91) 
For the half-wave dipole with 21 = 31s, we obtain 
leet = Ae for 2l =}. (13.92) 


For arbitrary directions of incidence @ + n, we obtain from (13.89) and (13.75) the 
general effective antenna length 


-08(k/ cos @) ~ cos kl 


ksin 0 sin kl (13.93) 


lac 


13.7 GAIN AND EFFECTIVE ANTENNA APERTURE 


The power radiated by an antenna into a certain solid angle depends on the direction. 
We define an antenna gain G as the ratio of the active power density radiated by the 
antenna to the power density radiated by an antenna of reference. As the reference 
antenna we use the isotropic spherical radiator, which distributes the radiated power 
uniformly over all directions. Such a uniform radiator cannot be realized physically. 
‘The best approximation to the uniform radiator is the Hertzian dipole which, however, 
exhibits a non-uniform angular distribution of the radiated power. Let P, be the active 
power emitted by a radiator. In this case the power density of an isotropic spherical 
radiator at a distance r will be P,/4nr?. Using the isotropic spherical radiator as a 


reference, the antenna gain is given by 
Ge se OL (8.99) ; (13.94) 


‘The direction in which the active power radiated by the antenna per unit of solid angle 
is maximum is called the direction of maximum radiation. The antenna gain in the 
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Figure 13.15: (a) Receiving antenna loaded with Z; and (b) two-port equivalent circuit. 


direction of maximum radiation is the maximum antenna gain. For a Hertzian dipole 
it follows from (12.23), (12.26), and (13.94) that 


G- isin?0. (13.95) 


We obtain the same result from (13.65) and (13.66) for the small loop antenna according 
to Figure 13.9. The maximum antenna gain is obtained for 0 = 1» 


Gmax =}. (13.96) 


For receiving antennas an effective aperture (or effective area) A, may be defined. 
Figure 13.15(a) shows a wave incident on an antenna loaded with in impedance Z;. The 
effective aperture is an equivalent area through which the incident wave transports a 
power equal to the power received by the antenna. Multiplying the power density of 
the incident wave with the effective antenna aperture yields the power received by the 
antenna. Let R(T) be the power density of the incident wave and P, the active power 
received by the antenna; we obtain the following relation 


P,=AeR{T}. (13.97) 


Since the received power depends on the orientation of the antenna as well as on 
matching of the load to the antenna, the effective aperture also depends on these 
conditions. The receiving antenna may be considered as a one-port source as shown in 
Figure 13.15(b). The magnitude of the open-circuit node voltage V, may be obtained 
from (13.75). If the antenna exhibits no losses, the real part of the antenna impedance is 
equal to the radiation resistance R,. For power matching the load impedance is given 
by 

Z, -R,-jX,. (13.98) 
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In this case the antenna delivers the power 


Y 
p,- Wal (13.99) 
R, 
to the load. For an incident plane wave the power density is given by 
1 2 
IE}. (13.100) 


2Zro 


From (13.75), (13.94), (13.99), and (13.100) we obtain the following relation between 
effective antenna aperture and effective antenna length 


_ Zro en 


ET 


for power matching. (13.101) 


For the Hertzian dipole oriented parallel to the electric field we obtain from (12.26) 


3$ 


ASSI. 
* 8x 


(13.102) 
The effective aperture of the Hertzian dipole is independent from A. Therefore the 
power as specified in (13.97) may be received irrespective of how short the antenna may 
be. This statement, however, is only valid if the conductive losses in the antenna may 
be neglected and the antenna can be matched to the load. The radiation resistance of 
short antennas according to (12.26) is proportional to the square of the antenna length. 
Hence for very short antennas it may not be possible to neglect the ohmic losses in 
comparison with the radiation resistance. Furthermore, if the radiation resistance is 
very small, a power matching of the antenna will only be possible in a very narrow 
frequency band. 

Considering the Poynting vector field of power flow we can visualize the meaning 
of the effective aperture. Figure 13.16 depicts the Poynting vector field in the vicinity 
ofan antenna. If a plane wave is incident on an antenna, this wave will be scattered 
from the antenna. The scattering of the incident wave also depends on the matching of 
the antenna to the load. An antenna matched to the load is equivalent to a resonant 
circuit. If the plane wave is incident at the resonant frequency of this resonant circuit, 
an oscillation of considerable amplitude may be built up in the resonant circuit. Due 
to this excitation the antenna will radiate a secondary wave. This scattered field of 
the antenna now is superimposed to the primary incident wave and the Poynting 
vector field now depends on the superposition of the primary field and the secondary 
field. As can be seen in Figure 13.16(a) the antenna is perturbing the power flow in 
its neighborhood considerably. A part of the power flow lines is now flowing in the 
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Figure 13.16: (a) Power flow lines RT} at a linear receiving antenna and (b) effective aperture A, of the 
linear receiving antenna [8,12]. 


feed line of the receiving antenna. In Figure 13.16(b) the surface A; is shown separating 
the region where all power flow lines are flowing into the antenna feed line from the 
outer region, where the power flow lines are passing the antenna. By that way we may 
construct a tube, which has the property that all the field energy flowing inside is 
fed into the antenna. We can follow this tube to a region far distant enough from the 
antenna so that there is no distortion of the plane wave field anymore. At this point 
the cross-sectional area of the tube corresponds exactly with the effective aperture of 
the antenna. We now can understand why the effective antenna area may exhibit a 
much larger dimension than the antenna. When the antenna is very small the radiation 
resistance becomes small, too. If the antenna exhibits no losses and is terminated by 
matched load, the equivalent circuit of the terminated antenna is a resonant circuit 
with very high Q-factor. An incident wave at the resonant frequency will excite an 
oscillation of high amplitude and in this way also a large scattered field contribution. 
Such a small antenna will only exhibit a large effective antenna aperture within a very 
narrow frequency band. 

Let us now consider the transmission properties of a radio link formed by two 
antennas depicted schematically in Figure 13.17(a). We assume the antennas to be 
sufficiently coupled via their far-field only. We may consider one of the antennas to 
be the transmitting antenna and the other antenna to be the receiving antenna. Let us 
first consider antenna (1) to be the transmitting antenna and antenna (2) the receiving 
antenna. In this case from (13.94) and (13.97) we obtain the following relation between 
the power Py emitted from antenna (1) and the power P,z received from antenna (2) 


Pa = Shep, (13.103) 
nri 


In this equation, G, is the gain of antenna (1) and A,» is the effective aperture of antenna 
(2). If we otherwise use antenna (2) as the transmitting antenna and antenna (1) as the 
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Figure 13.17: Two coupled antennas: (2) schematic presentation, (b) two-port-equivalent circuit, and 
(c) (d) approximated equivalent circuit for antenna (1)/(2) as transmitting antenna. 


receiving antenna, we obtain 

Pra = Gis Pa. (13.104) 
The two antennas coupled via their radiation field are forming a linear transmission 
link. Let us now assume that both antennas are only separated via free-space and 
that there are no further radiation sources existing. The geometric arrangement of 
both antennas and of the surrounding matter may be fixed. If we want to describe the 
relations between port voltages and port currents of both antennas, we can consider this 
transmission link as the linear source free two-port. Figure 13.17(b) shows the two-port 
equivalent circuit of the transmission link according to Figure 13.17(a). The coupling 
of two antennas usually is very weak. Therefore, in the impedance representation we 
can assume that |Zi;| < |Zul, |Z22| In this case we can neglect the reaction of the 
receiving antenna on the transmitting antenna and obtain the simplified equivalent 
circuits according to Figure 13.17(c/d). In this approximation the input impedances of 
antenna (1) and antenna (2) are independent from the termination of the other antenna 
by Zn and Zo, respectively, and we obtain 


R{Zu}=Rri i-52, (13.105) 


where R,; is the radiation resistance of antenna (i). We now assume in both cases of 
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operation according to Figure 13.17(c) and 13.17(d), respectively, power-matching to be 
fulfilled, in other words 

Zu = Zi. (13.106) 
For antenna (1) as the transmitting antenna and antenna (2) as the receiving antenna, 
we obtain 


Pa=4Rnlhe? (13-1072) 
Pa 2iR(Zi)ILP. (13.1075) 


For the equivalent circuit according to Figure 13.17(c), we obtain from (13.105) to 
(13.107) 

zar 
ARRA ` 
If antenna (2) is the transmitting antenna and antenna (1) the receiving antenna it 
follows from Figure 13.7 (d) that 


(13.108) 


Pa _ |Zo? 


PIU EG. (13.109) 
Due to the reciprocity (4.67) is fulfilled and therefore 
Zo = Za. (13.110) 
From this it follows that 
Ba eun (13.111) 
Pa Pa : 


for the case of power matching of the load to the receiving antenna. The ratio of 
the available active power at the port of the receiving antenna to the input power of 
the transmitting antenna is called the transmission factor. According to (13.111) the 
transmission factor of a radio link corresponding to Figure 13.17(a) is of equal size in 
both directions. From (13.103), (13.104) and (13.111) we obtain 


& 6G 
UAE (1312) 
We see that the ratio of gain to effective aperture is the same for both antennas. The 
quantities Gi, A4 only depend on antenna (1) and the quantities G», Ae, only depend 
on antenna (2), and we also have considered the possibility of using different antenna 
types (1) and (2). Equation (13.112) only may be satisfied if the ratio of the gain and 
effective aperture is the same for all types of antennas. For an optimally oriented 
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Hertzian dipole (0 = $7), we can compute from (13.96) and (13.102) the following 
relation between gain and effective antenna aperture 


(13.113) 


This relation also holds for any type of antenna and for any orientation of the antenna. 
Therefore the transmission ratio may be expressed by the gain of both antennas or by 
the effective aperture of both antennas or by the gain of one antenna and the effective 
aperture of the other antenna. The relation 


Pa Pa GAa _GrAa MG Aaa 


Pa Pa án? — 4n? rt XD 


(13.114) 


is known as the Friis transmission formula. 


13.8 ANTENNA ARRAYS 


13.8.1 Linear Antenna Arrays 


An antenna array is an arrangement of antenna elements distributed in space. The 
waves radiated by these antenna elements have defined amplitudes and phases and 
are superimposed in space. Antenna arrays allow the formation of antenna patterns 
of high gain and strong directivity. The pattern of an antenna array depends on the 
pattern of the antenna elements, the spatial arrangement of the antenna elements and 
the amplitude and phase of the feeding signals of each antenna element. Figure 13.18 
shows a linear antenna array (ie., a linear array of dipole antennas). The computation 
ofthe pattern of the linear antenna array is simplified if all antenna elements exhibit 
identical shapes and if their arrangement obeys some spatial symmetry. 
Let us consider a single linear dipole antenna element radiating a vertically polarized 
wave. In polar coordinates the far-field of the antenna is given by 
ei" 


Eg = Zro: "E(0, $) (13.115) 


2nr 


where A is the complex amplitude and F(8, $) is the element pattern. For the linear 
dipole antenna according to Figure 13.3 we obtain from (13.16) 


A=jZrolm, (13.116) 
reo, py = sees 8)- coskl. 


A17 
sin 8 que 
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Figure 13.18: Linear antenna array formed by linear dipole antennas. 


Let us now consider an arrangement of n parallel antenna elements with an identical 
element pattern. The contribution of the vth antenna element (v = 1. . . n) to the far-field 
is given by 


en 
Ep, = ZroHy, = A, Tay F(0,0). (13.118) 
where r, is the distance from the center of the vth dipole element to the point of 


observation in the far-field. The complex amplitudes A, of the antenna elements are 
put into relation to the amplitude A, by 


A, e» (13.119) 


where p, and 6, are the corresponding amplitude and phase ratios. We obtain the 
total far-field of the antenna array by superimposing the contributions of all antenna 


elements: 
ere.) 


n 
Eq = Zi H, = AoF(8,9) x i (13.120) 


We choose the origin of our coordinate system near to the antenna array. Let ry be 
the distance from the far-field point of observation to the center of the vth antenna 
element. We obtain for the far-field the following approximation: 


ry = ro ~ xy sin O cosó ~ yy sin Osing — zy cos 0. (13.121) 
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Figure 13.19: Circular antenna array formed by linear dipole antennas. 
In (13.120) we can approximate r, in the denominator by rọ and obtain 


i kro 
By = AS F(.6)M(.0). 03122) 


where the so-called array factor M(6, $) is given by 
n 
M(8,0) = X pyexp{-j[K(ry - ro) + ôv]}. (13.123) 
vi 


We obtain the following simple result; The pattern of an antenna array with equal, 
equally oriented, and equidistant antenna elements is the product of the pattern of a single 
antenna element and the array factor. This law is called the multiplicative law. 


13.8.2 Circular Antenna Arrays 


Consider a circular antenna array, also called a ring array, in Figure 13.19. The circular 
antenna array consists of n antenna elements arranged in angular positions 6, along a 
circle of radius a. For the circular antenna array the array factor is given by 


(0,4) = SrAvexp(jlkpysin@ cos(— $y) -]). — (2120) 
a 


For maximum radiation in direction (8o, ¢o) we have to choose 


à, =j[kpy sin 8o cos(o - dy) - (13.125) 
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Figure 13.20: Poynting vector field of a vertical antenna. 


For half-wave dipoles as antenna elements with an element pattern given by (13.17) the 
pattern of the antenna array is given by 


cos (31 cos) Z- Ay exp(j[kp, sin 8 cos(6 - y) + 6,]) 


13.126] 
sin® yt ( ) 


M(0.0) = 


Usually circular antenna arrays exhibit uniform angular distance between the antenna 
elements. In this case the y are given by 


(13127) 


13.9 APERTURE ANTENNAS 


13.9.1 Radiating Apertures 


‘The antennas treated so far have been composed of linear conductors. To design anten- 
nas we first have computed the current distribution on the linear conductor. Then we 
have treated this current distribution as an impressed current distribution. In a further 
step we have computed the radiated field from the impressed current distribution 
using (4.103a) and (12.2). The subdivision of the design procedure into computation of 
the current distribution without considering radiation, and subsequently computing 
the radiation on the basis of a given current distribution, allows a straightforward 
computation of the radiation pattern of the antenna. However, this method neglects the 
reaction of the radiation field on the current distribution in the antenna, For example, 
the attenuation of the current wave on the antenna conductors due to the radiation has 
not been considered, 

Another consequence of this model has been that it has supported a picture in which 
the current flowing in the conductor at some point is the source of the field. However, 
at this point we only have changed a model from the network and transmission-line 
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Figure 13.21: (a) Horn antenna and (b) impressed equivalent surface polarizations. 


model to the field model. A consequent application of the field picture shows that 
the electromagnetic energy is carried in the feedline of the antenna as well as in the 
free-space by the electromagnetic field. Figure 13.20 shows a vertical linear antenna 
fed by a coaxial line and it illustrates the continuous transition of the field lines of the 
Poynting vector field from the feed line region into the free-space region. In the coaxial 
feed line the Poynting vector field lines are oriented in parallel to the axis of the coaxial 
line, and these Poynting field lines pass through the aperture and then spread into 
free-space surrounding the antenna. In this field picture the opening from the feed 
line into free-space (i.e., the aperture is the source of the radiation). In principle also 
the open end of a coaxial line or any other line will radiate electromagnetic energy 
into space. As long as the transverse dimensions of a line are small compared with the 
wavelength, the main part of an electromagnetic wave propagating in the line towards 
the open end will be reflected and only a very small part will be radiated. This situation 
changes considerably if the transverse dimensions of a waveguide are in the order of 
magnitude of the wavelength Ao or exceed the wavelength of the electromagnetic wave. 
In this case the main part of the wave may be radiated into space. 

The horn antenna shown in Figure 13.1(e) was obtained by continuously widening a 
waveguide with a rectangular cross-section such that the transverse dimensions of the 
aperture are larger than the wavelength Ao. If the widening of the waveguide is smooth, 
the transverse field distribution of the waveguide mode will be scaled up according 
to the widening of the waveguide. With an increasing widening of the cross-section 
the cutoff wavelength increases, and according to (7.242) the wave impedance of the 
waveguide approaches the field impedance of free-space. In this case the waveguide 
wave is well matched to the free-space and is radiated with only low reflection. 

If we know the transverse field distribution in the aperture of the horn antenna or if 
we know the tangential electric or magnetic field distribution in an arbitrary surface 
enclosing the antenna we can compute the radiation field of the antenna using Huygens’ 
principle, Figure 13.21 illustrates this procedure for the horn antenna. Knowing the 
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Figure 13.22: Aperture of a surface emitter. 


tangential components of £ and H we can compute the equivalent magnetic surface 
polarization M „4 and the equivalent electric surface polarization M, , in the aperture 
plane. 

We consider an arbitrarily shaped surface emitter aperture in the x y-plane at z = 0 
as depicted in Figure 13.22. The electric and magnetic field components tangential to 
the aperture are described by the differential forms 

E,(x') = E, (') dx! KE x") dy’, (13.1282) 

H, (x) = H,(x') ax + H,(x')dy', (13.128b) 

where x’ denotes a point in the aperture plane. The area polarizations M, , (x^) and 
M,,,4(x’) are represented by the twisted one-forms 

Me a(x") = Moa (i) dx! - Moa Qr) d. (131292) 

Mina") = Maa G7) dx! - Maas (i) dy - (13.129) 


In the aperture plane we obtain from (4.47) and (4.48): 
Man) = ES dz! i (dz AE(x’)) , (13.130a) 


Max) = dz a (dz AH?) . (13.1306) 
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From this we can compute the electric Hertz form [7, and the magnetic Hertz form 
TI, using (4.1032) and (12.2). Since M,, and M „a describe area polarizations, the 
integrals have to be performed over surfaces, and we obtain 


Y of eie jy, Maa) edet 
d; í 
Dx) zs Jy n + dydy)^ at ; (13.1312) 
TAE ad ah pp eal ee 
D(x) ma J (ee + yay!) AT s (13.1316) 


If we are interested only in the far-field of the surface emitter, the integrals (13.131a) and 
(13.131b) may be simplified in a similar way as we have done it for the linear antenna. 
Let us consider the aperture in a plane surface emitter located in z = 0, depicted in 
Figure 13.22. For a far-field point x the lines r and r’ can be assumed to be parallel so 
that 

|x-x'| =r- rocos (13.132) 
is valid. Applying this approximation in the exponent of the integrand of (13.131a) and 
(13.131b) and setting |x — x'| = r in the denominator only, we obtain 


R a . 
1, (x) = a - i (dx dx' + dydy’) ^ Ma (2) 95, (13.1333) 
" 
eit s ^ i J krocos 
(a) = JA + dydy’) ^M, (x!) e) ect, (13.133b) 
" 


The forms £ and H are computed from /7,, and [7, using (3.292), (3.29b), (3.36a) and 
(3.36b). The partial fields computed from /7, and Fl, have to be superimposed. For the 
computation of the far-field it is useful to represent [T, and [1, in spherical coordinates. 
‘The computations can be simplified by neglecting all terms going to zero stronger than 
by r^! for r + co. Considering (13.133a) and (13.133b), we see that the r dependence of 
D, and D, is due to the factor e~}**/r. Computing the /T, and [T,,, we only consider 
these terms where the negative power of ris not increased, For the far-field computation 
of a one-form 

U =U, dr + Uar dé + Usrsin& dg, (13.134) 


we have to consider that 


gi 


for kr»l i=r,ġ,0. (13.135) 


Therefore we may replace 3/ðr with -j k and obtain the following approximation for 


the far-field computation: 


duz-jkdr^U for kr»l, (13.1362) 
+d» du z kU. (13.136b) 
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Using this approximation we obtain from (3.20), (3.20b), (3.36a) and (3.36b) the 
far-field components 


Eg = ZH, = K (IL, + ZzoIl,s) . (131372) 
-Zrolo = k? (IL, - Zro mo) - (13.127b) 


13.9.2 Horn Antennas 


Let us now compute the far-field of the horn antenna excited in the TE;; mode according 
to Figure 13.23. From (7.261), (7.266a) and (7.266b) we obtain the transverse field 
components of the rectangular waveguide excited in the rEjy mode 


(13.138) 


If the waveguide cross-section is gradually increased in the z-direction, this transverse 
field distribution will be scaled up correspondingly. According to (7.242), a field im- 
pedance of the waveguide Zye approaches the free-space field impendence Zro. If 
the wave impedance of the waveguide is smoothly varying with z, only low reflections 
will occur, We assume that the transverse widening of the aperture plane is sufficiently 
large that Zrsio may be approximated by Zo in the aperture plane. Using (13.1292) and 
(13.129b) we now can determine the equivalent surface polarizations in the aperture 
plane A: 


1 2. nx 
Mmax jeV wea (13.1392) 
Meay ss, uo nz Max (13.1390) 


We now have approximated Zzso; by Zro. Inserting (13.1394) into (13.133a) we obtain 


IL.) = 


iu = [Mouse taa (13.140) 
o 


Let us now introduce spherical coordinates with respect to the y-axis (Figure 13.23). 


With 
ro cos = x' sinósin6 + y' cos 0 (13.141) 


we obtain from (13.1392), (13.140) and (13.141): 


E 


ImmA 


I) = (13.1422) 
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with 
aj2 4 " 
x =f " cos TE uis singsinâgy', (13.142b) 
Ls 
Mr ous 
Y- Tus gi ebay, (13.1426) 


After evaluation of the integrals we obtain 


2na cos (3ka sin $sin 8) 
AE Cor eee 13.143: 
7 - Ka? sin! osin? 8 0659) 
in ($kb 
2sin ($b cos 0) mo 
kcos0 
From (13.1339), (13.133b), and (13.139b) we obtain 
IL, = ~ZroL mx (13.144) 
‘The Hertz vector has the following spherical components 
Ino = IL, 60s Asin g, (131452) 
IL, = HL cos. (13.145b) 
IL, = -IL, sin. (13456) 


From (13.1372), (13.137b), (13.144), and (13.1452) (13.145c) we obtain the far-field of the 
horn antenna: 
Eg = ZroHy = KZ poy, (sin 8 + cos), (13.146a) 


mr 
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= -ZpoHg = -K'Zpll,, cos Osing. (13.146b) 


With (13.142a), (13.143a), and (13.143b) we obtain using kZp9/w fo = 1: 


dé 84) = Zo.) 


2 e (13.1472) 
X(8, d) Y(8) (sin 8 + cos), 


y 
ab ~ 4nj 


E4(r, 8,9) = -ZroHa(r, 8, n 


afa (13.147b) 
a E (8) cos Asing. 


In the main beam direction (8 = 3m. p= e we obtain from (13.143a) and (13.143b) 


X (1,0) Y ($n) ES b. (13448) 


‘The field intensity in the main beam direction is 


Ep = ZH, a 2ab (13.149) 
The power density in the main beam direction is 
T (r,47,0) -3ZglEgl! = A EZAR. (13.150) 


Since we have assumed that the wave traveling in the waveguide towards the aperture 
is completely radiated, the complete active power radiated from the horn antenna 
according to (4.139) and (4.141) is given by 


P, = 4z. (13.151) 
With (13.94) we obtain from this the maximum antenna gain 


2 
Babk? _ 32ab (13152) 


Coxe 
imax = uS DH 


The maximum antenna gain is proportional to the aperture area a - b of the horn 
antenna. From (13.113) and (13.152) we obtain the effective antenna area 


8 
Ae = ab 2 0.8lab . (13.153) 
T. 
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Phase center 


Figure 13.24: Curvature of the phase front. 


The effective antenna area is only 81% of the geometric area. The high gain in the case 
of large apertures means a high directivity. For ka > 1 and kb > 1 the main radiation 
lobe in the ¢ = 0-plane exhibits the angular width 


(13.154) 


(13.155) 


In our considerations up to now we have neglected the curvature of the phase front 
in the aperture, This assumption is only justified if the beam angles a and az in 
Figure 13.24 fulfill the conditions aa <A, ba « Ao. The real or virtual origin of a 
spherical wave is called the phase center. 


13.9.3 Gain and Effective Area of Aperture Antennas 


Let us now treat the gain and effective antenna area of the plane surface emitter more 
generally. According to Figure 13.22 we make no special assumptions about the aperture 
of the antenna. To achieve a high gain of the surface emitter we assume a plane phase 
front in the aperture and the electrical field to be vertically polarized in the aperture. In 
the aperture the electric and magnetic field in (13.139a) and (13.139) may be replaced 
by equivalent surface polarizations 


> (13.156a) 
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1 
Mery = —H, Maa 13.156b: 
Mary = gH = zonas (131560) 
Furthermore, we assume that the field exhibits no node lines in the aperture plane 
and therefore the direction normal to the aperture plane will be the main radiation 
direction. From (13.133a), (13.133b) and (13.156b) we obtain for the main radiation 


direction 


Meas’ 


jkr 
IL, = -Zro = ux £ — f. M,,,d4. (13.157) 
The integration is performed over the gani mel With (13.1373) we obtain the 
far-field components Ep and H; for 0 = $x, $ = 0 (with I, = -I,, Il, = IL.) 


Eg = Zr H, = -K(IL, - Zro mx) - n, for 8-im,$-0. (13158) 


From this we obtain 


e 
Ey= jk J Ej| 4A (13.159) 


With (12.16) we obtain the radiation density in the main beam direction 


fe 
AN 


The total active power radiated from the aperture is obtained by integrating 7 over the 


aperture, 
1 
P= f EP 
"37 As 


The gain Gmax in the main beam direction follows from (13.76), (13.160) and (13.161) 


(13.160) 


(8r P Zpo 


(13.161) 


E 


mT k HE, e. 
P, ER 
No f lE PUN 


(13.162) 


With (13.94) we obtain from this the effective area in the main beam direction 


(13.163) 


If the aperture is uniformly illuminated (i.e., the electromagnetic field is uniform over 
the aperture), we obtain the maximum value of the effective aperture, given by Ae = A, 
and it follows: For a plane surface emitter the aperture dimensions of which are large 
compared with the wavelength Ao, the aperture of which is uniformly illuminated and the 
phase front is plane and parallel to the aperture plane, the effective antenna area is equal 
to the geometric aperture area. 
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Figure 13.25: Phase surfaces in a parabolic reflector antenna. 


13.9.4 Mirror and Lens Antennas 


To realize large apertures with plane phase fronts, methods from optics are used to 
transform a spherical wave radiated by a primary radiator into a plane wave. This can 
be achieved using lenses or mirrors. Figure 13.25 gives a schematic illustration of a 
parabolic reflector antenna. A primary radiator in the focal point of a paraboloid emits 
a spherical wave. The spherical wave is reflected by the conducting paraboloid and in 
this way transformed into a plane wave. Transformation occurs due to the circumstance 
that the distances d, and d are equal. Removing the paraboloid reflector and bringing 
the spherical wave originating from the focal point to interfere with a plane wave 
propagating in the x-direction from the left produces a node surface of paraboloid 
shape. Inserting a conducting paraboloid this node surface meets with the boundary 
conditions. Now the plane wave incident from the left is converted into a spherical wave 
and the spherical wave originating from a source in the focal point of the paraboloid 
is converted into a plane wave when incident on the reflector. In the next step of our 
consideration we may omit the plane wave incident from the left. 

Figure 13.26 shows various types of reflector antennas. The reflector antenna in 
Figure 13.26(a) is excited by a small horn antenna or a small dipole antenna positioned 
in the focal point of the paraboloid. To achieve an effective antenna area coming as 
close as possible to the geometric antenna area, a uniform irradiation of the paraboloid 
is required, The primary radiator should only irradiate the paraboloid reflector and 
not the regions beside the reflector. ‘Therefore, the primary radiator should exhibit 
an appropriate directivity. These requirements will yield a higher focal length of the 
parabolic antenna and consequently large antenna dimensions in the longitudinal 
direction. 

‘The antenna dimension in the longitudinal direction can be reduced by introducing 
a second mirror as shown in Figure 13.26(b). This antenna type is called a cassegrain 
antenna. Both antenna types shown in Figure 13.26(a) and Figure 13.26(b) suffer from 
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Figure 13.26: Reflector antennas: (a) parabolic reflector antenna, (b) cassegrain antenna, and (c) horn 
parabolic antenna. 


(a) x 


Figure 13.27: Lenses for transformation of spherical waves into plane waves: (a) n > Land (b) n <1. 


the disadvantage that the primary radiator is in the path of the secondary beam. The 
scattering of the secondary beam by the primary radiator not only degrades the antenna 
pattern, but also yields a frequency-dependent mismatch of the antenna to the feed 
line. Both disadvantages can be avoided with the horn paraboloid antenna, shown in 
Figure 13.26(c). In this antenna for the reflection, only a sector of the paraboloid is used; 
it is crossed by the axis of the paraboloid. Therefore the reflected secondary beam does 
not pass the focal point and will not be scattered by the primary radiator. Figure 13.27 
illustrates the application of lenses for the transformation of a spherical wave into a 
wave with a plane phase front. The dimensions of the lens are assumed to be large 
compared with the wavelength. Therefore we can apply geometric optic methods to 
compute the shape of the lens. The phase velocity c of a ray corresponds to the phase 
velocity of a plane wave. In the lens the phase velocity c of the electromagnetic wave 
deviates from the free-space phase velocity co. The refractive index n is given by 


n=. (13.164) 
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Figure 13.28: (a) Fresnel lens and (b) waveguide lens 


The refractive index n may be either larger or smaller than 1. A refractive index n > 1 
given by (2.77) may be realized using dielectric materials. To transform a spherical wave 
into a plane wave, the optical length of the path (i.e, the geometrical length weighted 
with the reflective index), must be equal for the central path C; and any path C; in 
Figure 13,27(a). This yields 


d+nz=y/(d+z} +x. (13.165) 


From this it follows that the lens surface is given by a hyperboloid according to 


Dàn? -1)+2dz(n-1) -x° 


(13.166) 


In order to save material and weight a dielectric lens may be designed as a step-lens 
or Fresnel lens as in Figure 13.28(a). A lens with n < 1 can be realized using a stack of 
equidistant parallel conducting plates as in Figure 13.28(b). If an incident plane wave is 
polarized parallel to the conducting plates, TE, waveguide modes are excited between 
every two plates. According to (7237) the phase velocity of the TE1 waves is given by 


(13.167) 


From this we obtain an ellipsoid lens surface given by 


2(1-n?) -2dz(1- n) + x? 


(13.168) 


13.9.5 Slot Antennas 


A slot antenna is an aperture antenna with a narrow aperture, extended only in one 
dimension. The slot width is small compared with the wavelength As. Figure 13.29 
shows a slot antenna excited by a coaxial line, and Figure 13.1(f) shows an array of a 
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Figure 13.29: Slot antenna fed via coaxial line. 


slot antenna excited by a rectangular waveguide. The slot in Figure 13.29 behaves as 
a line short-circuited on both ends. By the coaxial line a standing wave with voltage 
nodes at both ends of the slot is excited. The voltage occurring along the slot V(z) and 
the magnetic surface polarization equivalent to the electric aperture field are depicted 
in Figure 13.30. The magnetic area polarization is given by 


: v(z). (13.169) 


‘The slot width is s. Usually a slot antenna is shielded on the rear side so that the slot 
is radiating only in one half-space. Electric and magnetic surface polarization give 
the same far-field contribution as shown in (13.158). We therefore can take twice the 
far-field contribution obtained from the magnetic surface polarization instead of also 
computing a far-field contribution from the electric area polarization. From (12.5), 
(13.1), (13.140), (13.146b), and (13.169) we obtain 

Ey jue et 

Hv 


sin f” V(z)e) "5g; , (13.170) 


This equation is dual to the equation derived for the linear dipole (13.12), if one considers 
that the radiator is radiating only into a half-space, therefore creating twice the field 
intensity in this half-space. The duality with respect to the linear antenna becomes 
obvious if we are performing the following substitution: 


Iz) > zuo s (13.1712) 
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Figure 13.30; Slot antenna. 


Eg > ZgoHg , (13.171b) 
T 
H, > -Zp (13.1710) 


Since the power P radiated from the slot antenna is proportional to |V,, |", we can 
define a radiation conductance Gym related to the voltage maximum |V „| via 


P24G|V,.P (13172) 
" 


In this way we obtain from (13.24) and (13.171a) the following relation between the 
radiation resistance related to the voltage maximum |V „| of the linear antenna and the 
radiation conductance Gym of the slot antenna 


(13.173) 


This equation is Booker’ relation [13,14], which holds not only for the real radiation 
resistance but also for the complex self-impedance of a slender dipole and the comple- 
mentary slot dipole. Booker’ relation allows to extend the knowledge about center-fed 
slender dipoles to center-fed slot dipoles. The relationship between wire and slot dipoles 
is a consequence of Babinet's principle. 


13.10 MICROSTRIP ANTENNAS 


The microstrip antenna is a metallic patch printed on a thin, grounded dielectric sub- 
strate [15-19]. Microstrip antennas can be realized using printed circuit technology. The 
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nd plane 


Figure 13.31: Arbitrarily shaped patch antenna. 


advantages of printed antennas are small dimensions, light weight, easy manufacturing, 
and easy integration into arrays. Microstrip antennas can also be printed on curved 
surfaces to make conformal antennas. Disadvantages of printed antennas are usually a 
narrow bandwidth and comparatively high losses. 

‘The patches of a microstrip antenna may have various geometries. The most simple 
type of a microstrip antenna is a radiating metallic patch on one side of a dielectric 
substrate that has a ground plate on the other side. In Figure 13.31 an arbitrarily shaped 
patch antenna is depicted. The substrate thickness is h. If the transverse size of the 
patch is large compared to h, then the electromagnetic field between the patch and the 
ground plane is uniform in w direction, the electric field being normal to the patch, 
and the magnetic field being tangential to the patch. Therefore 


Elm v) = EL (u,v), (13742) 
Hu, v) =H, (u, v)s, +H, (u,v)s2. (13.174) 


The electromagnetic field in the interior region can be described by TM modes, for 
w being the direction of propagation. It can be computed by solving the Helmholtz 
equation (3.28) with the ansatz 

FH, (uv) = Iu (u,v) 55 - (13.175) 


‘The structure formed by the patch on the grounded dielectric can be understood as 
a resonator, too. In the cavity model of the patch antenna the field computation is 
performed in two steps. In the first step the interior field of this region under the patch 
is modeled as a cavity bounded by electric walls on the top and bottom and a magnetic 
wall along the periphery 9V;. In this first step the radiation from the open periphery of 
the resonator is neglected. In the second step Huygens principle is applied to compute 
from (4.47) the equivalent magnetic surface polarization on the periphery dV, 


Maa) = uh (s A Eu.) =- E nnn. (13476) 
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Figure 13.32: Rectangular patch antenna. 


and from this the field radiated from the patch antenna. 
From (13.133) we obtain the magnetic Hertz form describing the radiated field. In 
the far-field the electric and magnetic field components are 


en 


Dx) B (5s) * $$) ^ Ma (uv) e) Prec t, (13.177) 


anpor 
where the angle £ is specified in Figure 13.22. In the far-field the electric and magnetic 
field components may be computed from (13.137a), (13.137b): 


Eg = ZroHy = Zero ng» (13.1782) 
E, 7 -ZroHg = - E Zro po - (13.178b) 


‘The patch antenna either may be fed by a coaxial feed through the ground plane or by 
a planar feed line [15-19]. Exciting the microstrip antenna by a microstrip line on the 
same substrate allows to fabricate antenna and feed line simultaneously. 

A microstrip antenna fabricated on a plane substrate is called a planar antenna. As 
in the case of conventional antennas, microstrip antennas may also be combined to 
form arrays [15-18]. The elements of an array may be spatially distributed to form a 
linear or a two-dimensional array. 

Conformal microstrip antennas and antenna arrays are fabricated on curved sub- 
strates [16,17,20,21]. The shape of a conformal antenna is usually defined by the contours 
of the object on which it is mounted (e.g., a vehicle or an aircraft). This means that the 
shape of the antenna is not at the disposal of the antenna designer. 


13.10.1 Planar Rectangular Patch Antenna 
We apply the cavity model to the rectangular patch antenna shown in Figure 13.32 [18]. 
In the resonator the electromagnetic field is represented by 
E(x) = E,(x) dz, (13.1792) 
‘H(x) = H,(x) dx + H,(x) dy. (13.1796) 
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For the resonant mode (m, n), the electric field is given by 


E, (x) = Ey cos T cos TIO, (13.180) 
With (2.130b) we obtain from this 
H,(x) = e TE, cos a T, (13.4613) 
H,(x) = Lmh sin Te T (13181b) 
From (13.133a) we obtain 
nD,G)- 15. (" (drar + aydy) nde" E,(x)el t, (13182) 
4nwyor Jav, 


We choose a > b. In this case the mode (1, 0) is the fundamental mode. In this case the 
field in the resonator is given by 


E, (x) = Ecos Č, (13.1832) 
a 
H,(x)=0, (13.183) 
PEN Cu 
H,(x)= babig: (13183) 


Using (13.182) we can compute /1, (x) for the far-field and from this with (13.1782) and 
(13.178b) the far-field components for the electric field. We give the solution for ¢ = 0 
and ¢ = 1x. The plane ¢ = 0 is parallel to the electric field and is called the E-plane 
whereas the plane ¢ = 17 is parallel to the magnetic field and is called the H-plane. For 
the E-plane we obtain 


Eg(1,8,0) =} pe P KE, exp (3j ka sin 8) cos (}ka sin 8) , (13.1842) 
E,(r,0,0) =0, (13.1846) 

and for the H-plane 
Eg(r, 0,5) - 0, (13.1852) 
Eg(r.0,4n) » -j oO p exp (Hjkbsin 0) Goin 0) (13.185b) 


mm ikbsinà 
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Figure 13.33: Biconical antenna: (a) electric field, (b) voltages and currents. 


13.11 BROADBAND ANTENNAS 


For applications that require coverage of a wide range of frequencies broadband an- 
tennas are required. An antenna may be scaled in wavelength by changing its linear 
dimensions. Therefore, an antenna structure that is invariant under linear scaling of 
its dimensions by an arbitrary scale factor must be frequency-independent. A simple 
antenna structure with broadband characteristics is the biconical antenna [3]. Strictly 
speaking, a structure invariant under scaling of its dimensions must be of infinite exten- 
sion. Truncating such a structure to finite extension, however, will yield a broadband 
antenna structure [22-24]. 

We analyze the biconical antenna geometry depicted in Figure 13.33. The cone surface 
is defined by 0 = 4a where « is the angle enclosed by the cone. For infinite extension of 
the cones in the r-direction the problem may be easily treated analytically. Furthermore, 
in the case of infinite extension it is obvious that the electromagnetic properties of the 
structure are frequency-independent since the structure is invariant under a scaling 
transformation in radial direction, 

For symmetry reasons we expect a field solution with only an E and H,-component. 
We make the ansatz 


E(r, 8,4) = Ep(r,8, $)rd0, (13.1862) 
H(r, 0.9) = Hy(r,8,9)rsin dg. (13.186b) 


With (2.124a), (2.124b) and (A.170) we obtain from this the solution 


-jkr 
£(7,0) = z Bo. 57 Lao, (13.1872) 
= sind 
vit 
H(r, 0) = Hy rsin8dó. (13.187b) 


rsinG 
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Figure 13.34: Logarithmic-periodic antenna: (a) log-spiral antenna, and (b) log-periodic slot antenna 


A voltage V(r) and a current I(r) may be defined by 


V(r) =- f. £(r,0) = 2Zg Hy e In [cot (4a)] , (13.1682) 


I(r) = f 200 =2nH, ei. (13.1880) 


The power P, radiated by the antenna is 
P, - 4 R{V(0)I* (0)) = 2nZeo|Hs|In [cot (3a)] . (13.189) 


‘The radiation resistance R, is given by 


R= m A Zen [cot (4a)] . (1390) 


The logarithmic-periodic geometry allows to realize frequency-independent anten- 
nas. A logarithmic-periodic antenna is a set of adjoining cells, each cell being scaled 
in dimensions relative to the adjacent cells by a factor that remains fixed through- 
out [22-24]. Figure 13.34 shows two examples of planar logarithmic-periodic anten- 
nas. Apart from the truncation of the structures the spiral antenna structure (see 
Figure 13.34(a)) is invariant under arbitrary linear scaling, whereas the structure de- 
picted in Figure 13.34(b) is invariant under scaling by a given factor and its powers, 
respectively. 

Due to Babinets principle, (13.173) holds for a pair of dual planar antenna structures 
complementary in the metallized and nonmetallized regions [3,14]. The structure 
in Figure 13.34(b) is congruent with its dual structure and therefore the radiation 
impedance is real and frequency-independent and given by R, = }Zro. 
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Figure 13.35: Hertzian dipole. 


13.12 PROBLEMS 


1. Consider a Hertzian dipole consisting of two thin rods, each of length h/2, 
capacitively loaded with spheres of radius a as depicted in Figure 13.35. Let 
h =10 cm and a = 0.5 cm. The Hertzian dipole operates at f = 100 MHz. 
a) Compute the radiation resistance of the Hertzian dipole. 
b) Draw the equivalent circuit of the Hertzian dipole. 
c) Compute the complex impedance of the Hertzian dipole. 
d) Compute the effective antenna area. 
Consider a circular loop antenna with 10 cm diameter exhibiting a single turn of 
copper wire with 4 mm diameter. The conductivity of copper is = 5.8 -107Sm™, 
‘The antenna is operated at f = 30 MHz. 
a) Compute the radiation resistance of the antenna. 
b) Compute the ohmic resistance of the antenna under consideration of the 
skin effect. 
c) Draw the equivalent circuit of the Hertzian dipole. 
d) Compute the maximum efficiency of the antenna under consideration of 
the skin effect losses. 
e) Compute the effective antenna area. 
Considera plate capacitor as depicted in Figure 13.36 operated as a dipole antenna. 
The dimensions are a = 2 cm, h = 5 mm and the operation frequency is 1 GHz. 
Assume the electric field between the plates to be homogeneous and neglect the 
fringing effects. 
a) Compute the radiation resistance of the antenna. 
b) Compute the capacitance of the antenna. 
c) Draw the equivalent circuit of the antenna. 
d) Compute the complex impedance of the antenna. 
Consider a Hertzian dipole oriented in a z-direction, operated at 1 GHz and 
radiating a total active power of 100 mW. 
a) Compute the complex Poynting vector T at the angular position $ = 0 
8 = $n for r = 10cm, r=1m,r=10 m, and r = Ikm. 
b) Consider a further Hertzian dipole as depicted in Figure 13.35, dimensions 
h = 2cm and a = 0.3 cm, located at x = 1 km, y = 0, z = 0, and oriented in 
z-direction as the receiving antenna. 
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Figure 13.36: Circular plate antenna. 
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Figure 13.37: Two-antennna array. 


i. Compute the open-circuit voltage of the receiving antenna. 
ii, Determine the optimum load impedance of the antenna. 
iii. Compute the received active power. 
iv. Compute the effective area A, of the receiving antenna. 


. A transmitting antenna with a gain G = 1.5 and transmitted power P = 2 W and 


a receiving antenna are mounted in d = 1 km distance. The effective aperture of 
the receiving antenna is A, = 0.4 m?. Compute the received power. 


. Write a computer program to solve (13.40) and to determine in this way the 


current distribution on a linear dipole antenna in the staircase approximation. 
a) Compute the current distribution on the antenna for 2h = Ao chosing a 
discretization N = 100. 
b) Compute the vertical far-field pattern and compare the numerical result 
with the result obtained with (13.16). 
A colinear array formed by two linear dipoles of length 2h = 14 and 21 = À 
mounted in a distance oriented in the z-direction is shown in Figure 13.37. Com- 
pute the array factors and the radiation patterns and give the angular positions 
of the zeros in the radiation pattern and the number of radiation lobes for 
a) 2h = }Ao and d =A, 
b) 2h = ło andd =A, 
c) 2h - Jo and d = $A. 


. An array consisting of six center-fed linear antennas of length 2h oriented in z- 


direction along the y-axis with a spacing d is shown in Figure 13.38. The antennas 
are fed with a current of amplitude |J,| and phase $n. 
a) Let h = $A, the antenna spacing d = +A, and all antenna elements be fed 
with equal amplitude and phase (i.e. I, = Io), for n = 1...5. Compute and 
draw the vertical antenna pattern in the plane ¢ = 0 and the horizontal 
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Figure 13.38: Linear antenna array. 


antenna pattern in the plane @ = 37. 

b) Let d = 4A and the other parameters as before. Compute and draw the 

vertical and horizontal antenna patterns in the planes ¢ = 0 and 0 = 37, 

respectively. 

Let d = À and the other parameters as before. Compute and draw the 

vertical and horizontal antenna patterns in the planes $ = 0 and 0 = 1a, 

respectively. 

d) Leth = $A and the antenna spacing d = 1. Assumeall antenna elements to 
be fed with currents of equal magnitude |I, = |Io| for n = 1... 5. Determine 
the phase differences $, — ġo in such a way that the main beam direction 
is given by ¢ = 30°, Compute and draw the horizontal antenna pattern. 

9. An antenna array consists of 2 by N identical vertically oriented linear dipole an- 
tennas of length 2h as shown in Figure 13.39. The antenna spacing in x-direction 
is b and the antenna spacing in y-direction is d. 

a) Compute the array factor for even and odd N. 

b) Compute and draw the horizontal pattern of the antenna array for N = 6, 
b = d =}, and excitation of the antenna elements with Ig = —1, = Joo: 

c) Compute and draw the horizontal pattern of the antenna array for N = 6, 
b - 1A d = 1À, and excitation of the antenna elements with Ing = j1,, = Joo- 

d) Compute and draw the horizontal pattern of the antenna array for N = 6, 
b = 3, d = 3, and excitation of the antenna elements with Lj = I, = 
JI. 

10. A linear antenna array consisting of N vertically oriented equally spaced dipoles 
is arranged a quarter-wavelength in front of a perfectly electrically conducting 
plate as shown in Figure 13.40. The conducting plate is assumed to be infinitely 
extended in the xy-plane. 

a) Compute the array factor for even and odd N. 

b) Compute and draw the horizontal pattern of the antenna array for N = 8, 
d = 1A, and uniform excitation of all antenna elements with 1, = CPIp. 

c) Compute and draw the horizontal pattern of the antenna array for N 
8, d = 4A and uniform excitation of all antenna elements with I, 


c 
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Figure 13.39: Two-dimensional antenna array. 
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Figure 13.40: Antenna array with reflector plate. 


exp(ajnm)Ip. 
1l. A circular antenna array as depicted in Figure 13.19 consists of 12 vertically 
oriented dipoles positioned in uniform angular distance on a circle with radius 
a. Let the antenna elements be excited with currents of uniform magnitude |I; |. 

a) For a = 4A determine the phases of the excitation currents |I, . .. |Z; for 
main beam direction $ = 0°. 

b) Compute and draw the radiation pattern for this case. 

c) For a = 8A determine the phases of the excitation currents |I, ... |I; for 
main beam direction $ = 0°. 

d) Compute and draw the radiation pattern for this case. 

12. The rectangular horn antenna shown in Figure 13.41 has the aperture dimensions 
a =3A, b = 24, respectively, in the plane @ = 1n and in the plane ¢ = 0. 

a) Compute and draw the far-field pattern. 

b) Compute the angular positions of zeros of radiation as well as the side lobe 
level ay. (ay = 20 log |Elmazo/|Elmaxı, Whereas |E|maxo is the magnitude 
of the far-field intensity in the main radiation direction and |E| maxi the 
magnitude of the far-field intensity in the maximum of the largest radiation 
side lobe.) 
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Figure 13.41: Rectangular horn antenna. 
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Chapter 14 


Numerical Electromagnetics 


14.1 INTRODUCTION 


For many electromagnetic structures, exact analytical solutions cannot be found. It is 
therefore necessary to consider numerical methods to obtain approximate solutions of 
field problems. A great variety of methods for electromagnetic field modeling has been 
developed [1-3]. In order to obtain results of the required accuracy with a minimum 
of computational effort, a method matched to the problem has to be chosen. The 
optimum design of radio-frequency devices, circuits and systems strongly depends 
on the availability of advanced computer-aided design (CAD) tools for modeling and 
optimization. 

The method of moments (MoM) playsa crucial role in numerical electromagnetics [4— 
6]. In the MoM the field functions are expanded into series of basis functions. The 
problem of solving partial differential equations or integral equations for the field 
fanctions is converted into the problem of solving linear systems of equations for 
determining the coefficients of the series expansions of the field functions. Within the 
methods for field computation the MoM holds a special position since most ofthe 
methods of field computation - for example the integral equation method, the spectral 
domain method, the partial wave synthesis, the transmission-line matrix method and 
the finite difference method — may be considered in connection with the MoM. MoM 
isa very general scheme for the discretization of the field problem, whereas the other 
methods specify in detail how the discretization is performed. 

Table 14.1 lists some of the most widely used methods for electromagnetic field 
computation [1]. The integral equation (1E) method introduces the far-field interaction 
via Green's functions and may reduce the dimension of the field problem [6,7]. Since 
the interaction with infinite space is included in Greens function, integral equation 
methods are especially powerful in the case of radiating structures. In the spectral 
domain method the integral equations are transformed into algebraic equations by 
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‘Table 14.1: Methods for Numerical Electromagnetic Field Computation 


Method Memory CPU Preprocessing Generality 
Requirement Time 
Integral equation method SM SM M p 
Spectral domain method H $ L Š 
Partial wave synthesis M S/M M + 
Method of lines M s L * 
Finite difference method L L s ++ 
Transmission-line matrix method L L s ++ 
Finite element method L MIL H ++ 


Notes: L largo, M moderate, S ..emall, ++. very good, +.. good, —.. marginal. 


Fourier transformation with respect to the space coordinates [8]. Integral equation 
methods as well as spectral domain methods are computationally efficient but require 
considerable analytic preprocessing for the specific class of structures to be modeled. 

In the partial wave synthesis method or mode-matching method the space is sub- 
divided into subdomains and within each subdomain the electromagnetic field is ex- 
panded into modal solutions of the field equation. The partial wave synthesis method is 
efficient if boundary surfaces separating the subdomains are coordinate surfaces belong- 
ing to coordinate systems for which the analytic field solutions are known [9,10]. The 
partial wave synthesis method has been applied successfully to coplanar transmission- 
line structures [I1] and to coplanar transmission-line discontinuities [12] with a small 
transverse dimension where electromagnetic full-wave modeling also inside the con- 
ductor is required. 

In the method of lines (MoL) [13,14], all but one of the independent variables of the 
field equations are discretized to obtain a system of ordinary differential equations. 
With respect to the continuous variable analytic solutions are sought. Concerning 
the treatment of the continuous variables the MoL may be compared with the mode- 
matching method, whereas the treatment of the discretized variables corresponds to 
the finite difference method. 

The finite difference (rp) method [15, 16], the finite integration (F1) method [17-19], 
the finite element (rz) method [20], and the transmission-line matrix (TUM) method 
[21-24] are suited for modeling general three-dimensional structures without analytic 
preprocessing of the problem. However, all these space-discretizing methods require a 
high computational effort and usually need a long time for computation. In principle, 
the time-discretizing methods may be applied either in the frequency domain or 
time domain. The Fe methods usually are applied in the frequency domain, the FD 
methods are applied in the frequency domain (rDrD) as well as in the time domain 
(FDTD), whereas the TLM method mainly is used in the time domain. Frequency domain 
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modeling is more appropriate for narrow-band simulation of high-Q structures. Time 
domain modeling allows for the characterization of the electromagnetic properties 
of the structures under consideration in a broad frequency band by computing the 
response to a single impulsive excitation [25]. The space-discretizing methods are less 
suitable to model radiating structures and structures including large free-space regions. 
For such applications hybrid methods, combining the TLM method with the integral 
equation method allow for accurate and efficient modeling [26]. 

In the following we give a short overview of the fundamentals of numerical field 
modeling. The MoM allows one to convert problems formulated by differential equa- 
tions or integral equations into a representation by a system of algebraic equations. 
This corresponds to the transformation of a field problem into a network problem. 

The modeling of radiation and of electromagnetic interaction between substruc- 
tures over larger distances can be treated using the TLM-Integral Equation (TLM-IE) 
method [26, 27] and the TLM Multipole Expansion (TLMME) [28] method. The hy- 
bridization of these methods combines the versatility of the space discretizing methods 
with the capability of analytic methods to model radiation. An improvement of the 
efficiency of the methods is obtained by combining the methods of field analysis with 
spectral analysis and system identification methods [29] and with model order re- 
duction methods [30,31]. In this way the computational effort and the computation 
time can be reduced considerably without compromising accuracy. The generation 
of lumped element circuit models and other compact models links the electromag- 
netic models to circuit-level models [25]. The combination of various methods of 
electromagnetic field analysis and their hybridization, and the application of advanced 
signal processing methods, together with the embedding of the tools in a parallelized 
grid-computing environment should enhance the potential of an accurate and effi- 
cient modeling of complex electromagnetic structures and also their optimization 
considerably [32, 33]. A comprehensive presentation of fast and efficient algorithms in 
computational electromagnetics is given in [34]. 


14.2 THE METHOD OF MOMENTS 


The method of moments is a general concept allowing the expansion of the field solu- 
tions into a set of basis functions. In this way the electromagnetic field problem, which 
is primarily described by partial differential equations or integral equations, is trans- 
formed into a problem described by a linear system of algebraic equations [4-6]. The 
linear system of equations relates the coefficients of the series expansion of the electric 
field with the coefficients of the series expansions of the magnetic field. Formally the 
expansion coefficients of electric and magnetic fields can be interpreted as generalized 
voltages and currents, respectively, and the coefficient matrix of the linear system of 
equations as a generalized impedance matrix or admittance matrix. We therefore may 
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interpret the application of the MoM as the transformation of a field problem into a 
network problem. If the electric and the magnetic fields are expanded into complete 
sets of basis functions, the series expansions usually will exhibit an infinite number 
of elements resulting in a system of equations of infinite dimension. Truncating the 
series expansions after a finite number of elements reduces the system of equations to 
a finite dimension and allows an approximate numerical solution of the problem. By 
this reduction the field problem becomes equivalent to a network problem with a finite 
number of network elements. 

We distinguish between basis functions defined on the entire domain under con- 
sideration (entire domain basis functions) and basis functions, which are only defined 
on subdomains of the considered domain (subsectional basis functions). If the domain 
of definition of the solution function is within the domain of definition of the basis 
functions and if the system of basis functions is complete within this domain, the repre- 
sentation of the solution by an infinite series of the basis functions is possible under 
quite general conditions. Representing the solution with a series of basis functions, we 
obtain from the system of differential or integral equations to be solved a linear system 
of algebraic equations for the expansion coefficients of the series representing the solu- 
tion. Truncation of the series expansion after a finite number of series elements yields 
a finite-dimensional system of algebraic equations, which may be solved numerically. 

In the geometrical picture of the Hilbert space the solution function is represented 
by a vector. We are seeking linear combinations of a finite number of basis functions or 
basis vectors, respectively, which approximate the exact solution function or solution 
vector, respectively. The approximation of the solution by a series expansion is found 
if the components of the corresponding vector in Hilbert space are known. Linear 
differential equations and linear integral equations are both linear operator equations. 
In the following we will restrict our considerations to functions of only one variable. 
We consider the operator equation 


Lop f(x) = g(x)» (41) 


where the linear differential operator Lop is applied to the unknown function f(x). The 
function g(x) is known. Examples for linear differential operators are Lop = - d?/ dx? 
or Lop = d?/ dx? + K^. The function g(x) is given and f(x) has to be determined. 
The unknown function f(x) may be represented by a linear combination of a set of 
functions $, (x), as 


f(x) = E angn(x) (14.2) 
with the unknown expansion coefficients ay. Inserting (14.2) into (14.1) yields 


D anLophn(x) = g(x). (14.3) 
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We choose a test function Ym, multiply it with (14.3) and compute the following integral 
b b 
Eon f Viton d= f vs CDsCO ds 144) 


‘The functions f(x), g(x), $n (x) are defined in the interval [a,b]. Introducing the 
matrix elements 


b 
Los = f Vial) Lop n(x) dx 145) 
of the linear operator Lop and the expansion coefficients 
£ * 
Bm = f, asl) de 4.6) 
of the function g(x) yields the linear system of equations 


E Lunan = Bn 47) 


for the determination of the unknown expansion coefficients a, of the function f(x). 
"runcating the series expansions with m = 1...M and n = 1... N yields a finite- 
dimensional linear system of equations. With the vectors 


B=(Br-Bul?, a= [men]? (14.8) 
and the matrix 
Lio Lw 
Laji w 3 (14.9) 
Lm coo Law 


we obtain the linear system of equations in matrix notation 
l«-. (14.10) 


For M = N we obtain a quadratic matrix L, which may be inverted for nonsingular L. 
‘The solution of the linear system of equations (14.10) yields 


«-L'f. (14.11) 


Asan example we investigate the following boundary value problem. The differential 
equation 


ai 
ES =-143x-12x? xe [0,1] (14.12) 
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0 o2 94 de M 1 


Figure 14.1: The approximations fi (x), fa (x) and fa(x) 


has to be solved for the Dirichlet boundary conditions f(0) = f(1) = 0. The exact 
solution of (14.12) is 
f) =x- tge x. (14.13) 


To demonstrate the solution using MoM we use the expansion function 
n(x) =x"(1- x). (14.14) 


‘The special case of the MoM in which the test function is equal to the expansion 
function, 


$»7 Vo. (1415) 


is called Galerkins method. Choosing 


N 
f= Dd anal) (14.16) 


nt 
we obtain with Lop = d?/ dx? 


-2mn 
be Tena] Gara) s 


and 
-2 (2*1 m«5m!) 


bn = nu) (24m) (sm) (44m) " 


(14.18) 


For N = 3 we obtain the linear system of equations 
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(b) Te) 
| PN 
M ox =l 0 1 x 


Figure 14.2: (a) Pulse function P(x) and (b) triangle function T(x). 


-][e] [-% 

-ts||o2}=] -3 ]- (14.19) 
2 33 

EE JIL T40. 


‘The solution is given by [, az, a] = [1, 3,1]. From this we obtain 


@ P) 


-2 0 


fax) = (x) + Max) + (x) 2x - $x? e i8 -x* = f(x). (14.20) 


This approximation already agrees with the exact solution. Figure 14.1 shows the ap- 
proximations fi (x), f;(x) and the exact solution fs(x) = f(x). In many cases for 
the approximation of functions f (x) subdomain basis functions or subsectional basis 
functions, respectively, are useful. For N sampling points in the interval [a, b] we obtain 


(0 n(b-a) 
ansat TL (14.21) 
“The pulse function according to Figure 14.2(a) is defined by 
1 forlx|<+ 
= 14.22) 
Pen ( for|z|» 3. $429) 


Using pulse functions as basis, a function may be approximated by a staircase function. 
Triangle functions according to Figure 14.2(b) yield a continuous linear approximation 
bya polygon curve. 


forlx|»1^ 


T(x) = a kl for [x] <1 (14.23) 


As an example we investigate the boundary value problem according to (14.12) for the 
Dirichlet boundary conditions f(0) = f(1) = 0. We subdivide the interval [0,1] by N 
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Figure 14.3: The approximation by triangle functions for N = 3, N = 5 and N = 10 in comparison with 


the exact solution. 


sampling points into N + 1 intervals and apply triangular functions according to (14.23) 


as expansion functions. We make the series expansion 
N 
fs) X Gn bn(x) 
with the basis functions 
$us (x) = T((N +1)x - n). 
As test functions we apply the pulse functions 


Yw.n(x) = P((N * 1)x n). 


We compute the matrix elements of the operator Lop = d?/dx?: 


+1 


&/ de gy n(x) = (N +1) [(2- aa) -2(x = xu) +(x 


From (14.5) we obtain 


(14.24) 


(14.25) 


(14.26) 


aie) 
FESVIM 


(14.27) 


à 
Lon = [PON Dem) EAC ae = (0041) a -28nn dua 


"The components of the vector By are 


n d 


„n &(x)dx. 


(14.28) 


(14.29) 
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For N - 5 we obtain the linear system of equations 


-12 6 0 0 0 
6 -I 6 0 0 
0 6 -2 6 0 (14.30) 
0 0 6 -2 6 
0 0 0 6 -I 
‘The solution of (14.30) is 
ags [ii d m (14.31) 
For N = 3 we obtain the solution vector 
T [u 4& i (14.32) 
LO] [i im m ) 


and for N = 10 the solution vector 
adio) = [0.087, 0.167, 0.239, 0.303, 0.355, 0.388, 0.398, 0.375, 0.309, 0.189] . (14.33) 


Figure 14.3 shows the approximations of f(x) by triangle functions. 


14.3 THE TRANSMISSION-LINE MATRIX METHOD 


The transmission-line matrix (TLM) method introduced by Johns [35] is a space and 
time discretizing method of electromagnetic field computation. Originally TLM is 
based on the analogy between the electromagnetic field and a mesh of transmission- 
lines [36]. The TLM method allows one to model complex electromagnetic structures. 
Detailed descriptions are given in [21-24, 37,38]. The TLM scheme has been derived 
from Maxwell's equations using the finite difference approximation [39], the finite 
integration approximation [40] and the MoM [41]. In the following we introduce the 
TLM scheme via finite integration (42, 43]. 

Figure 14.4 illustrates the principle of tum. In a first step the space is discretized 
in TLM cells. Although other discretization geometries are possible, we assume in the 
following cells with a cube shape. As shown in Figure 14.4(a) on every surface of the 
‘TEM cell samples of tangential electric and magnetic fields are taken. This may be done 
either by taking a probe of the tangential field components in the centers of the surface 
or by averaging over a certain volume. The first approach is called the finite difference 
approach, whereas the second one is called the finite integration approach. In both 
cases we obtain 12 electric field samples and 12 magnetic field samples per TLM cell. The 
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Figure 14.4: (a) The TLM cell, (b) the wave amplitudes and (c) the condensed symmetric TLM node. 


sampled electric and magnetic field components are summarized in 12-dimensional 
vectors 


kE i,m, = & [Ei E2, Es, Fi Ens Evzlimn > (14.34a) 
4H ia = x [His Hay Hy). Hios Hin Fal m,n - (14.34b) 


The orientation of electric and magnetic field samples is chosen in such a way that the 
power flow is directed into the TLM cell if the electric and magnetic field components 
have the same sign. Assuming a spatial discretization with Al and a time discretization 
with At and introducing the discrete space coordinates |, m, n and the discrete time 
coordinate k, the relation between the continuous coordinates x, y, z, t and the discrete 
coordinates are given by 


x=lAl, y=mAl, z-nAl, t=kôt. (14.35) 


We now introduce the wave amplitude vectors 


kū s = x [a1 02,45, 10, an, n2] i m,n > 
kb imn = x [bi bzs Bs bio, Pro biali m,n > (14.36) 


where Ka i m,n summarizes the waves incident in the TLM cell and xb; m,ņ contains 
the amplitudes of the waves scattered by the TLM cell. The incident and the scattered 
waves propagate normal to the tangential planes. The wave amplitude and the field 
components are related via 


1 Vip 
karmn = yy Ermat EE Hus (14.372) 
1 Vie 
bina = 27m KE mn o H 14.37) 
Koi mn a/Z; Fina, ima ( ) 
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Figure 14.5: (a) The TLM cell, (b) integration path 3A1«;, (c) integration paths 9A»« and 94s; and 
(d) integration paths JAax and IAs 


and 
KE pimin = VZr (katma + kB Lymn) > (14.382) 
1 
KH mn 7 777 (karmin 7 kB aun) + (14.38b) 


where Zp = E 
point, one port is assigned to each polarization. Now we can replace the geometric 
model by a network model (i.e., the TLM node depicted in Figure 14.4(c)). In the 
following, we use the term TLM cell for the geometrical object we have defined in the 
continuous space, whereas the term TLM node is used for the abstract network model. 

To derive relations between the incident waves xa m,n and the scattered waves 
kb 1,5, Of the cell I, m, n, we apply finite integration to the TLM cell shown in Fig- 
ure 14.5(a). Amperes law (2.573) and Faraday' law (2.57b) yield 


is the field impedance. In the network model of TLM, in each sampling 


à 
=$ f DD, (14.393) 


B(x.t). (14.395) 


Aiw 


In order to obtain a system of 12 linear equations relating the scattered wave amplitudes 
b to the incident wave amplitudes a we proceed as follows. First we apply both laws 
to three surfaces of integration Aixy, Aij; and Aizx. The surface Ai, shown in Fig- 
ure 14.5(b) is parallel to the xy-plane and goes through the center of the TLM cell. The 
surfaces Ay; and Ajzx, respectively, are parallel to the yz-plane and the zx-plane. This 
yields six independent equations. For the time discretization we apply a Crank-Nicolson 
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scheme [44]. That means we replace the time-derivative by forward differences and 
time-dependent quantities by the arithmetic mean of the two time steps involved. From 
(14.39a) and (14.39b) we obtain in this way 


1 
2 $an GH +H) = + the *(4E -4a£) (14.402) 


: 
i£ eren em. a 


We compute these integrals for the surface Airy depicted in Figure 14.5(b). Sampling 
the electric and magnetic fields in the center points of the TLM cell surfaces, we obtain 


pH = NOR + Ha + He Hy), (1.412) 
tnd +E S AAP(Es + E4 + Eg + Ey), (14.41b) 
$a, E z Al(E; + Ez- Es - E1), (14.416) 
J, ‘FIAP CH - Ha + Ha + Hi). (14.414) 


Inserting (14.41a) and (14.41b) into (14.402) and considering € = 1/Zrc, we obtain 


(xHs + ki Hs + pHa + Ha + Hg + kaHg + «Hy + yaH3) = 


Al 
(xEs — k-1Es + kE4 7 p-1E4 + Eg ~ k-1E6 + kE - k-1E3). (4.42) 


2Zpcdt 


Choosing the ratio of the space interval Al and the time interval A as 4! = 2c we 
obtain with (14.38a) and (14.38b) 


(bs + by + be + bs) = ka(as + as + ae + a3). (14.43) 


Inserting (14.41c), (14.41d), and 4! = 2c into (14.40b) and considering u = Zr/c we 
obtain 


(Ey + k-1E7 + kE2 + k-1E2 7 kEs 7 jig - kEi - Ei) = 
ZrAl 


Feat (kD 7a Hy + Ha - ka Ha - He + He - pHi + k-1H1). 0444) 


We obtain with (14.382) and (14.38b) 


k(br + bz — bs - by) = - (ar az - as ~ a1). (14.45) 


Numerical Electromagnetics 615 


Performing these integrations also over the surfaces Aij; and Aize yields a total of the. 
following six equations 


i (bs + ba + be + b3) = ka (as + a4 + as +43), (14.462) 
(bo + bs + bio b) = x-1 (ā9 + as + aio + a7), (14.466) 
(br + biz + bz + bn) = a (aif an + a2 + an), (14.46c) 

ibo + bz- bs ~ by) = ~4-a(a7 + à2 -as ~ ài) (14.464) 
kb + be — biz - bs) = -r-1(an + a6 7 à - as), (14.466) 
K(b3 + bio — ba — bo) = ~4-a(a3 + aio — 44 ~ a9) - (14.46f) 


A first-order finite difference scheme based on Amperes law and Faraday's law may only 
exhibit six equations. However, to relate the 12 scattered waves to the 12 incident waves 
ofa TLM cell we need 12 equations. To obtain six additional independent equations, we 
perform the integrations of (14.40a) and (14.40b) over the area Az, and A3, depicted in 
Figure 14.5(c) and over the areas A4» and As, in Figure 14.5(d). The contributions to the 
line integrals through the center of the cells in Figures 14.5(c) and 14.5(d) compensate 
each other. By that way we obtain two further equations, and by performing this 
procedure for all three spatial orientations we obtain in total the following additional 
six equations: 


k(bz — bz — bg + bi) = kal a7 7 427 as +41), (14.47a) 
i (by, — bg — bn + bs) = k-a(an ~ a6 - n + as), (14.476) 
k(bs — bio — ba + bo) = ici( 45 7 aio 7 44 + a9), (14.47¢) 
4 (bs — ba + be - bs) = ~k-1(4s - a4 + as ~ 43) (14.474) 
(bo — bs + bio — b7) = ~k-1(49 — as io = 87). (14.476) 
x(b — bia + ba - bu) = -ka(ai 7 an + 2 - an)» (14.47f) 


We put (14.462) to (14.46f) and (14.47) to (14.47f) in the form 
M 4b - LM ina (14.48) 
with 
L = diag (1,1,1,-1,-1,-1,1,.-L-1-1], (14.49) 


where we have used the notation introduced in (C.20) for the diagonal matrix. L is a 
diagonal matrix with the diagonal elements +1 and turns out to be the scattering matrix 
of the symmetric condensed TLM node in its cigensystem. The scattering matrix $ of the 
symmetric condensed TLM node is given by 


S=M"'LM. (14.50) 
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‘The scattering matrix $ is given by 


H UE 
O S% S : 5 gE 
$=|87 0 S| withS =|, , jy 4 (14.51) 
$ Sy 0 ii 
100 


The scattering matrix $ has the property S = S" = St = S^! (i.e, it is real, symmetric, 
hermitian and unitary). Consequently the TLM scheme fulfills energy conservation, 
reciprocity, and invariance with respect to time reversal exactly. We note that the 
scattering matrix $ may also be determined completely by considering only symmetry 
and energy conservation. 

We consider the TLM mesh to be composed of condensed symmetric TLM nodes 
as shown in Figure 14.4(c), where each of the six arms is of length 2I. We assume a 
homogeneous lossless space with no sources. All incident and scattered wave amplitudes 
at the node (1, m, n) can be summarized in the vectors xa 1 m,n and kbi m,n 

In order to describe the complete discretized mesh state, we introduce the field state 
space. To the node with the discrete space coordinate (1, m, n) at the discrete time 
coordinate k a base vector |k; I, m, n) is assigned. The set of basis vectors |kz; l2, ma, n2) 
is orthonormal. The orthogonality relations are given by 


(kis h, mi, m|kz; l2, mas) = Shaka O1, Umm Ôm,n + (14.52) 


The electric field vector |Fz) and the magnetic field vector |[Fy) combine all tangential 
field samples of the TLM mesh 


1 
Ejjmyn (Kl mna), |Fu)- VZ Himn |l mn). 
VES hmn | >» |Fm} PE hn ) 
(14.53) 


All incident and scattered wave amplitudes of the TLM mesh can be combined in two 
vectors la) and |b), respectively 


l)s X vans ehm), de Y) abus ls mr). 0450 


hmm kl mn 


\Fe) = 


‘The cell boundary mapping is a bijective one-to-one mapping between the 24 electric 
and magnetic field components and the 24 incident and scattered wave amplitudes at 
one condensed symmetric TLM node. Since all tangential electric and magnetic field 
components in each cell boundary surface are also specified in the neighboring cell 
boundary surfaces, only 12 field components per TLM cell are linearly independent. 
Specifying, for example, all 12 incident wave amplitudes per TLM cell yields a complete 
description of the field state. 
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‘The time shift operator T, and its hermitian conjugate Tf increment or decrement k 
by 1 (i.e, it shifts the field state by At), 


T, lm n) Seem, n), TË |l ma)-|k-blm,n). — (455) 


If we connect a time delay At with the scattering, the simultaneous scattering at all 
TLM mesh nodes can be described by the operator equation 


|b) = T. S |a). (14.56) 


In order to describe the propagation of the wave amplitudes in the TLM mesh, we 
define the spatial shift operators Xs, Ys, Zs and their hermitian conjugates X, Yf and 
Z!, which increment and decrement the three discrete spatial coordinates }, m and n 
in the same way as the operators T, and TŻ do this with the discrete time coordinate k. 
We introduce the connection operator 


T = X (Ai + Asya) + X1 (A21 + Ags) + Yo(As + Ara) 


i. n (14.57) 
+ Y} (Aes + As,7) + Zs (A910 + Antz) + Zi (Aio + Aizu) + 
with the 12 x 12 (m, n)-matrix (A;.;),, , = 5im Ôj.n . The scattered wave amplitudes 
are incident into the neighboring TLM cells. If we assume an instantaneous propagation, 
we may describe the propagation of all wave amplitudes in the TLM mesh by 


ja) -T |b) . (14.58) 


‘The connection operator has the properties T = T = T^ (ie, it is hermitian and 
unitary). The two equations (14.56) and (14.58) constitute the complete TLM scheme. 


14.4 THe MODE MATCHING METHOD 


Mode matching is the superposition of modal field solutions. If an electromagnetic 
structure is subdivided into substructures and complete sets of modal field solutions 
are known for the subdomains, these modal solutions form a complete basis and allow 
to expand the field solutions into these basis functions. Choosing modal functions 
as the basis functions ensures that these functions are already solutions within the 
respective regions and we need only to care that the boundary conditions are fulfilled. 
The mode matching method is potentially exact if we allow infinite series expansions. 
Considering the modal basis functions as the basis ofa function space, Hilbert space 
methods, in particular MoM [5], can be applied. Baudrand and Bajon introduced 
Hilbert space methods to transform integral formulations of electromagnetic field 
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Figure 14.6: Hollow waveguide segment. 


problems into algebraic ones [45, 46]. An extension of this method has been given in 
the transverse wave formulation [47-49]. To introduce the basic concepts of the method, 
consider the waveguide segment depicted in Figure 14.6. The field can be expanded in 
TEmn and TMm» modes. In (797a) and (797b) we have expressed the transverse field 
forms as products of electric and magnetic structure forms ex(u, v) and hy (u, v) with 
complex amplitudes depending on the z-coordinate. The index k is a compact notation 
for the double index mn and the TEmn and TMy, modes. Summation over k means 
summation over all TE,,, and TMy modes. The total transverse field is represented by 
the superposition of the transverse modes, hence 


E(x) = ("MPM «vi)e)equ o. (14.592) 
D 


1 (5) - E yn 
3, (x) = 3 Z— (Vi e" -vi er) hy (u,v). 14.59b: 
H, (x) P Zw (uf En ) x (us v) ( ) 


According to (7.198a) and (7198b), the electric and magnetic structure vectors are 
mutually orthogonal in any point and the structure forms e,(u,v) and hy (u, v) fulfill 


exu v)  — * [de^ hy(u.v)] . (14.602) 
hy(u v) =+ [dz ^ e v)] - (14.60b) 


Furthermore, due to (7.208) the structure forms ey (wu, v) and h; (u, v) form a normal- 
ized biorthogonal basis, as discussed in Section C.4.3: 


(eh), =- (hler) a = ôr - (14.61) 
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With this we can represent the fields by Hilbert space vectors as 
Ic) - X (vie +¥Oe") ler), (14.62) 
k 


Y qoe coo 
BG) = Dz (LPen - vien). (14.62b) 
T Zw, 


where the |e,) and |Ak) form a biorthogonal set of basis vectors. The electric and 
magnetic field forms can be computed from the corresponding Hilbert space vectors 
via 


Edla) = Z elu) (E). (1.633) 
Tu) = »» ze v) (el) (14.63b) 


We define the wave impedance operator 


Zw = Y wa hes - en (Pel (4.64) 


With this we introduce the wave amplitude vectors | A) and |B) as 


JA) = 3{IE,) + Zw(2,)] > (14.65a) 
IB) = 3E) - Zw) - (14.65b) 


Inserting (14.62a) and (14.62b) yields 


CES EXP mrze), (14.662) JB) -Y vibe"v]e). (14.660) 
E 


‘We compute the transverse electric and magnetic fields from the wave amplitudes via 
I£) =|A) +18), (14.672) IH) = ZĘ (LA) -18)).  (14.67b) 


We introduce the operator '(z) and its inverse as 
T(z) = Ye (lta) (esl - len) (hnl) » (14.68a) 
[zi 


T(z) = Se (Ih) - le) sb + (14.680) 
à 
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Figure 14.7: Wave amplitudes in the waveguide segment. 


With these operators we obtain from (14.66) and (14.66b) 
\AG@2)) = T( - a) (2) |A(a)) 2T" (-2)1462)). — (4693) 
1B(z3)) -Y7(z;-a)B()) (Bla) 2T Ga - a) |B(22)). (14.69b) 


Choosing the direction of the wave amplitude vectors at the ports of the waveguide 
segment according to Figure 14.7 yields 


IA) - 1G). |B.) = |B), 145) 51822). 18,) A2). — 0470) 


With this we can introduce a transmission matrix representation in analogy to Section 


10.2.4, hence B A 
B) p fi) 
(3) -7 [3 VS 


For the line segment of length | = zz — z shown in Figure 14.7 the transmission matrix 
is given by 


T= [? zl ; (1472) 


Consider a thin sheet as shown in Figure 14.8 with a surface current distribution 
J, on it. According to (2.175a) and (2.175b) the surface currents or electric surface 
polarizations, respectively, in the sheet yield a magnetic field discontinuity, whereas 
due to (2.175c) the magnetic surface polarizations yield an electric field discontinuity, 
hence 


(Hr - Hy) = je| ML) = 124). (14.73a) 
lEn- £n) = jo MA). (14.736) 
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af 
E&H 
E&H, 


Figure 14.8: Surface current sheet . 


Like the tangential magnetic field form the surface current form and the surface polar- 
ization forms can be expanded into the magnetic field structure functions: 


TZ, (v) = P lahu v), (14.74a) 
T 

Ma v) = 2 YXLahnv), (14.74b) 
je ^ 

Maloy) = py Y Vati). (4740) 
k 


The surface current J , also is represented by the Hilbert space vector |J ,) given by 
IA) = È Lal Gn v) (14.753) 

k 
Tag(s) = (ex(usv)IZ4) - (14.75b) 


The surface current 7, may be either an impressed surface current originating from 
current sources or a current evoked from the electric field due to a surface admittance, 
With the impressed polarizations we can proceed in an analogeous way. 

The surface admittance matrix description, introduced with (3.184a) for thin con- 
ductive sheets, can be extended to sheets structured in the u, v-plane. If the surface is 
structured the surface admittance in general depends on the transverse coordinates u 


and v, hence 
Hav) ]. " £a(uv) 
[| =x istos [Eat (14.76) 


with the surface admittance matrix Y (u, v) given by 


rw [253 2] um 


The surface admittance matrix has been marked with a tilde in order to distinguish 
it from the surface impedance operator that will be introduced in the following. In 
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Figure 14.9: Multilayer circuit 


operator notation (14.76) can be written as 


Ha) lEn) 
=Y 14.78) 
E ln) taza 
with the surface admittance operator 
=|% Yo 
Y= E A B (14.79) 


the matrix elements of which are operators given by 
Yi; = |e) Yay (ell (14.80) 


with the Y; 


iji given by 


Yju- f. Yiyusv)e(u, v) ^ hu v)i. (14.81) 


In this generalized transmission-line (GTL) description for the layered electromagnetic 
structure, the generalized voltages and currents and the wave amplitudes are sum- 
marized in Hilbert space vectors describing the complete transverse field distribu- 
tion [45,47,49]. Using this formalism we can analyze multilayer structures as shown 
in Figure 14.9, where homogeneous layers of finite extension in z-direction alternate 
with thin structured layers. The structured layers are described by the surface admit- 
tance matrices Y;;(u, v) and the surface admittance operators Y derived from it. The 
transverse distribution of impressed surface currents is given by (14.742) or (14.74b), 
respectively, and voltages varying in transverse direction are described by (14.74c). 
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Thick homogeneous layers are described by (14.72). Cascading these multiports, we can 
describe multilayer structures consisting of thin layers, with structured metallization, 
resistive layers, and impressed voltage and current sources and thick homogeneous 
material. For a detailed description of the method the reader is referred to [49]. 
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Appendix A 
Vectors and Differential Forms 


A.l VECTORS 


This section gives a compact summary of the vector algebra for the linear three-dimen- 
sional vector space. For a more detailed treatment see for example [1,2]. A vector is 
a variable quantity that has both magnitude and direction and can be resolved into 
components, such as force, electric, and magnetic field. In the Cartesian coordinate 
system (x, y, z) a vector a is represented by its Cartesian coordinates (ax, ay, az). The 
vector may be visualized by an arrow starting fom the origin and terminating at the 
point (ax, ay, dz), as depicted in Figure A.1(a). However, we could start from any point 
in our Cartesian reference frame. The origin only is chosen for simplicity. 

Let e, bea vector of unit magnitude pointing in the positive x-direction and ey and 
ez vectors of unit magnitude pointing in the positive y- and z-directions, respectively. 
By vector addition we obtain 


ax 

A= dyey + Ayey + üz6; =| ay |- (AX 
yey z » 
az 


The vectors ex, €y, and ez form a basis of our three-dimensional linear vector space. 
Figure A.1(a) shows the vector a in aright-handed Cartesian coordinate system (x, y, Z), 
whereas in Figure A.1(b) the same vector a is represented in a left-handed coordinate 
system (x, y", 2") = (-x,—y,-2). In the new coordinate system (4^, j^; z^), the vector 
a exhibits the coordinates (a7, a, a) = (4x, dy. -42 ). The vector a itself remains 
unchanged under this coordinate transformation. We have 


PEPEPPEPPEP PIE PPS (A2) 


The components of the vector are odd functions of the coordinates. A vector with this 


627 


628 Electromagnetics 


Figure A.l; Cartesian components of a vector (a) in a right-handed coordinate system, and (b) in a 
left-handed coordinate system. 


property is called a polar vector. Vectors occurring in curve integrals like the vectors 
representing the electric or magnetic field are represented by polar vectors. 
‘The sum of two vectors a and b is given by 
ay t+ by 
a+b=|a,+b,|. (A3) 
a; +b, 


The magnitude |a| of the vector a is given by 
lal = Vas? + lay? + lag. (A4) 
‘The inner product or scalar product of two vectors a and b is defined as 
a:bz ab,  ayby + a,b. (A5) 
For real vectors a and b the inner product is given by 
ab - Ja|bicosd (A.6) 


where ¢ is the angle enclosed by a and b. The vectors ex, ey, and e; fulfill the relation 


for i,j=xy.z, (A7) 


where the Kronecker delta symbol Sq is given by 


Om (A8) 


0 formen 
1 fom-n' 
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‘The vectors ex, ey, and e; form a complete set of orthonormal basis vectors of our 
three-dimensional vector space. 
‘The cross-product or vector product 


c=axb (A.9) 

of two vectors a and b is a vector normal to both vectors a and b and with the magnitude 
a x b| = |a|jb| sin ¢. (A.10) 

If the two vectors a and b define a parallelogram, then the magnitude |a x b| of the 
cross-product is the area of the parallelogram. The vectors a, b and a x b form a 


right-handed system. We assume the orthonormal basis vectors ex, €y and e; to form 
a right-handed system according to Figure A.1(a). In this case the relations 


ex x ej 


ry X Cx = Cry 


ey x ez = ee X €y =e (Al) 


€z X ex = -ex X €z = ey 
are fulfilled. The Kronecker tensor is defined as 


+1 if (ijk) is an even permutation of (xyz) 
$e 4-1 if (ijk) isan odd permutation of (xyz) (A2) 
0 if (ijk) is no permutation of (xyz) 


Permutations from an original ordered sequence such as ijk can be achieved by suc- 
cessive interchanges of elements. A permutation is said to be even or odd if an even or 
odd number of transpositions is required for the rearrangement. 

We can express (A.11) in the following form: 


ei x ej = ike. (A13) 
k 


For two vectors a and b we obtain 


axb (A.14) 
From this we obtain (A.9) in component representation 

cx] [aybr-azby 

c, |=| zb. - axb: (A15) 


&] tasby - abs 
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‘The vector c defined by the cross-product (A.9) behaves fundamentally different from 

the polar vectors. If the coordinate axes are inverted we obtain a; > -a;, b;  -b;. 

However, due to (A.15) this yields c; + cj, Under coordinate inversion the cross- 

product vector c does not behave like a polar vector. A vector with these transformation 

properties is called an axial vector or pseudovector. Vectors occuring in surface integrals 

like the vectors representing current or flux densities are represented by axial vectors. 
With (C.23) the cross-product may also be represented as determinant: 


lex ey € 
axb=|a a 4 (A.16) 
b b b 
The cross-product is anticommutative, in other words, 
bxa=-axb. (A.17) 
The triple scalar product of three vectors a, b, and c, defined by 
[abc] = a- (bx c) = (ax b) -€ (A.18) 


yields the volume of the parallelepiped defined by the vectors a, b and c. The triple 
scalar product is invariant under cyclic permutation of the factors; however, it changes 
its sign if two factors are interchanged. From (A.5), (A.14) and (A.18) we obtain 


a az 45 
[abc] = Y) aiiud m [bi ba bs (A19) 
ijik A Q6 


In the case of the inversion of all coordinate axes the triple scalar product changes its 
sign. A scalar with the transformation properties of a triple scalar product is called a 
pseudoscalar, Scalar quantities occurring in volume integrals, as for example charge 
densities or energy densities, are represented by pseudoscalars. Pseudoscalars are 
distinguished from scalars describing quantities that are not integrated over space 
coordinates, Examples for scalars are scalar potential functions. 

For the twofold cross-product of three vectors we obtain 


(axb)xe=(a-c)b-(b-c)a, (A.20) 
ax (b x c) - (a:c)b - (a-b)c . (A21) 

For the threefold products of four vectors the following relations hold: 
(a-c) (a-d) 


(b.e) (b-d) 
(ax b) x (cx d) - [abd]c- [abc]d = [acd]b -[bcd]a. — (A25) 


(a x b)-(ex d)- j (A22) 
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A.2 DIFFERENTIAL FORMS 


In this section the framework of differential forms used in this book is presented. 
For further reading see [3-7]. Scalar and vector fields may be represented by exterior 
differential forms. Differential forms are essentially the expressions under an integration 
symbol. An exterior differential form of order p is called a p-form. In n-dimensional 
space the order of a differential form may assume values 1... n. In this book we only 
consider the three-dimensional case. The p-forms in three-dimensional space are 


zero-form: f(x), (A24) 
one-form: U(x) = U, dx + U, dy + Uz dz, (A25) 
two-form: V(x) = Vedy a dz + Vydz A dx + V;dx n dy, — (A26) 
three-form: Q(x) = pdx a dy ^ dz. (A27) 


For the exterior differential form dx ^ dy the following commutation relation holds: 
dx a dy=-dy ^ dx. (A.28) 


Deciding 
dx ^ dy = dx dy (A.29) 


assigns to dx ^ dy the positive orientation and to dy ^ dx the negative orientation. 
For a p-form U and a q-form Y the commutation relation is 


UAV =(-1)?*1V AU. (A.30) 


We introduce the bracket symbol [ | P) to express the relation of a scalar field (p = 0, 3) 
or a vector field (p = 1,2) to a p-form. The p-forms are related to scalar and vector 
fields via 


Fe) =F), (A30) 
U(x) = [U(x)]U = U, dx + Uy dy + U, dz, (A.32) 
V(x) = [V(x)] = V; dy ^ dz+ V, dz ^ dx + V; dx ^ dy, (A.33) 
Q(x) = [p(x)] = pdx ^ dy^ dz. (A.34) 


In these equations f isa scalar, U isa vector, V isa pseudovector, and p isa pseudoscalar. 
In differential form notation a clear distinction between scalars, pseudoscalars, vectors 
and pseudovectors is made. Scalars are represented by zero-forms, pseudoscalars by 
three-forms, vectors by one-forms and pseudovectors by two-forms. The domains of 
integration are a curve C for a one-form, an area A for a two-form, and a volume V for 
a three-form (Figure A.2). The corresponding integrals are 
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® i 


Figure A.2: Domains of integration: (a) curve, (b) surface and (c) volume. 


d. He 

one-form: f u= f U, dx + U, dy + U, dz, (A35) 

two-form: [vh V.dy^dz*V,dzA dx + V;dx^ dy, — (A36) 
n 


three-form: f Q= n a dyn dz. (A37) 
We introduce the star operator or Hodge operator x defined via 


«f 2 fdxndyo dz, 
+ (Ax dx + Ay dy + Az dz) = A.dyA dz+ Aydz^ dx + A; dx ^ dy, — (A38) 
+ (Axdy ^ dz & Aydz ^ dx Az dx ^ dy) = Ax dx + Aydy + Az dz, 
*fdx^dy^dz-f. 


The star operator has the property 
esi (A39) 


A.2.1 Products of Exterior Differential Forms 


‘The product of p-form and a q-form is a (p+ q)-form. The product of two one-forms 
Aand Bis 


AAB = (A dx + A, dy + Az dz) ^ (Bx dx + B, dy + B+ dz) 
= (A,B: —AzBy) dy A dz + (AzBx - AxBz)dz ^ dx 
+ (AxB, - AyBy) dx ^ dy. (A.40) 


The relation to vector notation is given by 


A-[A]9, B-[B|U > AaB-[AxB]? . (A.41) 
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‘The exterior product of two one-forms corresponds to the cross-product (A.9) of two 
vectors. The exterior product of a one-form A and a two-form D is 


AND (Axdx + Aydy + Az dz) ^ (D; dy A dz4 Dy dz ^ dx + D: dx ^ dy) 
= (AxDy + AyDy + A;D;) dx ^ dy ^ dz. 
(A42) 


The relation to vector notation is given by 
A-[Af9, D-[D]? + AnD=[A-D]® . (A.43) 
‘The exterior product of a one-form with a two-form corresponds to the scalar product 
(A55) of two vectors. The exterior product of three one-forms A, B, and C is 
AABAC = (Ardx + Ay dy + Az dz) ^ (B, dx + B, dy + Bz dz) 
^ (Cydx C, dy + C, dz) 
= (AxByCz + AyBzCr + AzBxCy 
- ABC, - A,B,C, - AyBxCz) dx ^ dy A dz. (A.44) 
‘The relation to vector notation is given by 


Az [4], B- [B]? , c- [c]? + AnBac=[[ABc]]® . — (445 


‘The exterior product of three one-forms corresponds to the triple scalar product (A.18) 
of three vectors. 


A.2.2 The Contraction 
‘The contraction A.B of two differential forms A and B is defined via 


dx; sdxj=65; — with dxj, dxy= dx, dy, dz, (A.46) 

As(BAC) = (AsB) AC + (A) ABA (AC). (A47) 

‘The symbol .1is named "angle" and the contraction also is called angle product. The 

angle product has been introduced by Burke [4]. We use the modified form given by 
Warnick [8]. 

‘The contraction operator is useful to obtain the tangential component of a one-form 


or the normal component of a two-form with respect to a surface. For a one-form £ 
and a two-form D we obtain 


dz (dz ^£) = Ey dx + Eydy, (A48) 
dz a(dz ^D) =D, dx dy. (A49) 
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‘The contraction may also be expressed via the Hodge operator by 
ALB =+(*Bn A). (A.50) 
‘This relation vice versa sometimes is used to define the Hodge operator via the contrac- 


tion [9] 
*A=Aidxn dy ^ dz (ASI) 
y 


A.23 The Exterior Derivative 


The exterior derivative dU of an exterior differential form U is defined as 
au 
dU = 5; dx; n — (A.52; 
D H^ ag, (452 


For the exterior differentiation the following product rules are valid: 


d(UM « Y)» du + dV, (A.53) 
d(M ^V) = d AY (1) 89801 A dy. (A.54) 


The exterior derivatives of p-forms are 


zero-form: — df(x)- ae 9f dye ae, (A535) 
3; 7*3; 
. au, au, aU, 3U, 
one-form:  dU(x) = 2 r ) ayn az+( er Jaen & 
ay Us 
+ a »x o) dx ^ dy, (A.56) 
two-form: d(x) = "m s ^. OMe) aea MR des (A57) 
ay ' az 
three-form: Q(x) =0. (A58) 


The exterior derivative of a product of a p-form A with q-form B is given by 
d(AAB) = dAAB * (-)^A ^ dB. (A59) 
A form Y for which dY = 0 is said to be closed, and a form V for which Y = dU is said 


to be exact. The relation 
ddu =0 (A.60) 
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may be verified casily. For differential forms the statement V = dU implies dV = 0. 
In conventional vector notation this corresponds to curl grad = 0 and div curl = 0. All 
exact forms are closed. However it may also be shown that all closed forms are exact. 
Poincaré’ lemma (3,4) states 


dy-0 = V-ddu. (A.61) 


A.24 The Laplace Operator 
We define the covariant derivative, expressed by the operator d, by 
aU = (-1)884 a dee. (A.62) 
‘The Laplace operator A is defined by 
A- dd « dd. (A.63) 


From this definition it follows that for any p-form U, the Laplace operator can be 
interchanged with the Hodge operator: 


Ax 2 * MM. (A.64) 


Applying the Laplace operator to a zero-form f, a one-form A, a two-form B and a 
three-form Q yields 


zero-form: Af -*d«df, (A.65) 
onc-form: AA- (d« d«-«ded)A, (A.66) 
two-form: AB-(«d«d- d«ds)B, (4.67) 
three-form: ^Q-d«d«Q. (A.68) 


In Cartesian coordinates the application of the Laplace operator to a zero-form f yields 


ip Sy. 
assi x M. (A.69) 


‘To apply the Laplace operator to a one-form A in Cartesian coordinates, we compute 


PA, PA, PA. 

sux (Fee 3n dy ae 
p „PAs PA, 

dyaz  dxdy 02 

[fe QA, PA. 


(A.70) 


rx ` 3yðz Ox? 
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PA, OA, A 
dedol, a PA 
edad (= +E Ee) te 
PA, PA, FA, 
pe! epi OF 7 
«(Fee 3» * Deay an) 


PA, OA, PA, 
(xx tpe oe] 


and from this we obtain 


OA, dA, DA, 
^a-( $2 Ub rta) x+ 
PA, 


PA, PA, 
(RR Thr) ay 


PA, OA, PA 
Gs * ay? * FE dz. (A72) 


Therefore, in Cartesian coordinates the Laplace operator for one-forms is given by 


2 2 2 
eed BA L9 AA dx AAydy +AA, de (A73) 


Ad S tu as 


A.3 STOKES’ THEOREM 


Stokes’ theorem relates the integration of a p-form U over the closed p-dimensional 
boundary dV ofa p +1-dimensional volume V to the volume integral of the p + 1-form 


dU over V via 
$,u= f au. (A74) 
vA v 


In the following we give the proof for the two-dimensional area integral and the three- 
dimensional volume integral. For a more general discussion of Stokes’ theorem, the 
reader is referred to the literature [3-7]. To give the proof of Stokes’ theorem for the 
area integral we consider the one-form 


U = Ux dx + Uy dy + Uz dz (A.75) 


and its exterior derivative 


_ (aU; au, pu at) ay ay 
au- (5 Fe) av des (SESE) den dx Uere. 
(A76) 
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Figure A.3: (a) Surface element, and (b) surface. 


Integrating dU over the rectangular area element Ao shown in Figure A.3(a) yields 
au, _ au, 
du= 2 - SS) dxa d, 
f. m ( dx y ) EASY 


»( r9 3U, xf rn OU, 
= —— dx | dy- dy | dx 
T. ( x» OX ) á Í ( yo OY ) 


= fL ose) - t6] dy- (7 (Uso) - Vole zo) às 
=f ale yes f” Uny) dy 


* » 
«f Use) éx s f Uo y)áyo f, Uu. (A77) 


Since the above relation is valid for the rectangular area element in Figure A.3(a), we 
can approximate an arbitrarily shaped area Axy in the x y-plane by small area elements 
as shown in Figure A.3(b). The sum of the surface integrals of dU over the areas of 
all surface elements is equal to the circulation integrals of U/ over the boundaries of 
all surface elements. We consider that the contributions of the adjacent edges of two 
neighboring surface elements cancel each other out. Therefore only the path elements 
through the outer edges contribute to the circulation integral. If we let the side lengths 
of the area elements go to zero, the approximated area converges to the given area Axy 
with the smooth boundary Axy and we obtain 


Í au=$ u (A78) 
ky Ary 


So far we have only considered a plane surface. To derive Stokes theorem for curved 
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Figure A.4: (a) Curved surface and its projections on the coordinate planes, and (b) triangular surface 
element. 


surfaces in three-dimensional space, we decompose the surface integral into three parts 
corresponding to the projection of the area A on the three coordinate planes, as shown 
in Figure A.4(a). We introduce the parametric representation 


UF (9,2) = Us (x052),2) > (A.79) 
Uf (z,x) = Ui (x, y(2,x),.2) » (A.80) 
Uf (x,y) = Ui (x, y. z( y)) « (A.81) 
From (A77) we obtain 
au; 3 z z 
s- A) drn y= $. Uzdx + Uzdy. (A.82) 
auz aux mM 
LR Aes ^e Uždy+ Už dz, (A83) 
au? au? 7 rat. 
INE- = ——— (A84) 


We subdivide the area Ax, in triangular infinitesimal surface elements as depicted in 
Figure A.4(a). This generates also a triangular subdivision of the curved surface A. 
Figure A.4(b) shows one infinitesimal triangular surface element AA and its projections 
on the coordinate planes AA yz, AAzx,and AA... The curve integral over the boundary 
AAA is the sum of the curve integrals over the boundaries JAA yz, 2A Az and 3AA,;. 
In the three coordinate planes the sum over all integrals over the boundaries of the 
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(a) E 


EYZ, 


Joo) (pY o) 


Figure A.5: (a) Volume element AV and (b) volume V. 
area elements JAA jj yields the integral over the boundary Ajj, and we obtain 


f, iau d, iruri f, UY dz + UL dx 


- f Ucde + U,dy+ Uds. (A85) 
Inserting (A.82), (A.83) and (A.84) yields Stokes theorem for curved surfaces 


au, 3U, QU, ƏV; 
LG) C) 


aus 
(mme »]- f, Unde + Uds Uzde. (A86) 


In order to derive Stokes’ theorem for three-dimensional volumes we consider an in- 
finitesimal rectangular parallelepiped volume element AV as depicted in Figure A.5(). 
The integral of the two-form 


D= D,dy^ dz+ Dy dz ^ dx +Dzdx ^ dy (A.87) 
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over the surface BAV of the parallelepiped is given by 
LE LI 
$y, P= f. n (D. (3, yz) - Dx (xo, y, z)) dy ^ dz 


+f [sos -Dyle v2) den às 


^ P 
«f [7 Dileya) -Dr yzo)) dea dy. (A89 
NER 
For AV — 0 this may be approximated by 
Op (aD: 9D, | 9D, E 
far h ae dxndynde= f. dD. (4.89) 


A volume V with boundary 3V as depicted in Figure A.5(b) may be considered to 
consist of infinitesimally small rectangular parallelepiped volume elements. The sum 
of the volume integrals over all volume elements is equal to the volume integral over 
V. Computing the sum of all surface integrals over the boundaries of the volume cells, 
we consider that the contributions from adjacent surfaces of neighboring cells cancel 
each other and only the outer surfaces contribute. The set of the outer surfaces of the 
volume cells converges to dV and we obtain Stokes’ theorem 


f, P= f, ap. (A.90) 


A.4 CURVILINEAR COORDINATES 


A three-dimensional curvilinear coordinate systern with coordinates u, v, w may be 
defined via embedding in the three-dimensional Cartesian coordinate system x, y, z 
and specifying the functions 

u=u(x, yz), 

vov(x yz), (A.91) 

w=w(x,y,z). 


We can express the differentials dx, dy, dz by the differentials du, dv, dw via 


dx =F dus Z dv + dw, (4.92) 
ay ay ay 

a ag 22 ae S ay, A93 

dy = So du + Z dv + SZ dw (A.93) 


dz = — du + — dv + — dw. (A.94) 
ju w 


Vectors and Differential Forms 641 


For the exterior product of two differentials we obtain the transformation rule 


[95 9» - decay 
andre (s $3) ^ 
de oy os on 
(x oisi) nm 
ax dy 3x ay 
* E 3« 94 z) dw ^ du (A.95) 


‘This defines the Jacobian determinant 


xy) | HH |_axay ax ay 
Auv) | & 3 |7 away av du (A99) 
We obtain 
290») a(x) a(x, y) 
xd ddr yy oe aaa De (A.97) 


Analogous equations are obtained for dy ^ dz and dz ^ dx. To express du ^ dv, 
dv ^ dw and dw du by dx ^ dy, dy ^ dz, and dz ^ dx insert (A.92)-(A.94) and 
reorder the terms. 

For three-forms we obtain 


den dyo des S899) qu y dy dw (A98) 
u,v, w) 
with the Jacobian determinant 
ERE 
Jend 3» 3 x 
mA api ae (A.99) 
Que) |* ROT 
ou àv aw 
Expanding the Jacobian determinant yields 
3(npz) _ dx By dz Ox By ðz | Ox dy de 
Q(uv,w) du dv ðw av Ow Qu Ow ðu Ov 
RL Mt de 2% a7: 22; (A.100) 


Consider the vector x = (x, y, z]". The length of a path element is given by 


ds = V dx: dx. (A.101) 
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Using (A.92)-(A.94) we obtain 


dx- dx = dx? + dy? + dz? 
ax Ox |, ax Ox |. dx ax 


QS E. JA, ie X dE S d 

wu 36 du? + v dv? + 34 9w dw (A.102) 
Ox ax ox ox Ox 

23 3 dudy + 25° «5 dvd: 25 3 dwdu 


A coordinate system u(x), v(x), w(x) in the three-dimensional Euclidean space with 
Cartesian coordinates x, y,z is called an orthogonal coordinate system if the tangent 
vectors ox [Qu, Ox [àv, Ox Ow are mutually perpendicular. For orthogonal coordinate 
systems (u, v, w), the relations 


ax dx o ax ax _ 


ax ax _ 
Qu dv” Ov Ow 


ow du” 


0 (A.103) 


must be fulfilled. The metric coefficients gi, g}, and g? defined by 


(A104) 


give the lengths of the tangent vectors dx/du, dx/dv, and Əx/Əw [10]. For suitable 
functions g (x), ga(x), gs (x) we obtain the orthonormal basis vectors 


aes DW usi? (4.105) 


=-2, qa—L-, 
^ gı ðu $ gov 1 gow 


We attach to each point x of the three-dimensional Euclidean space a right-handed 


orthonormal frame ej, ez, ey with 


ee (A.106) 


where ô; is the Kronecker delta symbol defined in (A.8). 

The orthonormal basis vectors constitute a moving frame [3, 4]. Moving frames 
represent geometric objects in a basis that is tied to intrinsic geometric features of the 
problem. We presuppose the moving frame e, ez, e, is right-handed. Otherwise we 
change the order of the three vectors. We now express dx by 


dx = — du + — dv + — dw. (A.107) 
u v w 


Inserting (A.105) yields 


dx = gie du + grerdv + gsesdw. (A.108) 


Vectors and Differential Forms 643 


Introducing the unit one-forms 
=gidu, s=g2dv, s-gdw (A.109) 


yields 


dx-se*s etse. (A.110) 


The star operator or Hodge operator » as defined in (A.38) is given by 


affans, 
x (Aust + AyS2 + Aw 53) = Åu S2 A S3 + Ava ASi + AwS A525 
x (Ausz A S5 + AySs A Si + AwSt A 52) = AuSi + AyS2 + Aw 53» 
*(fs^s^s)sf. (All) 


Let us now consider the exterior derivative in curvilinear coordinates. The exterior 
derivative of a zero-form f is given by 


df= Laus Mac OF i (A112) 


Inserting (A.109) yields 


13. Wale, DW. (A.113) 


d 
fau gov os 


In conventional vector analysis the exterior derivative of a zero-form corresponds to 
the application of the gradient operator: 


laf, taf, lar 
gue oat MU pow (A14) 


We compute the exterior derivative of a one-form A, given by 
A= AyS + ÅS + Aw S3. (A115) 
With (A.109) we obtain 


A= gi Au du + go Av dv + gs Aw dw. (A.116) 
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Forming the exterior derivative yields 


dA- (nem x agta) du^ dv 


E" 
(A672 AB) ava ar (A17) 
ip (Ae xp] didi 

aw 3u 


and after again inserting (A.109) we obtain 


ate (eh) 42) ong 


£V dv E 

Li (3A) 2A) 

mu ( oW m SAS, (A118) 
1 (3mA) 3mA)).,. 

Ap ðu y Jue 


In conventional vector analysis the exterior derivative of a one-form corresponds to 
the curl operator: 


cur a= —L (7at)- xen). 1 
8283 ov 
1 e- pte) PR (A9) 
$i Ow 
a xS n" 
£182 du 
To compute the exterior derivative of a two-form B, given by 


B= Bysz ^5 + ByS3 ^ Sj ByS ^ S2 (A.120) 
first we insert (A.109) and obtain 
B= gigi Bu dv ^ dw + gygi By dw ^ du + gigi Bw du A dv. (A12) 
After applying the exterior derivative and again inserting (A.109), we obtain 


1 [35585 3(5nB) |, 3B») 


ae gees | ðu av aw 


SASAS. (A.122) 
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In conventional vector analysis the exterior derivative of a two-form corresponds to 
the divergence operator: 


divg = —1 [XB , (By) , 2(sig2Bw) | 
ETT Ou ov ow 


(A.123) 


Let us now apply the Laplace operator (3.12) to a scalar field f. From (3.13) we obtain 


Af=«dedf. (A124) 
We start with "RAM 
af- an Favs Taw, (A.125) 
Inserting (A.109) yields 
dfedbS y M. Le, (A26) 


“gu” g Ov & Ow 


Applying the star operator (A.1I1) gives 
AE ie dc be ng pd eee (A.127) 
gı du ra gs ow 


and with (A.109) we obtain 


wp o EB ay a dw + 28S aw n du EE df dun dv. (A128) 
& ðu gi ov g Ow 


We now compute again the exterior derivative 


-|2 (28 3f) , 9 (em 9f 
s a-[z( a 9») av\ g ov 


es (se EA! du^dv^dw, (A129) 


aw \ p aw 
and obtain with (A.109) 
1 [2 (ge of\ | 9 (ge of 
ds df= 2 ( 8283 SF), 2 |La 
"8f sas sl a ou)” v g dv 


3 (&g of 
s (e ow SASAS. (A130) 
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Using (A.124) and (A.1lI) yields 


..1 [9(mm9f|, 2 (g8 Of) 9 (mg of 
sll n L), ž{ aw) alam O 


A.4.1 General Cylindrical Coordinates 


A general cylindrical coordinate system is linear and translationally invariant in one 
direction (i.e., the longitudinal direction and curvilinear in the transverse directions). 
Let the z-direction be the longitudinal direction and u and v the transverse coordinates. 
In this case the coordinates are u, v, z and the unit differential forms are 


s-gdu, 57 gidv, 5,7 dz. (A.132) 


In the treatment of field problems in general curvilinear coordinates it often is useful 
to separate field functions ¥(u, v, z) in a transverse part y(u, v) and a longitudinal 


part f(z): 
Y(u,v, z) = y(u, v) f(z). (A.133) 


We can separate the exterior derivative (A-112) in a transverse exterior derivative dt and 
the longitudinal derivative (i.e., the derivative with respect to the z-coordinate). 
ð 
d= d+ dz (A134) 
oz 
with the transverse derivative given by 


a a 
d; = 3u du » dv. (A.135) 


The exterior derivative of the three-dimensional scalar function V(x, y, z) given in 
(A.133) can be expressed as 


arieni e Gov e vs na dz. (A56) 
"The scalar Laplace operator (A.124) becomes 
i 
EE F5 (A.137) 


with the transverse Laplace operator or two-dimensional Laplace operator A, given by 


--L [2 (ar), 9 (a a 
saa alee): a 
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Applying the Laplace operator to V (x, y, 2) yields 
# f(2) 


oz? 


Au, v, z) = (Arpu, v))f(2) + y(u v) 


(A.139) 


In Cartesian coordinates x, y, with z being the longitudinal coordinate and x, y being 
the transverse coordinates, the transverse exterior derivative is 


9 a 
aspiri (A440) 


and the transverse Laplace operator is 


2 P 


M tadt3y (A141) 


A.42 Circular Cylindric Coordinates 


To deal with circular cylindrical electromagnetic structures we introduce circular 
cylindrical coordinates. Figure A.6 shows the circular cylindrical coordinates. The 
coordinates p, d, z are defined in the following intervals: 


u-p, O<p<o, 
veg, 0<¢<2n, (A442) 
w=z, -00 < z < +00. 


‘The circular cylindric coordinates p, ¢, z are related to the Cartesian coordinates x, y, Z 
via 


x=pcosd y=psing LEA (A.143) 
and 
IENEEY $= arctan Ž z=z. (A.144) 
x 


Inserting (A.143) into (A.104) yields the metric coefficients of the circular cylindrical 
coordinate system: 


gal =P gal (A145) 
and the unit forms 


s= dp 5) =pdg s= dz. (A146) 
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Figure A.6: Circular cylindric coordinates. 


‘The components of the p-forms are referred to the unit forms and given by 


wvofom: — fia) 

one-form: E(x) = E, dp + Ey pdġ + E; dz, 

two-form: D(x) = Dp pdé^ dz + Dg dz ^ dp + Dz pdp ^ dé, 
three-form: Q(x) = pa pdp ^ dpa dz. (A447) 


From (A.III) and (A.146) we obtain 


*f-fpdp^dé^dz, (A148) 
» (Ap dp + Ag pdo + Az dz) = A, pdø ^ dz + Ag dz ^ dp + Az pdp ^ do. 


The length ds of a path element is given by 
ds = (ap)? + p2(d¢)? + (dz)? (A149) 
In circular cylindrical coordinates the exterior differential operator is 


aA aA aA 
dA- dpa S t dbase + dens. (A.150) 


From (A.113) and (A.145) we obtain the exterior derivative of a zero-form f 


ot ag LF of 
af = S do apnd de (A151) 
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‘The corresponding relation in conventional vector notation is 


F alf, 


3 "594^ eZ. (A152) 


grad f =e, Z 
From (A.118) and (A.145) we obtain the exterior derivative of a one-form 


.l(3A. 9(pA9) 9A, 2A. 
a-i - pagn dza |S -S*) den dp 


ag az 
£d ( (pAg) 9A, 
p\ op ag 


Ax) pdp^dé. (A.153) 


In conventional vector analysis the exterior derivative of a one-form corresponds to 
the curl operator: 


2A, X(pAQYV.  (9A5 Az) L1 (pA). BA, 
ail A= (- pao) o (Soo Ss) e, 5 (Mee - aJ 
(A154) 
From (A.122) and (A.145) we obtain the derivative of a two-form D 
1 [3(9D5) | 2D , (pz) 
ma — di A 
Al PDD e 5 pap nap de, (A155) 


In conventional vector analysis the exterior derivative of a two-form corresponds to 
the divergence: 


(A.156) 


divD = ES ELN 262) . 
P 


dp | 39 X 
From (A.124) and (A.145) we determine that the scalar Laplace operator in circular 
cylindric coordinates 


.Pf 1f 19f Pf 
Ap ap * pap” de? sa 


In circular cylindric coordinates the Laplace operator applied to a one-form A yields 


1 2 9A, 
AA= dp (aa, e I) 


s pdé (^ = z^ + IN) +dzAAz. (A158) 
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Figure A.7: Spherical coordinates. 


‘The Laplace operator on the right-hand side of this differential equation is the scalar 
Laplace operator as defined in (A.157). If the one-form A exhibits only a z-component, 
the explicit Laplace operator for the one-form reduces to the explicit Laplace operator 
for the zero-form. 


A.43 Spherical Coordinates 


Theanalysis of electromagnetic structures with spherical symmetry usually is performed 
in spherical coordinates. Figure A.7 shows the spherical coordinates. The coordinates 
7, 6, 0 are defined in the following intervals: 


O<r<ow, 
0<O<n, (A159) 
0có«2n. 


The spherical coordinates r, 6, $ are related to the Cartesian coordinates x, y, z via 
=rsin cos y=rsin @sing 2-rcos8 (A160) 


and 
rr 
r-a  0=arctan YT = Y cada z . — (A4161) 


Inserting (A.160) into (A.104) yields the metric coefficients of the spherical coordinate 
system: 


a=1 g=r gs=rsing (A.162) 
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and the unit differential forms 
=dr s-rdà s -rsinédé. (A63) 
‘The components of the p-forms are referred to the unit forms and given by 
zero-form: f(x), 
one-form: E(x) =E, dr + Ey rd + EgrsinOdg, 
two-form: D(x) - D, r^ sin&d ^ dø + DersinO do ^ dr + Do rdr ^ dé, 
three-form: Q(x) 2 pr^sinüdr ^ dA dé. (A164) 
From (A111) and (A.163) we obtain 
*f=fr sindra d9 ^ d$, 
» (A, dr + Ao rdó + Ao rsin Odg) = Arr? sin 0d0.0 dó + Agr sin Odé A dr 
+Agrdr ^ dé. (A.165) 


‘The length ds of a path element is given by 


ds = (dr)? + r? (d0)? + r? sin? (4g)? - (A.166) 


In spherical coordinates the exterior differential res is 
aA 


dA= dr^— a dé won + dé ee (A.167) 
From (A.113) and (A.163) we obtain the exterior derivative of a zero-form f. 
a 3 1a 2 af 
= — 5 e 168) 
df= ar +2 $90* ETE d$. (A168) 
The corresponding relation in conventional vector notation is 
grad f = et HOM 1 of (A.169) 


**9736 ' rsind OG” 


From (A.117) and (A.163) we obtain the exterior derivative of a one-form 


2 (eme = EM f sin0dÓ A d$ 


Em 36 
1 (8A, a(rsin Ag) 
-2 in 8d. 
m ROAA) rin gió dr 


1(3(rAe) _ A; 
zl 3 28 A) rdr^ dé. (A.170) 
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In conventional vector analysis the exterior derivative of a one-form corresponds to 
the curl operator: 


curl A= 


1 (3(rsm8As) 3(rAs) 
zl 30 ` )« 
1 (A, 3rsneAQ), 
wana (a - ðr ) d 


Hean E E "e 


* 


"oes 3 (Am) 


From (A.118) and (A.163) we obtain the derivative of a two-form B 


g- Ll [Xrsin8B,) | a(rsin Be) | à(rBs) 
— sind ar 98 EI 


Jesoeor^ dO ^ dg. 


(A172) 
In conventional vector analysis the exterior derivative of a two-form corresponds to 
the divergence operator: 


divB 


1 pe sin @B,) , A(rsin@Bo) | 3(rBy) (A73) 


P sind ar 38 E 


From (A.124) and (A.163) we obtain the scalar Laplace operator for a zero-form f 


aafaa 1 a/. af), 1 Xf 
Afi ( F) sin 00 (1035) Faint 6 3g?" eye 


‘The Laplace operator for a one-form A is given by 


j 2dA_ 2cotÜ 

AA=d een Vem i om A e. 

oN r (a4, B m n Psind J$ 
2 0A, 


1 2 cot8 2A, 
ae (3. " E 
TR (3 38 * MAO magrg^ sind x) 


(A375) 


2 BA, , 2 cote dA | " TUS 
Pind 36 'risin6 Op * ps0 * 


* rsin 6 d$ ( 


‘The Laplace operator on the right-hand side of this differential equation is the scalar 
Laplace operator as defined in (A.174). 
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A.4.4 Twisted Forms 


To describe a surface and its neighborhood we introduce a right-handed curvilinear 
orthogonal coordinate system u, v, n, where u, v are coordinates tangential to the 
surface and the coordinate n is normal to the surface, The tangential unit one-forms sı 
and s; and the normal unit one-form n are defined as in (2.138). 

o transform an ordinary one-form into a twisted one-form and vice versa we 
introduce the twist operator by 


Ln U=a(naul), (A.176) 


where n is a unit normal form (i.e., a unit form as defined in (2.138) that is normal to 
a coordinate surface). We restrict our consideration to surfaces that are coordinate 
surfaces in orthogonal coordinate systems. In most cases it is possible to introduce 
such a coordinate system at least locally. The index n of the twist operator Ln denotes 
the axis of rotation. If u, v are the coordinates tangential to the surface and n is the 
coordinate normal to the surface, the application of the twist operator Ln to a one-form 
tangential to the surface rotates the one-form around n by 90° in the positive direction, 


Ln (Uusi + Uys2) = -Uysi + Uum, (A377) 
Ln (Uys, - Uus2) = Uusi + Us (A.178) 


From this it follows that two-fold application of the twist operator 1, to a one-form 
tangential to the surface inverts this one-form, 


wUs-U —fernou-0. (A.179) 


We note that the use of the term twisted forms is distinct from that given by Burke i). 


A.4.5 Integration of Differential Forms by Pullback 


In contrast to the integration of vector fields the integration of differential forms 
requires no metric. The integration of differentials can be done simply by the method 
of pullback (12). Ifa path integral 


[^ (A.180) 


over the path P has to be evaluated, and the path P is parametrized by 


xep(t), y=prlt), 2=ps(t) (A181) 
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for t < t < fj, we introduce the pullback of A to the path P, defined by 
PS A= P^(A, dx + Ay dy + A; dz) 
= As(py pa ps) di + Ay(pr, po, Ps) dpa + As(pi, P2, p3) dps 


3 3 2 
= (As Cpi pas p) P. + A, (ipo Pa) LE + AL (po pa p) 22) ar. 
(A182) 


With the pullback of A we convert the integral over the path P to an integral in t over 
the interval t < t< tz 


D 
J, A= [° PA. (A183) 
po dy 


A.5 DOUBLE DIFFERENTIAL FORMS 


In vector analysis a dyadic defines a linear mapping of vectors [13-15]. In vector calculus 
a dyadic is the formal sum ofa finite number of dyads, a dyad being a pair of vectors [16]. 
In differential form calculus dyadics may be represented by double forms [12,17]. A 
double one-form G is defined by 


G = Gy dx dx’ + Giz dx dy’ + Gi dx dz (A184) 
+ Ga dy dx! + Gy dydy! + Gi dydz 
+ Gy dz dx + Gy, dedy + G33 dzdz'. 
Green's double form relates the observation space x to the source space a". Primed 


and unprimed differentials dx; and dx; commute (i.e., in products they may be inter- 
changed without changing the sign). The rules are 


dx; dx} = dxj dx, with dx; = dx, dy, dz. (A185) 


A one-form A is mapped into a one-form B and a two-form C is mapped into a two- 
form D via 


B(x) = J G(x.x') n+ A(z’), (A.186a) 
»()-« f G(x.x!) aC(x!). (A.186b) 
In these equations G(x, x^) is called the kernel of integration. The primed integration 


symbol denotes that the integration is performed over the primed variables. For the 
integration the unprimed differentials are treated as constants. 
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Table A.1: Differential Operators 


Vector Differential Operator 


Exterior Differential Operator 


grad f. 

curl A 

divB 

curl grad f = 0 

div curl A - 0 

div grad f. 

grad diva 

grad div B 

curl curl A 

Af = div grad f 

AA = grad div A — curl curl A 

AB = grad div B — curl curl B 
grad(f g) =g grad f + f gradg 
curl (fA) = grad f x A + f curl A 
div (Ax C) = curl AC A- curlC 
div (f B) = grad f -B + f div B 


af 
dA 
dB 
ddf 
ddA-0 
ddf or 
drdr A 

+ ds dB 
d«dA or 
Af-*dedf 
AA- dede A-« de dA 
AB-«d«dB-d«d«B 
d(fg) - df + f dg. 
d(fA) - dfa A+ f dA 
d(AAB)- dAAB- A^ dB 
d(fAB)- dfAB«fdB 


*dedf 


*dedA 


Notes =A s - 19 A= ATO B= [B]. C= [C]. 


Table A.2: Maxwell's Equations. 


Equation Vector Notation Differential Form Notation. 
Amptre’s law 

Faraday’s law 

Gauss’ law div D=p 


Magnetic flux continuity 
Electric constitutive equation 
‘Magnetic constitutive equation 
Ampére’s law 

Faraday’s law 


aH = + jack + I 
d£ = -+ jan 
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With the identity kernel, defined by 
T(x, x!) = (x - x") (dxdx! + dydy’ + dzdz’), (A187) 


any one-form A and any two-form C, respectively, is mapped in itself. We obtain 


J (s.a) & A(x’) = Ala), (A.188a) 
" f 26) AC(x") - C(x) . (A.188b) 


A.6 RELATIONS BETWEEN EXTERIOR CALCULUS 
AND CONVENTIONAL VECTOR NOTATION 


A.6.1 Differential Operators 


In conventional vector notation three differential operators are defined. The gradient 
operator applied to a scalar yields a vector 


af 

grad f = Z à (A189) 
af 
9r 


The curl operator applied to a vector U yields the pseudovector 


au, au, 
a Ux 
curl U = a - ah), (A.190) 
3U, _ au, 
ax oy 


"The divergence operator applied to a pseudovector V yields the pseudoscalar 


(A191) 


Table A.1 shows the correspondences between the differential operators in conventional 
vector notation and exterior differential form notation. 
A6.2 Maxwell's Equations 


Table A.2 shows the correspondences between Maxwell's equations in vector notation 
and differential form notation. 
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Appendix B 


Special Functions 


For a number of coordinate systems the Laplace equation, the Helmholtz equation, 
and the wave equation may be solved exactly by separation into ordinary differential 
equations. As the solutions of these ordinary differential equations, special functions 
occur. In this chapter special functions for circular cylindrical and spherical coordinate 
systems and some important formulae are summarized. For a detailed presentation of 
the mathematical background, see for example, [1,2]. A comprehensive presentation of 
the coordinate systems for which the partial differential equations mentioned above 
may be solved exactly, and the methods of solutions are given in (3]. Comprehensive 
collections of formulae and theorems for the special functions of mathematical physics 
are provided in [4,5]. 


B.1 ORDINARY BESSEL FUNCTIONS 


‘The separation of the Helmholtz or wave equation in circular cylindrical coordinates 
leads to Bessel’ differential equation 


eere. (B3) 
The variable z and the parameter n can be arbitrarily complex. However, in the following 
n will be assumed as real and integer or half-integer. The solutions of Bessel’s differential 
equation are the Bessel function of the first kind Ją (z), the Neumann function or Bessel 
function of the second kind Y, (z), and the Hankel functions of the first kind Hj (z) 
and of the second kind HÍ? (z). The index n denotes the order of the function. The 
Bessel functions of the first kind J,,(z) [1] are defined by 


a CD* Gat" 


hO- È rere) 


(B2) 
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0. 
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Figure B.1: The Bessel functions of the first kind of order 0, 1, 2, 3, and 4. 


For integer n the factorial n!, the double factorial n!!, and the gamma function T(n) [6] 
are given by 


ee 3-241 forinteger m 21 ner 
1 for n=0 
1.(n-2)..5:3-1. for n odd 
ntü-in-(n-2)...6:4-2 forn even , (B.3b) 
1 for n=-1,0 
T(n)=(n-1)! for integer n>1, (B3e) 
T(n+3) = eos for integer nz 0. (B3d) 


Figure B.1 shows the Bessel functions of the first kind of order 0, 1,2,3 and 4. The 
Neumann function Y, (z) [1] is defined by 


_ In{z) cos(a) - -n(2) . 


sin (nr) d 


Y.(z) 
Figure B.2 shows the Neumann functions of order 0, 1, 2,3 and 4. The Hankel functions 
H(z) and HY (z) [1] are defined by 


up) = Eat) 


- jnn 
Pajea T, 


: (Bsa) 


(B.5b) 
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Figure B.2: The Neumann functions of order 0,1,2,3 and 4. 


‘The Hankel functions are related to the Bessel functions of the first and second kind via 


Hf (2) = (2) +5¥a(2) » (Boa) 
HY? (z) = In(2) -jYa (2) - (8.65) 


For real order n the Hankel functions of the first and second kind are related by 


Hf (e) = d£" (2), (Ba) 
Hon) = ng" (2). (B.7b) 


Denoting by f,(z) any of the functions /, (z), Y, (z), H (z), HY (z), the following 
recurrence relations are valid: 


fee) funt) = fale), (B.8a) 
fua) - fanl) = 2/42) - (Bab) 


The expression f/(z) denotes the derivation of f, with respect to z. The functions of 
positive and negative order are related via 


Falz) = (-1)" falz) - 9) 
From (B.8b) and (B.9) it follows that 


HE) = -h() - (B.10) 
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‘The Wronskian of two functions f(z) and g(z) is defined as 


f(z) s) 


wene eA £6) 


= f(2)8'(2) - f'G)gG). Bn) 


‘The following Wronskian relations hold for Bessel functions: 


sinnn 


WUC), J-a(2)} = Jasi (2)J-n (2) + Caon (2) 27275 (B120) 
WEE) YAD) = maY) -MD Yanl) = 2, (B12) 
WHO), HE) HOOPO- -F B 


The ordinary Bessel functions of the first kind are the Fourier series expansion coeffi- 
cients of the generating function 


eise =. SS p (z) el" (813) 


If Ẹni and n are the ith and kth zero of /, (x), in other words 


In(Sni) =95  In(Snk) 70, (B.14) 


the following orthogonality relation is valid: 


(Eur) (Ear) [o fori +k 
f "( : ( z Je ai cus (Bas) 


B.2 MODIFIED BESSEL FUNCTIONS 


Modified Bessel functions are the solutions of the modified Bessel differential equation 
d 
et (4) -rs =0. (816) 


The modified Bessel differential equation is obtained by replacing z by jz in the Bessel 
differential equation (B.1). Solutions are the modified Bessel function of the first kind 
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Figure B.3: Modified Bessel functions of the first kind of order 0,1,2,3, and 4. 


In (z) and the modified Bessel function of the second kind K,(z). The index n denomi- 
nates the order of the modified Bessel functions. The modified Bessel function of the 
first kind is defined by the series expansion [4] 


& ^ dom 


I,(z) = > CEE ETUR (B37) 


Figure B.3 shows modified Bessel functions of the first kind. The modified Bessel 
function of the second kind is related to the modified Bessel function of the first kind 
via [4,7] 
L«(z) - I(z) 
sin(nx) ° 
where the right-hand side of the equation must be replaced by its limiting value if v is 
an integer. Modified Bessel functions are related to ordinary Bessel functions via 
In(z) = C3) 2) > (B.19a) 
K, (z) = 4n(j)"""Un(jz) *3Y4(2)] - (B.19b) 


K,(z) -in (B.18) 


Figure B.4 shows modified Bessel functions of the second kind. For modified Bessel 
functions the following recurrence relations are valid: 


Ia) - Ina) = Zne, (8203) 
In-a(2) + Insa(2) = 204(2) (820) 
Ky-i(2) - Kya(2) = Ka) (B.20c) 


K,a(z) + Knsi(z) = -2Ki,(z) . (B.20d) 
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Figure B.4: Modified Bessel functions of the second kind of order 0,1, 2, 3 and 4. 


Modified Bessel functions of positive and negative integer order are related via 


Ln (z) = In(z) . (B.212) 
K-n(2) = Ka(2) . (B.21b) 


From (B.20b), (B.21a), (B.20d), and (B.21b) we obtain 


Tolz) = h(z) » (B.22a) 
Ko(2) = -Kı (z) . (B.22b) 


Modified Bessel functions of the first kind are the Fourier series expansion coefficients 
of the generating function 


e9 = Io(z) +2 Y. In(z) cos( ng) . (B23) 
ft 
Now we list some important integrals involving Bessel functions. A large number 


of integrals involving Bessel functions are contained in [4,5,7]. The functions f,(z), 
gn(z) may denote any of the functions J, (2), Y, (z), Is (z), Ks (2). 


J hang (pras n Pte Po fae, qan 
f xf2(ax) dx = 4x" [f2(ax) - f, (ax) fan(ax)] - (B25) 


From (B.10) and (B.25) we obtain 


J Tè (ax) dx = 4x? UC - Jolax)/2(ax)] - (B26) 
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From (B.10) and (B.25) it follows that 


" "m ixi(axo) for Jo(axo) = 0 
f xJ?(ax) dx = ji xli (ax) dx = (442 )2(ax0) for Jj (axo) =0 
-}x3Jo(axo)Ja(axo) for (ax) = 0 . 
(R27) 
From (B.25) we obtain 
Í * gjü(ax) dx = $23 [Jo (axo) + JE (axo)] - (B.28) 


B.3 SPHERICAL BESSEL FUNCTIONS 


"The spherical Bessel functions jn(x), Yn (x) and the spherical Hankel functions of first 
and second kind AË (x), hP (x) are solutions of the differential equation 


% dz, 
trate) y 2C) 


a ant (x? - n(n +1))zn(x) 20. (B.29) 


This differential equation is the differential equation (3.231a) normalized to x = kr, and 
describes the radial component of spherical wave functions. With the substitution 


(B.30) 


we transform (B.29) into 


a fmn) | Maral) , 


um dx 


[2-0 yay | ae) = 0- (B.31) 


This is Bessel's differential equation (B.1) for half-odd integer order n + }. The spherical 
Bessel functions j, (x), yn (x) and spherical Hankel functions of first and second kind 
n(x), h(x) are related to the cylindrical Bessel and Hankel functions of order 
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n+ 4 by 


ints) = | eant) 
yal) = VE rent) 
hy (x) = = HO (D. 


MP) = T Han G0 + 


Anaya 


‘The spherical Bessel functions of order 0 to 2 are given by 


sinx 
Jo(*) = <= 


sinx cosx 
i 


and 
cosx 
yolx) =-—— 5 
sinx cosx 
y). SA emt, 
1 
vx)" C$ + ©) cose ~ 5 sinx 
x 


and the spherical Hankel functions of order 0 to 2 are given by 


AW (x) = A(x) = Td 1 
- 1 j T 
n0) 2*6) =(-2-4) els, 


nO (x) =A (x) = B es 3) e*, 
x H 


(B.32a) 


(B.32b) 


(B.32c) 


(B.32d) 


(B.33a) 
(B.33b) 


(B.33c) 


(B.34a) 
(B.34b) 


(B.34c) 


(B.35a) 
(B.35b) 


(B.35¢) 
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B.4 LEGENDRE POLYNOMIALS 


‘The separation of the Helmholtz or wave equation in spherical coordinates leads to the 
following differential equation for the function of the 0 coordinate 


Y df gd m? 
- =0. 36 
and dd (ine 2) * g #1) zs (B38) 
With the substitution 
x= cos (B37) 
we can bring (B.36) in the form 
df df n? 
2x3) LI -2x-- - - 
(= x) rae ine DI fet. (B.38) 


This is the Legendre differential equation. The variable x and the parameters n and m can 
be arbitrarily complex. However, in the following m and n will be assumed as real and 
integer. Since in the spherical coordinate system we consider the interval 0 < 6 <n, this 
yields -1 « x « 1. The solutions of the Legendre differential equation are the associated 
Legendre functions of the first kind P? (2), and the second kind Q7' (z). The subscript 
n denotes the degree and the superscript m the order of the Legendre function. 

For m = 0 we obtain the ordinary Legendre differential equation 


d 

Q7 as. anans eo. (B.39) 
The solutions of the ordinary Legendre differential equation are the ordinary Legendre 
functions of the first kind P, (x), and the second kind Qn (x). For integer n the ordinary 
Legendre functions of the first kind are polynomials of degree n and therefore are 
also called Legendre polynomials of degree n. The explicit expression for the Legendre 
polynomial is 


, (B.40) 


where M = 1n for even n and M = 1(n - 1) for odd n. In terms of x and cos 0 the five 
Legendre polynomials of lowest order are 


Po(x)=1, (B.41a) 
P(x) =x = cos, (B.41b) 
P,(x) = 3(3x? - 1) = 4(1+3cos28) , (B.4lc) 
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P,(cos 8)  Pq(cos9) 
i P,(cos 9). 
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Figure B.5: The Legendre polynomials of the first kind of order 0,1, 2,3, and 4. 

P3(x) = (5x? - 3x) = 1(3cos0 + 5cos30) , (B.41d) 

P4(x) = &(35x* - 30x? +3) = 4, (9 + 20cos 20 + 35 cos 48) . (B.41e) 

Figure B.5 shows the Legendre polynomials of the first kind of order 0,1, 2, 3 and 4. 


The Legendre functions of the second kind Q, (x) are infinite at x = +1, orat 8 = 0 and 
0 =m. The lowest order Legendre functions of the second kind are given by 


Qo(x) E -Incotió, (8.422) 
l+x 

Qi) = xin 35-1» cos 9Incot 49-1, (6.426) 

Qi) = 4(3x? - ind ** -ix-i(3cos0-1)Incotió-icos0. (B420) 


The nth order Legendre function of the second kind is 


Q) = Qa(x)Pa(x) - 55 2m 


p Gn D mere)» (8.43) 


where M = }1 for even n and M = }(n +1) for odd n. The Legendre functions with 
positive and negative arguments are related via 


Pa (=x) = CU" Pa (2) > (B.44a) 
Q,(-x) = (-1)"""Qu(x) . (B.44b) 


Figure B.6 shows the Legendre polynomials of the first kind of order 0, 1, 2, 3, and 4. The 
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Figure B.6: The Legendre polynomials of the second kind of order 0,1, 2, 3, and 4. 


associated Legendre functions (i.e., the solutions of the associated Legendre differential 
equation (B.38)) are 


pra) = (pra -Ae SPD, (Basa) 
aw- coa ey Thl, (basb) 


Some lower-order associated Legendre functions of the first kind are 


PR x) =-(1- x2)? (B.46a) 
Pix) = -3x(1 - x?) , (B.46b) 
P3(x) =3(1-x"), (B.46c) 
Pix) 220-x"Q-5x?), (B.46d) 
Pi(x)-5x(-x*). (B.46e) 
Pi(x)s-15(1- x2) (B.46f) 


Some lower order associated Legendre functions of the second kind are 


Qi(x) 23x inž- (B.47a) 
QU x) = 3x Vi -iln = = (B.47b) 
Q(x) =3(2?-1) E d (6.470) 
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¥,2(0,0) 


Y, 90) 
0 02x O4n O6n Osn n? 


Figure B.7: The spherical harmonics Y?, Y}, Y2, Y), Y7. 


The orthogonality relation for associated Legendre functions is 


(m +m) 
2n +1 (n-m)! 


f P? (x)P? (x) dx = (B.48) 


B.5 SPHERICAL HARMONICS 


Spherical harmonics are solutions of the partial differential equation 


1 d(.o9f(9.9) 1 9f(6,9) zs 
aa (in 38 )3m ag treo. (B.49) 


Setting 

f(6,9) = e(8)o(9) (B.50) 
with the integer separation parameter m with |m| < n the partial differential equation 
(B.49) may be separated into (B.36) for @(6) and the second order differential equation 
for ®(¢): 


1 d(. ,40(0) oo» , 
are (sno n J þes zleo =o, B51) 
do 

E +m?o(9) - 0. (Bib) 


The normalized solution of (B.49) is the spherical harmonic 


Y (0,9) = c? P? (cos0) e)"* (B.52) 
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where c? is a normalization constant, given by 


m ( 
p 2n41) (nem) 
Some lower order spherical harmonics are 
Y(6,9)- —. 
Van 
¥i(0,.¢) = -V gzsindel®, 
¥°(0, $) = Foe, 
Y (0,.0)- sind" P, 


¥} (0,6) = Vs = 3sin? 900? , 
Y(6,6)-- Vx 3sin Acos de)? , 
0 5 (3 cos? n 
¥2(9,9) = Vu. Ges 6-1). 


¥;'(0,9) = | wu : 


Y;*(0.9)- Vx Asin ae 


Figure B.7 shows some of the lowest-order spherical harmonics. 


“The orthogonality relation for spherical harmonics is 


TM 
fos [870.0 YI 0,0 i48 ab «s nbn 


671 


(B.53) 


(B.54a) 
(B.54b) 
(B.54c) 
(B.54d) 
(B.54e) 
(B.54f) 
(B.54g) 
(B.54h) 


(B.54i) 


(B.55) 


The spherical harmonics constitute a complete system of functions within the interval 
0<0 <n, 0< $ «27. Any function f (0, ¢) with sufficient continuity properties may 


be expanded in this interval in a series 


f(6,9) = 3 Amn Yn (8,9) - 


(B.56) 
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The expansion coefficients am,» are 


dk p 
LS jd Y7" (6, 6)/(0, 6) sin 8 d0 dd . (B57) 


‘The spherical harmonics may be separated in their real and imaginary parts 


Yr (0.9) = Yr (6,6) +j Yn" (8,9) (B58) 
with 

¥;"(6,$) = c? P™(cos 8) cosmó, (B.59a) 

Y7* (0,6) = c? P? (cos 0) sin mọ. (B.59b) 
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Appendix C 
Linear Algebra 


C.1 UNITARY VECTOR SPACE 


This section recalls the basic definitions and the basic formulae of linear algebra. For a 
more detailed treatment, see for example [1-3]. 

A matrix is a rectangular array of scalars (e g., integer, real, or complex numbers or 
integer-, real-, or complex-valued functions). The rectangular array 


Au An = Am 
aaia umore as (C) 
Am Ama = Amn 


is called a matrix of m rows and n columns. We denote matrices with boldface letters. 
We may use the index (m x n) to indicate the numbers of rows and columns. A matrix 
of type (m x n) is said to be an m by n matrix. A matrix of type (n x n) is called a 
square matrix of order 11, A matrix of type (m x 1) is a column vector, and a matrix of 
type (1 x n) isa row vector, 


x 

Sexy | lí (C22) 
Xm 

Yarn) = Do 3n Pa] + (C.2b) 


For two matrices A and B of the same size (m x n) a matrix sum 


Cian) = A (msn) + Biss) (C3) 


673 
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is defined such that 
Cij = Aij + Bij 


for each i and j. The product of a matrix A and B with a scalar b 
Cimxn) = PA (msn) 


is defined by 
Hi 


Ci =b Aj. 
k=l 
For two matrices A and B of the type (m x I) and (I x n), a product 
Cimxn) = A(mx1)B(txny 


is defined. The elements of C are given by 


Li 
Ci =D AuByy 


E 
T 


for each i and j. The matrix product has the following properties: 


(AB)C=A(BC)=ABC associative, 
(A+B)C=AC+BC distributive, 
C(A+B)=CA+CB distributive, 

AB+BA in general noncommutative. 


If all elements of a matrix are 0, the matrix is called the null matrix 0: 


00 00 
00 00 
Omi o: i0 
00-00 
0000 


For any matrix A(,,,,) the sum with the null matrix is given by 
Aimxn) + Ütmxn) = A(mxn) 
and the product with the null matrix is given by 


On) A(mxn) = Ü(exn) > 
Amn) O(nxk) = O¢maxky + 


(C4) 


(C5) 


(C6) 


(C7) 


(C8) 


(C9) 
(C.10) 
(C.12) 
(C12) 


(C.13) 


(C.14) 


(C15) 
(C16) 
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The unit matrix 1 is a quadratic matrix with the Konecker delta à; as the matrix elements 


10+ 0 0 
01-00 
Noam) = lôg] o: of. (ca) 
n. d 0 
0 0 0 1 


For any matrix A(n xn)» the product with the unit matrix has the property 
mem) Aqmxn) = Aman) Hnxn) = A (man) - (C.18) 
The commutator of two quadratic matrices A and B of same dimension is defined as 
[A,B] = AB- BA (C19) 
If the commutator is 0 the matrices A and B are said to commute. In this case the 
product AB is invariant under exchange of the factors A and B. 


A square matrix in which all nondiagonal elements are zero is a diagonal matrix. It 
can be written in the following abbreviated form: 


D, 0 0 0 
0 D 0 o 
o: xo: 0 | =diag{D,, Do. Dn-i Ds] - (C.20) 
0 0 Da 0 
Q d c Y Ds 


If two matrices C and D are diagonal these matrices commute and the product CD is 
also diagonal, 


CD = DC = diag|(Ci Di, Cia, Cn-1Dn-1» Cn Dn) - (C.21) 


A matrix A may be composed by submatrices Au, A12, A21» A22 in the following way: 


Aupsa) Aia(px(n-4)) | 
A(mxn) = Liebe! (c.22) 
Um T MAaiq-p)ss)  Azim-p)n-) 


For a quadratic matrix A (xn) a determinant of nth order 


(C.23) 
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is defined by 

det A any = L(A)" Ap -+ -Anpa > (C24) 
where the summation has to be performed over all n! permutations of the second indices 
Pi ++ Pn» The exponent « is the number of exchanges of indices for transforming the 
sequence 1... n into p; ... Pn. The determinant of a second order matrix is 


det Ap.) = AnAn2 - Aun, (C25) 
and the determinant ofa third order matrix is 


det A(sx3) = AnAziAss + ArzA23 Asi + AsAn Age 


(C26) 
-AnAzAs - Au Ady - AvAnAs . 


The determinant of the submatrix of a quadratic matrix obtained by deleting the ith 
row and the jth column is called the minor of the element Aj; and is given by 


An c Anja Aig oo A 
ia Ama c naga Aiga = Ais 
= E ^ * (C.27) 
57 lua Aug st Alan ea 
Aa oe wp Jaja codes 
‘The cofactor A, of the element A; ofa quadratic matrix is given by 
Ag = (IAM. (C28) 


Due to (C.24), an nth-order determinant may be expanded as a sum of the products of 
the elements of any row or column of the appropriate matrix with their cofactors. This 
is the Laplace expansion 


detA (nen) 


D Ayat = DAyAy. (C29) 
‘al E 


A quadratic matrix is called singular if det A = 0. If a quadratic matrix is nonsingular 
(i.e. det A # 0), the inverse A~ is defined by its property 


A'A=AA™=1, (C30) 
and may be computed using Cramer’ rule: 
EL 
mm) “ara | P a. (C31) 
Ain Ain Ann 
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‘The inverse of the product of two matrices is 
(AB)! -B^! 4^. (C.32) 
"The inverse of a diagonal matrix is the diagonal matrix of the inverse elements: 
(diag[Dy, Ds, ... Da, D,])" = diag[ D7", D;^... Dito D;] - (C.33) 


The transpose AT of a matrix A is obtained by interchanging columns and rows of the 
matrix A: 


Au An c Am 
ara| mom Am (cha 
Am Am = Amn 


If A = AT the matrix A is symmetric. The transpose of the product of two matrices is 
(AB)? =B" A" (C.35) 


If a matrix has the property NT = N^! the matrix is called orthogonal. 
The complex conjugate A” of a matrix A is obtained by taking the complex conjugates 
ofall elements of the matrix A: 


Ah Ah = Ap 
a| ^h ov An (C36) 
Am Am Uo Amn 


If A= At the matrix A is called a real matrix. The complex conjugate of the product of 
two matrices is 

(AB)! = A* B*. (C.37) 
The Hermitian conjugate A? of a matrix A is the transpose of the complex conjugate 
of A. It is obtained by taking the complex conjugates of all elements of the matrix A 
interchanging columns and rows of the matrix: 


Ai An Aim 
away i 4h 7 Am. (C38) 
Ain Ah cn Amn 


If A = A! the matrix A is called a Hermitian matrix. The Hermitian conjugate of the 
product of two matrices is 
(AB)! = Bt at. (C39) 
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Ifa matrix has the property Ut = U™ the matrix is called unitary. The inverses of the 
transpose, the complex conjugate, and the Hermitian conjugate matrix are 


(ay! - (47, (C.40) 
(ay! - (ay, (Cal) 
(at)?! 2 (af. (C.42) 


Determinants have the following properties: 


detAT (C.43) 

det at (C.44) 

det (KA (nxny) = (C45) 
det(A B) = (det A) (det B) , (C.46) 
det(A7) 2 1/detA , (C.47) 
det(A + B) + det A + det B. (C.48) 


‘The determinant of a Hermitian matrix is real. 
The inner product of two n-dimensional column vectors xt, i) and Y(nxi) is given by 


x!ys xt xin. ya] - (C.49) 
The norm or magnitude of a vector x nx) is defined as 


lal o pal E IE - (C50) 


‘The dyadic product of two vectors x(,,.4) and Y(1<m) is 


my xy Yn 
ay-| wA eon om. (C5) 
XmJi XmY2 Uo XmYn 


Let A (pn) = A! bea Hermitian matrix, x, 4) an n-dimensional column vector, and 
x1, its Hermitian conjugate row vector. The expression 


xt Ax 2 Aui xy (C.52) 
ik 
is called a Hermitian form. For arbitrary vectors x the Hermitian form is real. If the 


Hermitian form is positive for arbitrary x it is called positive definite. If the Hermitian 
form is positive or zero for arbitrary x it is called positive semidefinite. 
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‘The determinant of the submatrix consisting of the first k rows and the first k columns 
ofa matrix A is called its leading principal minor det,,A of order k: 


detiA (nxn) = An» 

Aik 
kk 

detpA(nxn) = det A. (C.53) 


det Anse) ES Jfortcken, 


A Hermitian form is positive definite if all its leading principal minors are positive and 
it is positive semidefinite if all the leading principal minors are nonnegative. 
C.2 DIAGONALIZATION OF A MATRIX 


Let A (nxn) be an n-dimensional quadratic matrix, and x, an n-dimensional column 
vector. In the equation 
Ax = Ix (C54) 


the scalar À is called an eigenvalue and x the corresponding eigenvector. We proove that 
if A is Hermitian its eigenvalues are real and its eigenvectors are orthogonal. Consider 
the eigenvalues A, A, and the corresponding eigenvectors x;, x) fulfilling 


Axi = isi, (C.55a) 
Ax; = Ljxj. (C.55b) 


Multiplying the first equation from the left with Hermitian conjugate vector x and the 
second equation with x} yields 


a} Axi = M], (C.56a) 
xl Axj = Ajala. (C.56b) 


‘The Hermitian conjugate of the second equation is 
atati Aixjxi (C.57) 
Subtracting (C.57) from (C.56a) yields 
xf(A- Ax» Qi -Natasi (C.58) 
If A is Hermitian (i.e. A = At) we obtain 


Qi - Ax 0. (C.59) 
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This result holds for any combination of i, j. For i = j we obtain 
(Ai - ADxfx, 20. (C.60) 


Apart from the excluded trivial case where x, is the null vector, the product x! x, is real 
and positive. This yields 


Ài 


X (Col) 


hence the eigenvalues of a Hermitian matrix are real. 
For i + j (C.60) yields 
xix;-0  fori#j. (C.62) 


This means that the eigenvectors of distinct eigenvalues are orthogonal. 
To determine the eigenvalues and the eigenvectors of A, we bring (C.54) in the form 


(A-Al)x=0. (C.63) 
In component notation this reads 
Au-A An Aw |[m]| [o 
An An- à ‘ Ann ^ (C69) 
Ant An Ann -ÀJ [ Xn. 0 


This homogeneous equation yields nontrivial solutions only if the coefficient determi- 
nant vanishes, 
|A-Al]=0. (C.65) 


‘This nth order algebraic equation is called the secular equation or eigenvalue equation. 
Let K be a matrix formed by the eigenvectors xi, x2,...%n in any order, 


K= [x x2] - (C.66) 
From (C.56a), (C.56b) with the diagonal matrix notation introduced in (C.20), it follows 
AK = diag[A A... A,]K. (C.67) 

With the diagonal eigenvalue matrix 
A = diag[i, 3a, ...À] (C.68) 


this can be written as 
AK-AK. (C.69) 
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Multiplying this from the left with K^! and considering that a diagonal matrix can be 
interchanged with any quadratic matrix of the same dimension yields 


K`®AK = K`AK =1K'K=2 (C.70) 
The similarity transformation 
KTAK=A (C71) 


is called diagonalization. If K is unitary (i.e. Kt = K-!), the diagonalization becomes 
a unitary transformation 
K'AK =À (c72) 


and the matrices A and À are said to be unitarily similar. 

If the matrix A is real and symmetric all eigenvalues and eigenvectors are real. If in 
this case K is orthogonal (i.e, K” = K~), the diagonalization becomes an orthogonal 
transformation 

K'AK =À. (C73) 


In this case the matrices A and A are said to be orthogonally similar. 
If two matrices A and B can be diagonalized by the same orthogonal transformation 
K, both matrices commute, 


K'AK-A4, (C.74a) 
K™BK =z. (C.74b) 
Considering that the diagonal matrices A4 and Ag commute, the proof is 


AB - BA- KAAK KAgK"! - KAgK^ KAAKC! = K(AaÀAa - AgÀA)K ! = 0. (C75) 


C.3 MATRIX FUNCTIONS 


The power A" of a quadratic matrix A for a nonnegative integer n is defined as the 
matrix product of n copies of A, 


A" 2 AA... A. (C76) 
inicie 


The matrix to the power of zero is defined to be the unit matrix of the same dimension 
A*z1. (C77) 


The matrix to the negative integer power -n is defined as the inverse of the matrix A", 


-2(vyl. (C78) 
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For a diagonal matrix 
D = diag| Di, Ds... Dns D] (C79) 

the power D" is given by 
D" = diog| D}, DA... D} D2]. (C.80) 


The exponential of a matrix A is defined via the power series representing the exponen- 
tial function as 


ey la, (C80) 
=o nt 
The exponential of a diagonal matrix D given in (C.79) is 
eP = diag[eP*, eP2, , , ePr-t, eP»] , (C.82) 
Let f(z) be a function defined for a complex scalar variable. The Maclaurin series 
expansion of f (z) is given by 


ft)- 3 a foy (c4) 
hm 


where f '? (0) denotes the nth derivative of f (z) at z = 0. The matrix function f(A) is 
defined via the Maclaurin series expansion as 


OOT (C80 


The function f(D) ofa diagonal matrix D given in (C.79) is 


f(D) = diag[ f (D1), f(D2),... f(Dm-1)» f(Dm)] - (C85) 


Consider the matrix function f (zA) where z is a complex variable and A is a constant 
matrix. The Maclaurin series expansion according to (C.84) is 


fea - X Loan. (Cs6) 


md 
Differentiation with respect to z yields 


d a i SEPT ngn 
a AE p OAE ae 1)(0)z"A”.  (C.87) 
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‘The expression under the sum is the Maclaurin series expansion of the derivative 
f'(zA), where f'(z) = df (z)/ dz denotes the derivative with respect to the argument 
of the function. This yields 


i f(zA) = Af'(24) . (C.88) 
iz 
For the exponential function this yields 


Sosa = Ae, (C.89) 
dz 


Consider the n-dimensional vector x(t) given by 
x(t) = e^ xo (C.90) 


where xo is a constant n-dimensional vector and t is a real scalar variable. Derivation 
with respect to t yields 


d 
ao = Ae'^ xo. (C91) 


Comparing (C.91) with (C.90) shows that x(t) is a solution of the first-order system of 
differental equations 


att = Ax(t). (C92) 


If two matrices A and B fulfill [A, [4,B]] = [B, [A B] = 0 the Baker-Hausdorff 
‘formula holds: 


e^ eB PIB] = ẹ1(A+B) for [A, [A, B]] = (B, [A B]] = 0. (C.93) 
In particular we obtain 
e^ e'P = e!(4+B) for [A,B] = 0. (C.94) 


A detailed treatment of matrix analysis including the criteria for convergence is given 
in [45]. 


C.4 THE HILBERT SPACE 


Ifa unitary vector space of countable infinite dimension is complete, it is called a Hilbert 
space (1, 5-7]. Operators of the Hilbert space define mappings of Hilbert space vectors. 
P.A.M. Dirac introduced a compact notation of states and operators by interpreting the 
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expression (y;|v;) as the inner product of the vectors (y;| and |y;) [8]. Since formally 
the bracket expression has been subdivided, Dirac has divided the word “bracket” also 
in two parts and has introduced the denomination bra-vector for the expression (v; 
and ket-vector for the vector |y;). To any two vectors of a Hilbert space is assigned a 
complex number as a scalar product. In a vector space with a positive definite metric 
(which we are assuming in the following), a scalar product of a vector with itself is 
positive and real unless the vector is a null vector. 

The sum of two vectors |$) and |y) of Hilbert space again is a vector of Hilbert space. 
For this vector we can use the notation |ó + y) and obtain 


Id) «)sle-v). (C.95) 
The sum of vectors of Hilbert space is commutative and associative 


commutative : lé) + Iv) = v) + 10) > (C.96) 
associative : lé)*iv«x)72lé*v)*ln- (C.97) 


‘The product of a complex number c with a vector |f) again is a vector of the Hilbert 
space 

cle) = led) « (C.98) 
To distinguish a variable that may be represented by a number from vector and operators, 
we use the name “c-number” The product of c-numbers and vectors of Hilbert space 
follows the distributive law: 


clé *v)- el) cly) - (C.99) 


The scalar product of two vectors |y) and |¢) is a complex number a. The corresponding 
notation is 
(ly) =a. (C.100) 


The scalar product we obtain by interchanging bra- and ket-vectors is assigned the 
complex conjugate number 


(wid) = (diy)? = (C.101) 
‘The scalar product is distributive, hence 
(ls + va) = (Alyn) + (ply) - (C102) 


From the scalar product a complex number c may be extracted in the following way 


(gley) = c (gly) - (C.103) 
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With (C.101) we obtain from this 


(cule) = (ólev)" =c" (vid) - (C104) 


If the complex number c is extracted from the bra-vector, it occurs as the complex 
conjugate factor outside of the scalar product. The bra-vectors and the ket-vectors are 
Hermitian conjugate to each other (i.e., adjoint to each other). Adjoint expressions are 
marked by the superscript *; we obtain. 


(14) = (l> (C.105) 
(19)* = 16) (C106) 
The vector spaces of bra-vectors and ket-vectors are mutually dual. To obtain the adjoint 
expression for an arbitrary expression, we have to replace all symbols by the adjoint 


symbols and to invert their sequence. From (C.101), (C.104), (C.105), and (C.106) we 
obtain 


(cle! = 
(ely) = 


From (C.101) it follows that the scalar product (4|¢) always is real. Furthermore, we 
set the condition that the scalar product of a vector with itself is nonnegative: 


(C.107) 
(C.108) 


(dió) zO real. (C109) 


"The equal sign only is valid if |f) = 0, where 0 denotes the null vector. The null vector 0 
is defined by 

lp) +0=|9) (C10) 
‘The use of the symbol “0” for the null vector is possible since the multiplication of bra- 
or ket-vectors with 0 has the same effect as the forming of the inner product with the 
null vector. The length or norm |ó| of a vector |é) is given by 


lel = v(9l9)- (c.m) 
For mutually orthogonal vectors |) and |y) we obtain 
(gly) =0, (C112) 


also if none of the vectors |) and |y) is the null vector. 
The dimension of the Hilbert space is countable infinite. Furthermore, the Hilbert 
space fulfills the following properties: 
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1. The Hilbert space is complete. That is, if a sequence of vectors |91) , |a)... 
satisfies Cauchy’ criterion of convergence there exists a limit vector |$), which 
is also a vector of Hilbert space. Cauchy's citerion on convergence: For every 
real number e > 0 an index N = N(e) exists such that for all n, m > N(e) the 
inequality | 6) — |bm) | < e is satisfied. 


2. The Hilbert space is separable. That is for each element |¢) of the Hilbert space 
there exists a sequence with |ó) as the limit vector. 


The expansion of a vector |ó) of Hilbert space into a series of basis vectors |y) in 
Hilbert space in general yields an infinite series 


l6) = Y an ivn) - (cm3) 


The components of the vector |ó) with respect to the basis |y,,) are complex numbers 
that are numbered with the index n. It is useful to introduce orthonormal basis vectors 
for which 

mln) = bmn (C14) 
is fulfilled. To determine the components a, of the vector |ó) with respect to the basis 
|¥n), we multiply (C.113) from the left with the bra-vector (| and obtain with (C.114) 


(Wmld) = È an (VmlUn) = È anômn - (Cas) 
From this it follows 
am = (mig) - (C.116) 
From (C.113) and (C.116) we obtain 
1 = X vs) (v«lé) - (C117) 


C.4.1 Linear Operators in Hilbert Space 
An operator L maps a vector |) into another vector |) of the Hilbert space 
L|$) - ly) - (C.118) 


In the following we consider the properties of linear operators in Hilbert space. By linear 
operators in Hilbert space, a linear mapping of vectors in Hilbert space is accomplished. 
Linear operators follow the rules 


Lipi + $2) =L |i) +L |g2) » (C.1193) 
L\ag) = aL|¢) . (C.119b) 
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The sum of two operators L and M is defined by 
(L«M)i$) x Li) + MI9) - (C120) 
‘The product of two operators L and M is defined by 
LM|¢) = L(M|$)). (C.121) 


‘The null element and the one element of the Hilbert space operators are the null operator 
O and the unit operator 1. Often these operators are denoted simply byO or 1, respectively. 
This yields no difficulty since the multiplications of vectors and operators with numbers 
is allowed and the multiplication with 0 or 1, respectively, has the same effect as the 
multiplication with 0 or 1. The null operator 0 and the unit operator 1 are defined by 
the action upon arbitrary vectors |) of Hilbert space in the following way: 


vlg), ly) = (lol) = 0. (C122) 
vé) => 119) = 9) - (C.122b) 


In general for the multiplication of operators the commutative law is not valid: 
ML+#LM. (C123) 


The expression 
[M.L] - ML- LM (C124) 


is called the commutator between M and L. If M, L] = 0 is valid, the operators M and 
L are said to be exchangeable or commuting. From two vectors |a) and |B) of Hilbert 
space we can form the so-called dyadic product 


la) (Pl - (C.125) 


The dyadic product is an operator. By formal multiplication of a ket-vector from the 
left side with the dyadic product we obtain 


(la) (8D |v) =la) (882). - (C.126) 
Cup Re 
operator complex number 


Any Hilbert space operator may be represented as a sum of dyadic products. The 
proof of this statement is given in the following. According to (C.117) for a complete 
orthonormal basis system |y,,) we obtain 


ve). 1) = È lwn) (való) - (C127) 


688 Electromagnetics 


With this we obtain from (C.122b) 


1= X |yn) (vul - (C128) 


We can represent an operator L by its components with respect to a complete orthonor- 
mal system of basis vectors |y). To do this we multiply the operator L from the left 
and from the right with the unity operator 1 and obtain with (C.128) 


L=1L1= Y yo) (WmlL Yn) (Wal - (C129) 


From the terms in the sum at the right-hand side of the above equation we may extract 
the terms 
Lys = (/mlLlys) (c.130) 


and obtain 
L= Y Lmn Ym) (sl - (C131) 
D 


‘The complex quantities Lmn are called matrix elements of the operator L with respect 


to the basis |y, ). 
The inverse operator L7! of an operator L is defined by 


Vl$).ly) 2 LI$) = |p) = L> |y). (C132) 


From this definition we obtain the relations 


Ib =1"L=1, (C.133a) 
(aL) - ian, (C1530) 
(ML)!-L'M^. (C.133c) 
‘The proof of (C.133c) follows from 
(ML)(ML)' = MLL!M^ = MM -1. (C134) 


‘The operator Lt is adjoint or Hermitian conjugate, respectively, to the operator L. The 
adjoint operator is defined by the property 


(GILT ly) = (wii) = (yrl (C135) 


where |ó) and |y) are arbitrary vectors of the Hilbert space. We note that the rule for 
the forming of adjoint expressions according to (C.101) is obeyed in this definition. 
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‘According to this rule every symbol has to be replaced by the adjoint symbol and the 
sequence of the symbols has to be inverted. From (C.105), (C.106), (C.108) and from 
(C.135) we obtain 


Q0)! = (012, (C.1362) 
(L'o = (IL. (C.136b) 


Denoting the vector resulting by application of the operator L on the vector |p) with 


IL$) - Lie) » (C137) 
we obtain 
(Ll - (611^ (C.138) 
and 
(viLIo) = (ILO) = (Lid) - (C.139) 


Moving in a scalar product an operator L from the right or to the left or vice versa, the 
operator is replaced by its adjoint operator. According to (C.130) the matrix elements 
L5, are given by 


Li, = (lE lyn) (C140) 
From (C.135) it follows 

Loan = UrnlLlym)" = Loo - (C14) 

Furthermore, the following relations are valid 
Qn», (C1422) 
(aD! =aLt, (C.42b) 
(L+M)t=1'+M", (C.142c) 
(LM) =M'I'. (C.142d) 


The proof (C.142d) follows by application of (C.139) 
(vI(LM)' 4) = (MvIg) = (MylL' 9) = (IM L0) . (C143) 


Ifan operator L is identical with its adjoint operator L' (Le. L = L^), this operator 
is called an Hermitian operator or a self-adjoint operator. Hermitian operators exhibit 
real eigenvalues. Observables are represented by Hermitian operators. 

An operator U, the inverse of which U7 is equal to the adjoint operator Ut (i.e, 
U~ =U’), is called a unitary operator. The unitary operator is defined by the property 


U'U-1. (C144) 
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If the operator U is unitary and the operator H is Hermitian, the expression UHU™ is 
Hermitian. The proof is given by 


(UHU^!)! = (U~)tHtUt = UHU* (C.145) 
‘The projection operator P, is given by 
Pa = yn) (Yal (C146) 


where |y/n) is a unit vector. With P, an arbitrary vector |$) is projected on the unit 
vector |W). We obtain 
Pr jo) = (slo) va) - (C147) 


Projection operators are Hermitian since for any |Ø) and |y) we obtain 


(VIPE lA) = (P1Puly)” = (vs) Waly)" (C.148) 
= (Yal) (vivo) = (VIPsI) - 


Let |y.) be a complete orthonormal basis. We expand the vector |) into the series 


16) = È am Ym) - (C149) 


We obtain 
Py |) = an lyn) - (C.150) 


We also can introduce projection operators on subspaces of the Hilbert space. The 
operator Ps projects a vector |@) of the Hilbert space into the unitary subspace S: 


Ps = p Wo) (Yml (C151) 


This summation is performed over all basis vectors |) of the unitary subspace S. 
Projection operators are idempotent, that is they satisfy the relation 


P=P?=P", (C.152) 


To an operator L of Hilbert space there exist eigenvectors |y, satisfying the eigenvalue 
equation 


Lyn) = Ln lyn) - (C.153) 


The c-numbers L, are called eigenvalues of the operator L. If (C.153) is satisfied by 
several eigenvectors, the set of all corresponding eigenvalues Lp is called the eigenvalue 
spectrum of the operator L. If several eigenfunctions belong to the same eigenvalue, 
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this eigenvalue is said to be degenerate. The eigenvalues of Hermitian operators are 
real and eigenvectors belonging to different eigenvalues are mutually orthogonal. We 
obtain for Hilbert space operators 


(Ln - Lm) (Ynl¥m) = 0- (C154) 


If the eigenvectors |y,) of the operator L belong to a complete orthonormal set of 
eigenvectors in the Hilbert space, we can use these eigenvectors as a basis. The matrix 
representation of the operator L in this system of basis vectors according to (C.130) 
and (C.153) is given by 

Linn = (WmlLI¥n) = LnÓms - (C.155) 


The matrix Lyn is diagonal and its matrix elements are specifying the eigenvalue 
spectrum L, of the operator L. Representing the operator given in (C.131) by dyadic 
products, we obtain with (C.155) and (C.147) 


L= Wn) Ln (Yal =D LaPa (C.156) 


‘This representation is called the spectral representation of the operator. The following 
rule holds: An orthonormal system of basis vectors is a system of eigenvectors of an 
operator, if and only if the matrix representation of the operator is diagonal in this 
system of basis vectors. The proof for this rule in the inverse direction follows directly 
from the application of L in spectral representation on |W). 


C.4.2 Function Spaces 


A function space is a vector space, the points of which are functions [1,5,7]. The function 
space of all complex-valued continuous functions defined on some interval or domain 
is a Hilbert space. The interval or domain also may be of infinite extension. A suitable 
inner product of two one-dimensional functions $(x) and y(x) may be defined as 


Ua) = f Gov) ax. (C157) 


An orthonormal basis of the function space is given by a complete set of basis functions 
Yn (x), fulfilling 
(Ym lus (x) = Os - (C.158) 


Any smooth function f(x) can be expanded into a series 


fe») X 7102] (C159) 
m 
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with the complex coefficients a, given by 


an =(Walf) - (C.160) 


The function (x) can be represented by a Hilbert space vector 


(C161) 


where each basis vector |y, ) corresponds to a basis function Yn and the Hilbert space 
vector |f) is composed from the basis vectors in the same way as the function f(x) 
from the basis functions. 

Consider a linear differential operator Loy, given by 


d Eu dt 
Lo = bo + bizi bae t E 


ai (C162) 


Applying the differential operator Lop to a function f(x) will map this function into a 
function g(x), 
g(x) = Lop f(x) - (C.163) 


In the basis y, (x) the differential operator has the matrix elements Lmn given by 
Los [YD Lop nC) dx = (Yn Oliv QD) « (C164) 
where L is the operator in Hilbert space corresponding to the differential operator Lop. 
With (C.131) we can write 
L= Y Los im) (Wel - (C165) 
mn 
In Hilbert space notation we can write 


lg =11f). [2 


From the vector |g) we obtain the corresponding function g(x) with (C.159) and 
(C160) as 


g(x) = DE (C167) 


For two differential forms U and V of equal order we define an inner product 


(uly), = [em av= fe rv (C168) 
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We call this inner product over a volume a V-product. The index V denotes the volume 
of integration. The index may be omitted when the domain of integration is obvious. If 
we have for a given domain of integration V a complete orthonormal set of basis forms 
C, of order p fulfilling the orthonormality relation 


(ml Cn) y = fe Ca) ^ Ca = Ôm» (C169) 


we can expand any smooth differential form A of order p into a series 
A=F anCn, (€.170) 
mi 


with the expansion coefficients a, given by 
an = (GIA)y - (C171) 


C.4.3 Function Spaces with Biorthogonal Basis 
For the integration over a surface A we can define an inner product of two one-forms 
U and Y by 
uv), = | u* ^v. C.172] 
uve f, (C472 


We call this inner product of two one-forms over a surface an A-product. From its 
definition it follows that the A-product has the property 


(viu), =- (UI); - (C173) 


Since this product vanishes for real 4 = V we need to introduce a biorthogonal set of 
basis one-forms with the basis forms a, and bn, with the property 


(bmlan)a == (anlbm)a =f E Aan = Sn (C44) 


A set of basis vectors |an), |b) fulfilling this relation is called biorthonormal. Since this 
set of basis forms is normalized we call it a biorthonormal set of basis one-forms. The 
biorthogonal basis one-forms are based on biorthogonal functions [9]. If the union set 
of the dual sets of the basis forms a, and b, is a complete set of basis forms, we can 
expand any smooth one-form on a surface A into a series 


C - Y etas + bs) (C75) 


= 
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with the series expansion coefficients cå, cb given by 
ca = (bulC), > (C.176a) ch =—(anlC)4 (C.176b) 


in Hilbert space representation (C.175) becomes 
Ic) => (calan) + chlbn)) (C172) 
E 


We introduce the biorthogonal unit operator 


i X (ay) - lbs) as D (C178) 


which has the property 
tic) =|c) (C.179) 


for any vector |C}. To represent an operator L by a series of dyadic products we multiply 
the operator from the left and the right with i and obtain with (C.178) 


1= 5° Clas (an| + lam) L3, (bnl ~ lbs) L5 (an| + lm) LŽ, (bnl) (C480) 


F 
with the matrix elements given by 


Lan = (bmlLlbn)s Linn (bullas), Lp = (amlLlbn)s Lob, = (aml Lan). 
(C181) 


We say that the set {a4} of all vectors a, span a subspace H4 of the Hilbert space H 
if every vector of this subspace can be represented as a linear combination of aj. A 
complete set (aj, by } of biorthogonal basis vectors 2, and bj spans the Hilbert space 
H. The Hilbert space H can be decomposed in the subspaces H4 and Hg, which are 
spanned by the sets of basis vectors ay and by, respectively. The projection operators 
P, and Py, given by 


B-Xbbl ^ (Cu) P,-Y-|h)a|  (C182b) 
à à 


project any vector on the subspaces H4 and Hp, respectively. The projection operators 
have the property 


Palan) = lan)» Palbn)=0, Pojan) =0, Pelbn) = |bn) (C183) 


Linear Algebra 695 


Consider operators A and B of the form 


(C.184a) 
(C.184b) 
Application of this operator to the basis vectors a, and by yields 
djs Š Annlan) . (C185a) Alba) =0, (C1856) 
= 
Blan) =0, (C.1862) B\b,) = Es ).  (C.186b) 
If the matrices A and B are inverse to each other, that is, 
B=A", (C.187) 
then the operators A and B fulfill 
AB=P,, (C.188a) BA= Pa. (C.188b) 


If the operators A are only applied to vectors |a) belonging to the subspace H and the 
operators B are only applied to vectors |B) belonging to the subspace Hg, 


la)= S anlan), —— (C899) B= $ pla). (C189) 
à 


i 
Then we obtain 
BAla) - |a). (C.1903) ABIB) = |6). (C190b) 


In that case the operators A and B can be considered to be inverse to each other. 
Considering this restriction we can write 


B=A". (C191) 


We call A and B to be mutually pseudoinverse. An example of this case is the description 
of the transverse electric and magnetic fields in a waveguide. The electric and magnetic 
basis forms constitute a biorthogonal set of basis forms. The impedance operator is 
applied to magnetic field forms only and maps them into electric field forms, whereas 
the admittance operator acts in the opposite way. Impedance and admittance operators 
are pseudoinverse to each other. 
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Appendix D 


Fourier Series and Fourier Transform 


D.1 THE FOURIER SERIES 
Periodic signals may be expanded into a Fourier series [1-3]. A signal for which 
s(t+nT)=s(t) forn=-+--2,-1,0,1,2,... DD 


is valid is called a periodic signal with the period Ty. The fundamental frequency fo is 
given by fy = 1/To and the corresponding angular frequency is wo = 2rtfo. A signal 


s(f)e v al (D) 


which is a superposition of harmonic signals at the fundamental frequency f and the 
harmonics nf is periodic with Tp. The series according to (D.2) is called a Fourier series. 
‘The expansion coefficients a, are the complex amplitudes at the frequencies nwo. The 
signal s(t) is real if the condition a-n = a; is fulfilled. For real signals s(t) it follows 
from (D.2) and a-n = a; that 


s= aor aR S aoe (D.3) 
fel 
Decomposing a; in magnitude |a,| and phase n by 
as = lanle!” (D.4) 
we obtain from (D.3) 
s(t) = 40 +2 È |an| cos(nwot + $n) - (D.5) 
mi 
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We introduce the real amplitudes 


bn =an+ay, (D.6) 
Cn 7 j(a - ay), (D7) 
and obtain from (D.3) 
S(t) = $b Y by cos(noot) + cn sin(nwot) . (D8) 
nal 


Magnitude a, and phase $n are obtained from the real amplitudes by b, and c,, by 


las = 3/8; + cho (D.9) 


gn = -arctan E . (D10) 


Dm 


The functions e/"*»! form a complete orthogonal system of basis functions in the 
interval [-1 To, 1 T]. Applying 


1 phi, 
E. j(n—m)wot » 
7 J ane dt = ômn (D2) 
to (D.2) we obtain , 
1 poh 
n= = tjeret dt, 'D.13) 
A To Jis s ) à d ) 


Itcan be shown that arbitrary periodic functions s(t) with period To, which are smooth 
with the exception of a finite number of discontinuities and bounded within an interval 
of length To, may be represented by a Fourier series according to (D.2). At the points 
of discontinuity t4 of the function s(t) the Fourier series converges to the mean value 
of the neighboring values on both sides of the discontinuity. Applying this equation to 
(D.2) we obtain 


DET (D4) 


tim 5 Gita +8) + s(t -8)) = 


From (D.6), (D.7), and (D.8), it follows that 
2 rnh 
box if np D cos not) di, (D15) 


2 pnh 
" J „5O sin( nant) dt, (D16) 


OT» Jn 
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We can decompose any function s(t) in an even part s, (t) and an odd part so(t), 


s(t) = set) sot) (D.17) 

such that s, (1) and s, (f) are given by 
se(t) = (s(t) +s(-#)) . (D.18) 
so(t) = 2(s(t) -s(-#))- (D19) 

From (D4), (D.17), (D8), and (D.19), it follows that 
s(t) = flo + Y by cos(nwot), (020) 
A 

solt) = È cn sin(nwot) - (D2) 

a 


D.2 THE FOURIER INTEGRAL 


In the case of impulsive and transient phenomena in many other cases we have to deal 
with nonperiodic signals, We start with the consideration of periodic signals and make 
the transition AT to infinity. In this way the distance of spectral lines in the frequency 
domain Af given by 


Af- = T (D.22) 
is going to zero. We introduce a spectral amplitude density 
a 
s EE D23 
S(nwo) af (D.23) 
and obtain from (D.2) 
T 
s(t)= Y, S(nwo)d" Af (D.24) 
and from (D.13) 
T2 
S(nwo) =f s(the Inet de, (D.25) 
-nj2 


Making the transitions Ty > oo and with this Af > df = dw/2n and nwo + o, we 
obtain from (D.24) and (D.25) 


sz = f S(o)el*! do, (D.26) 


S() = I s(t at. (D27) 
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‘These integrals represent linear functional transformations. The Fourier transformation 
is given by (D.27) and the inverse Fourier transformation is given by (D.26). The Fourier 
transformation and its inverse are denoted symbolically by 


S(w) = F{s(t)}, (D.28) 
s(t) 237 (S(»)) . (D.29) 
Furthermore for the symbolic notation of a pair of Fourier transforms the correspon- 


dence symbol 
s(t) ee $(w) (D.30) 


is used, Replacing in (D.26) and (D.27) w and do, respectively, with 2nf and 2ndf, 
respectively, we obtain 

s(t) = fE serpentas, (p31) 

sex) - f E s(the "iS" at. (D.32) 

A sufficient condition for the existence of a Fourier integral is that s(t) is smooth with 


the exception of a finite number of discontinuities and is absolutely integrable. The 
latter condition means that the integral 


Í *\s(t)| dt (D.33) 


exists. 
The differentiation in the time domain yields a multiplication with jw in the fre- 
quency domain, 


E sce fus (ui. (D34) 


dE iie (jw)"S(w) (D.35) 


whereas multiplication with ¢ in time yields a multiplication with j and differentiation 
in the frequency domain, 


8), 


ts(t) = j= (D.36) 


t" s(t) o= j” 


i ; " so). (D.57) 
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A shift in the time domain by tọ yields the multiplication with a phase factor in the 
frequency domain, 
s(t- to) oe e" su), (D38) 


and a shift in the frequency domain by wo yields 
elert s(t) o-e S(w— wo). (D.39) 
‘The complex conjugate functions transform as follows: 


s(t) e S*(-w), (D.40) 
s*(-t) — S' (o). (DA) 


Scaling a function in the time domain by a factor a yields a reciprocal scaling in the 
frequency domain 


s(at) eo LsQo]a). (D42) 


Interchanging of the time and frequency variables yields 


S'(nt/T?) o T?s"(wT?/2n). (D.43) 


D.3 Tux DELTA DISTRIBUTION 


The delta distribution has the properties 


0 for t#0 
a(t) = L for t-0 t (D44 
E a(t) dt =1 (D5) 


Since the delta distribution vanishes everywhere with an exception at x = 0, for an 
arbitrary function integrable within a neighborhood of x = 0, the relation 


JT IO) dx= f) (p46) 
must hold. For arbitrary smooth functions f(x) we obtain 


JENON- 0) de = fo). (D47) 
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The proof follows by inserting f (x--xo) instead of f (x) in (D.46). The delta distribution 
is not a function but can be considered as a symbol indicating the value of the integral 
(D.46) or (D.47), respectively. From (D.46) we obtain 


fiera sd. (D.48) 

From (D.27), (D.28), (D.29), and (D.46) it follows that 
1-800). (0.49) 
òt) = F71}. (D.50) 


We have to consider that the integral for the inverse transformation 
irs 

XG "ux Jet dw DSI 

(0-3 [7e (D) 


does not exist. However, we can consider this integral as a symbol for the inverse 
Fourier transform according to (D.50). In symbolic notation we can write 


6(t) o1, (D52) 
(t - to) o= e" (D.53) 


where (D.53) follows from (D.52) and (D.38) or from (D.27) and (D.47). The argument 
of the delta distribution may be scaled by 


8(ax) = le) : (D4) 


‘The proof follows from substitution y = ax from 


1 1 
f S(ax) dx = = J B(y) dy == (Ds5) 
From this we obtain. i 
(o) = (2f) = z. (D56) 


For the representation of line spectra the delta function may be used in the frequency 
domain. From (D.26), (D.48), and (D.56) it follows that 


1o— 2n5(w) = 0(f), (D.57) 
de o-e 2n8(o — wo) = 9(f - fo), (D.58) 
cos Wot o—e t [6(« — wo) - ó(«w  wo)] , (D.59) 


sin wot o-e jx[5(w + w) - &(v - x)] - (D.60) 
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Using the delta distribution we may also represent the Fourier transforms of harmonic 
signals. For such signals (D.33) is not fulfilled. The sign(x) function is defined by 


-1 forx«0 
sign(x)={0 forx-0. (D1) 
1 forx>0 


‘The uncertainty of the value of sign(0) has been removed by choosing the value 0. The 
Fourier transformation of the sign function is 


agree. (D.62) 
ju 


The step function a(x) of the delta distribution is given by 


. 0 forx<0 
o(x)= f^ 0d {4 foras. D63) 
1 forx>0 


‘The proof follows from (D.45) if we consider that the delta function gives only a 
contribution if 0 is within the interval of integration. Since 


a(x) =4 +4 sign(x) (D.64) 


the Fourier transform of the ø function is given by 


o(t) o = nela). (D.65) 
j 

We also may introduce distributions representing the derivation of the delta function. 
Applying partial integration yields for a differentiable smooth function 


[LF eo ax -— 5 f(x) (o) dx (D.66) 

From this we obtain 
[Lrerenes- -ron, (D67) 
[Feo (apae = er rm). (D.66) 
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The superscript (^) denotes the n-fold derivative with respect to the argument. The 
Fourier transformations of the derivatives of the delta function are given by 


90r o Go). (D.69) 
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Appendix E 
Complex Integration 


E.1 ANALYTIC FUNCTIONS 


A complex function is an analytic function on a region if it is complex differentiable 
at every point in that region. For analytic functions the terms holomorphic function, 
regular function, and complex differentiable function are also used [1-4]. An analytic 
function is infinitely differentiable. An entire function is a complex function that is 
analytic at all finite points of the complex plane. A complex function 


F(z) = uy) +) y) (Ex) 


with z = x +j y is analytic if and only if the Cauchy-Riemann equations 


(E2) 


are fulfilled. The complex integral of an analytic function f(z) from z; to zz along a 
path C shown in Figure E.1is given by 


[fae F(a) F(a), E3) 


where F(z) is the antiderivative of f(z). Since the complex integral of an analytic 
function is equal to the difference of the antiderivatives of the limits of the integration, 
the integral ofan analytic function over a closed contour vanishes: 


$f (2) d2=0. (E4) 


This is the Cauchy integral theorem. Consider a function f(z) that is analytic every- 
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7 


Figure E.: Path of integration in the complex plane. 


(a), (b) 


x x 


Figure E.2: (a) Integration over a closed curve C around a singularity zo, (b) subdivision of the path of 
integration into C, and C;. 


where with the exception of the point zo. Ifa function f(z) fails to be analytic at a point 
Zo but is analytic in every neighborhood of the point z, this is called a singular point 
or a singularity. The integral over a closed path C shown in Figure E.2(a) enclosing 
the singular point z; may be decomposed in two integrals over C; and C; shown in 
Figure E.2(b). The path of integration C, is a circle of infinitesimal radius po enclosing 
the singular point zo, whereas the function f(z) in the region enclosed by the path C; 
is analytic. Therefore the integral over C, is zero. 
Consider a function g(z) with a pole of first order at zo. Such a function may be 
expressed by 
fü) 
&2- mum (ES) 
with a function f(z) that is analytic and nonvanishing at zo. To integrate f(z) around 
the circle Cz with radius p in counter-clockwise direction we substitute 


z=zo+pe* dz=jpe* dg. (E.6) 


If we let p — 0, this yields 


lim 6 £2. isj SE ioa =2njf (z). (7) 


£20 JC z- 29 
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Figure E.3: Annular domain. 


‘This yields the Cauchy integral formula, valid for any function f(z) that is analytic in a 
region enclosed by the contour C and given by 


.d £2 Gaz $ f) 
feo) =f de i a)= de ED 
where f”) (z) denotes the nth derivative of f(z) 

Consider a function f(z) that is analytic in an annular domain pi < |z ~ zo| < p2 
and exhibiting a singularity at zo as shown in Figure E.3. Since the function is singular 
at zy it cannot be expanded into a Taylor series at that point. However, very often it is 
possible to represent a function with a singularity at zo by a Laurent series, 


f)» È en(z-z0)" for p«l-zl«pi- (E.9) 


The coefficients c, of the Laurent series are given by 


D f, JO a. (E30) 


(z-z)" 


E.2 THE RESIDUE THEOREM 


Consider a function f(z) that has a finite number n of singularities inside and on a 
closed contour C, as illustrated in Figure E.4. Let us integrate f(z) over the closed 
contour in the positive sense; that means counter-clockwise. The residue theorem states 
that the value of the integral of f(z) around the closed contour is 27 times the sum of 
the residues at the singular points enclosed by the contour, hence 


$ f(z) de= Y Ref). (Eat) 
c k 
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e 
x 


Figure E.4: Singular points zy inside a closed contour C. 


For a first-order pole at z the residue is given by 
Res f (21) = lim (2-2) f(z). (E12) 
e 


For the special case of f(z) and g(z) analytic in a neighborhood of z, and g'(z,) = 0 
we obtain 


f| _ fle) 
BS Olean FC) oe 


For a pole of mth order the residue is 


p dare 
jim aee 


Res f(z) 


I- z)" f(2)] - (E14) 


E.3 THE SADDLE-POINT METHOD 


We investigate integrals of the kind 


b= fe c, ()HÉ? (VI - yip) e? ay . (E15) 


In general it is difficult to evaluate such integrals. For the far-field the evaluation can be 
simplified by application of the so-called saddle-point method. We consider the integral 
expression 


T= f foerat, (E16) 


which is the generalized form of (E.15). In this integral f (1) and g(¢) are complex 
functions of the complex variable ¢, and u is a positive real number. 
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Figure E.5: Surface with saddle-point. 


Let us consider one point in the complex ¢-plane for which the condition 


dg() _ 
A (E17) 


is fulfilled. For real ( by this condition an extremum value or a turning point is defined. 
In the complex plane the real part or imaginary part of a regular function can assume 
an extremum value only at the boundary of a certain domain and not inside of the 
domain. We expand g(Ç) at ¢ = (; in a Taylor series and obtain 


ECO) = (4s) + (6 - G)g (9) + EG -GYg'(G) +o (E18) 


If the condition (E.17) is fulfilled at ( = (,, we obtain in a neighborhood of ¢; the 
expansion 


g(078(3)* a4 Gg" (C). (E19) 


Figure E.5 shows the surface 9{¢?} in a neighborhood of the saddle-point. In the 
saddle-point method, the path of integration is chosen such that coming from infinity 
it is going through one of the valleys up to the saddle-point ¢,, and from there going 
through the other valley again to infinity. We have to consider that the function 


e2 = et MBO} [cos (u3 {(0)}) +j sin (u2(8(0))] (E20) 


strongly oscillates with ¢. To suppress these oscillations the path of integration must be 
selected such that 3{g(¢)} is constant. We insert (E.19) into (E.16) and obtain 


1H et S AO expla - Gg" (C) &- (E21) 


In the valley of the saddle surface the real part of g” (s) is negative. In (E.19) we have 
assumed that the positive real number u is sufficiently large that the series expansion 
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of g({) can be approximated in a neighborhood of ¢, by the quadratic term. We are 
making use of the circumstance that the magnitude of the integrand rapidly converges 
to zero within a sufficiently small neighborhood of (,. Furthermore we make the 
assumption that f (4) only is weakly dependent on ¢. Therefore in the region where 
the integrand gives a contribution, f (Ç) may be replaced by f((,) and moved outside 
the integral. In this way we obtain 


DefQOe f expli - Gg" 2] C. (E22) 
Cvattey 
Now we express ( - ¢, by the magnitude 7 and the phase y and obtain 


(Go geh. (E23) 


We choose a path of integration where y is going from -oo to oo and the angle y is 
constant. In this case we obtain 


di =e dg. (E24) 
This yields 
LESENO [exp [turtel*¥e"(<)] Prin. (E25) 
Now we are choosing y such that 
eYg"(E,) « -p (E26) 
is fulfilled, where p is a positive real quantity. With this we obtain 
T= f(Q,)e'tv [Loo Qu) m] dn. (E27) 
With the substitution 
Ty ax (E28) 


we obtain from this 


12 f (i, yes, j4 f ed =\/ E geor, (E29) 
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Attenuation coefficient 

Wave amplitude phasor 
Scattered wave amplitude vector 
Magnetic flux density vector 
Inverse chain matrix 

Magnetic flux density differential form 
Magnetic flux density differential form phasor 
Phase coefficient 

Capacitance 

Partial capacitance 

Capacitance per unit of length 
Capacitance per unit of area 
Speed of light 

Phase velocity 

Free space speed of light 
Normalization constant 
Differential operator 

Exterior derivative 

‘Transverse exterior derivative 
Covariant derivative 

Kronecker delta symbol 
Kronecker tensor 


7m 


Reference 


(2.15) 
(13.97) 
(2.13) 
(8.40a) 
(10.38) 
(3.1) 
(10.11) 
(3.1) 
(3.51) 
(8.40b) 
(10.38) 
(2.23b) 
(10.30) 
(2.28) 
(2123c) 
(3.51) 
(5.33) 
(5.23) 
(5.48) 
(5.52) 
(275) 
(73) 
(2.60) 
(B.53) 
(2.110) 
(2.110) 
(4.136) 
(3.1) 
(A8) 
(A.12) 


G(x, x") 
Gos(*,*') 
£ 

H(x,t) 
H(x,w) 
h(x, y) 


Electromagnetics 


Description 


Delta distribution 

Three-dimensional delta distribution 

Dielectric loss angle 

Magnetic loss angle 

Electric flux density vector 

Electric flux density differential form phasor 
Electric flux density differential form. 

Electric field vector 

Electric field vector phasor 

Electric structure function 

Electric field differential form. 

Electric field differential form phasor 
‘Transverse electric field differential form phasor 
Longitudinal electric field differential form phasor 
Electric structure form 

Electric structure form 
Permittivity 

Relative permittivity 

Complex permittivity 
Complex relative permittivity 
Real part of complex permittivity 
Negative imaginary part of complex permittivity 
Frequency 

Element characteristics 

Force vector 

Electric force vector 

Lorentz force vector 

Fourier transform 

Conductance 

Antenna gain 

Radiation conductance 

Conductance per unit of length 

Green's function 

Green's double one-form 

Greens double one-form 

Propagation coefficient 

Magnetic field vector 

Magnetic field vector phasor 

Magnetic structure function 


Reference 


(D.47) 
(5.9) 
(2.126) 
(2.127) 
(2.26) 
(2.123a) 
(241) 
(2.2) 
(2117) 
(7282) 
(211) 
(2121) 
(2175c) 
(7113) 
(9.97a) 
(7.29a) 
(2.23a) 
(2.25a) 
(2.125) 
(2.128) 
(2.125) 
(2.125) 
(2.84) 
(13.115) 
(27) 
(2.3) 
(2.5) 
(D.28) 
(9242) 
(13.94) 
(13.172) 
(7.65) 
(5.11) 
(5.56) 
(5.69) 
(3.49) 
(2.23b) 
(2.117) 
(7.28b) 


Meals t) 


List of Symbols 


Description 


Magnetic field differential form 

Magnetic field differential form phasor 
‘Transverse electric field differential form phasor 
Longitudinal electric field differential form phasor 
Magnetic structure form 

Magnetic structure form 

Electric current 

Electric current phasor 

Current vector 

Imaginary part of z 

Identity kernel 

Current density vector 

Current density differential form 

Current density differential form phasor 
Impressed current density differential form 
Impressed current density differential form phasor 
Surface current density vector 

Surface current density differential form 

t density differential form phasor 
impedance square roots 


Wave number 

Wave vector 

Inductance 

Inductance per unit of length 

Inductance of a square parallel plate element 
Linear operator 

Linear Hilbert space operator 

Wavelength 

Free-space wavelength 

Cutoff wavelength 

Waveguide wavelength 

Array factor 

Mutual inductance 

Impressed electric polarization form 

Impressed electric polarization form phasor 
Impressed transverse el. polarization form phasor 
Impressed longitudinal el. polarization form phasor 
Impressed magnetic polarization form phasor 
Electric surface polarization form 


713 


Reference 


(2.14) 
(2.123a) 
(8.117b) 
(8.106b) 
(9.97b) 
(729b) 
(213) 
(10.1) 
(10.3b) 
(3.50) 
(5.58) 
(221) 
(2.21) 
(2.123a) 
(2.62) 
(2.124a) 
(2.153) 
(2.153) 
(2.173a) 
(10.34) 
(3.44) 
(3.42) 
(5.78) 
(5.98) 
(5.105) 
(4.118) 
(C118) 
Q.85) 
(2.88) 
(7233) 
(2.85) 
(13.123) 
(5.76) 
(3.22) 
(3.27a) 
(8.108) 
(8.108a) 
(3.30b) 
(2.161) 


714 


Symbol 


M.a vw) 
Mama (us v, t) 
Maya Qvo) 


Pie(%, w) 
Py (x w) 
Pin (x, w) 
Pis. w) 
Po(x,t) 
Po(x) 

Pe 

Po(x, 0) 
Pax, w) 
IL (s, t) 
Me (x,t) 
IL(x 0) 
TL, (s) 
Dy (x, 0) 


Electromagnetics 


Description 


Electric surface polarization form phasor 


Magnetic surface polarization form 


Magnetic surface polarization form phasor 


Permeability 
Relative permeability 

Complex permeability 

Complex relative permeability 
Real part of complex permeability 


Negative imaginary part of complex permeability 


Normal unit one-form 

Refractive index 

Angular frequency 

Normalized frequency 

Power loss density 

Power loss density form 

Electric power loss density 
Electric power loss density form 
Magnetic power loss density 
Magnetic power loss density form 
‘Added power density form 
Added time-average power density 
Complex power 

‘Added complex power density 
Added complex power density form 
Electric Hertz vector 

Electric Hertz form 

Electric Hertz form phasor 
Magnetic Hertz vector phasor 
Magnetic Hertz form phasor 
Normalized potential 

Phase angle 

Magnetic flux 

Scalar potential 

Electrostatic potential 
Magnetostatic potential 

Magnetic flux per unit of length 
Electric flux 

Electric charge 

Electric charge per unit of length 


Reference 


(2.173b) 
(2.163) 
(2173c) 
(2.23b) 
(2.25b) 
(2.127) 
(2.127) 
(2.129) 
(2.127) 
(2.138) 
(2.76) 
(2.84) 
(1174) 
(47) 
(47) 
(427) 
(427) 
(4.29) 
(4.29) 
(4.9) 
(4.34) 
(91) 
(4.32) 
(4.32) 
(3.16) 
(3.16) 
(3.28) 
(3.33) 
(3.34) 
(5.19) 
(2.862) 
(2.29) 
(3.3) 
(5.108) 
(5.109) 
(239) 
(2.27) 
(2.1) 
(732) 


Symbol 


Q(x, 1) 
Q(x, 0) 
Qal, t) 
Q,(x.w) 
R 


Ys t) 


List of Symbols 


Description 


Electric charge density differential form 
Electric charge density differential form phasor 
Electric area charge density differential form 
Electric area charge density differential form phasor 
Resistance 

Radiation resistance 

Reaction of field £j, H; on sources M oj, Mmoj 
Real part of z 

Electric charge density 

Reflection coefficient 

Electric area charge density 

Unit one-form. 

Signal 

Poynting vector 

Scattering matrix 

Poynting differential form 

Signal spectrum. 

Conductivity 

Complex Poynting vector 

Transmission matrix 

Transmission coefficient 

Complex Poynting differential form 
Velocity vector 

Voltage 

Voltage phasor 

Voltage vector 

Magnetic voltage 

group velocity 

Volume 

Boundary of a volume V 

Complex variable 

Energy 

Electric energy density 

Average electric energy density 

Electric energy density form 

Time-average electric energy density form 
Magnetic energy density 

Average magnetic energy density 

Magnetic energy density form 


Reference 


(2.43) 
(2.123d) 
(2.142) 
(2.172b) 
(9.24b) 
(12.25) 
(4.66) 
(2.117) 
(2.43) 
(8.47) 
(2.142) 
(A.109) 
(D.26) 
(4.11) 
(10.38) 
(411) 
(D27) 
(2.62) 
(4.19) 
(10.51) 
(10.102) 
(4.19) 
(2.7) 
(2.9) 
(10.1) 
(10.3a) 
(2.64) 
(27) 
(2.43) 
(2.45) 
(5.130) 
(2.8) 
(41a) 
(423) 
(422) 
(4.23) 
(41b) 
(424) 
(422) 


715 


716 


Symbol 


Wa) 
Wüf().s2) 
Y 


Electromagnetics 


Description 


Time-average magnetic energy density form 
Wronskian 

Impedance matrix 
Normalized admittance 
Characteristic impedance 
Wave impedance 
Free-space wave impedance 
Impedance matrix elements 
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Admittance operator 
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Ampére’s law, 24, 26, 242 
Ampère, André, 2 
Analytic function, 176 
Angle product, 54, 633 
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broadband, 595 
 Cassegrain, 587 
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conformal microstrip, 593 
dipole, 547 549, 553 
frequency-independent, 596 
gain, 569 
horn paraboloid, 588 
lens, 588 
logarithmic-periodic, 596 
microstrip, 591 
monopole, 547 
parabolic reflector, 587 
patch, 592 
planar, 593 
reflector, 587 
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symmetric dipole, 551 
Antenna array, 575 

array factor, 577 

circular, 577 

element pattern, 575 

linear, 575 

microstrip, 593 

multiplicative law, 577 
Antenna gain, 569 
Antiderivative, 705 
Area charge 
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differential form, 48 
Array factor, 577 
Attenuation coefficient, 69 
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Chebyshev filter characteristic, 485 
Chebyshev polynomial, 485 
Circulation, 27 
Coaxial line, 229 
Commutation relation, 631 
Complete system of functions 
spherical, 102 
spherical harmonics, 671 
Complex 
amplitude, 286, 338 
function, 175 
power, 385 
wave, 72 
Computer aided design, 603 
Conductance per unit of length, 245 
Conductivity, 28 
Conductor losses, 289 
rectangular waveguide, 289 
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antenna, 592, 593 
mapping, 174, 176 
transformation, 176 
Connection circuit, 427 
Constitutive equations, 19 
Constitutive relations, 19 
Continuity equation, 27 
differential form, 42 
integral form, 27 
Contraction, 54, 633 
Controlled source, 434 
Coordinate curve, 46 
Coordinate surface, 46 
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circular cylindrical, 46, 647 
curvilinear, 640 
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Current 
conduction current, 25 
displacement current, 25 
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modal current, 367 
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Current density 
impressed surface, 52 
surface, 50, 52 

Cutoff frequency, 229, 279 
material cutoff frequency, 45 

Cutoff phase coefficient, 268 

Cutoff wavelength, 279, 296, 328 
circular cylindric waveguide, 296 
radial waveguide, 302 
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Determinant, 675 
Jacobian, 641 
Diagonalization, 681 
Dielectric loss, 45 
rectangular waveguide, 291 
Differential form, 13 
closed form, 634 
degree, 42 
differential form phasor, 43 
double form, 161, 654 
electric field differential form, 13 
exact form, 634 
exterior differential form, 17 
inner product, 692 


magnetic field differential form, 15 


Differential operator 
curl, 656 
divergence, 656 
gradient, 656 
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electric dipole, 158 
half-wave dipole, 552 
radiation resistance, 555 
Dirac delta distribution, 48 
threc-dimensional, 129, 153 
Directional coupler, 460 
Directivity, s48 
Dirichlet boundary condition, 272 
Divergence operator, 645, 649, 652 
Double factorial, 660 
Double form 
double one-form, 161, 654 
one-two , 163 
Duality, 66 
Dyadic, 654 
Dyadic product, 678 


Effective 
antenna length, 564, 565 
aperture, 570 
area, 570 
transverse polarization, 366, 451 
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transverse polarization modal amplitude, 


367 
Eigenfrequency, 407 
Eigenfunction, 270, 272 
Eigenvalue, 270, 272, 679 
degenerate, 270 
discrete spectrum, 269, 272 
equation, 680 
matrix, 680 
problem, 408 
Eigenvector, 679 
Electric charge, 23, 28, 29 
density, 23, 26 
density form, 23 
Electric current, 15, 28, 29 
density, 16-18, 26 
density form, 18 
Electric displacement, 19 
two-dimensional form, 179 
Electric displacement form, 20 
Electric field, 10 
force picture, 14 
integral equation, 135 
intensity, 10, 12, 26 
Electric flux, 12, 20, 25, 28, 29 
density, 19, 20, 25, 26, 48. 
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form, 20 
Electric force, 11 
Electric polarization 
impressed, 64, 65 
impressed form, 64 
impressed phasor, 65 
Electric potential, 13 
electric potential difference, 13 
Electric power, uis. 
Electromagnetic 
field, 9 
interference, 230 
potentials, 61 
time-harmonic field, 43 
Electromagnetic wave, 29 
homogeneous wave equation, 64 
plane wave, 29, 30, 32, 35 
time-harmonic, 34 
wave equation, 36, 61 
wave front, 30, 31 
Electroquasistatic approximation, 152, 153 
Electrostatic field, 151 
Element pattern, 575 
Elliptic function, 199 
inverse, 193 
modulus, 199 
Elliptic integral 
complete of the first kind, 194, 265 
complete of the second kind, 194, 265 
Energy, 12, 13 
electric density, 109 
magnetic density, 109 
Energy density 
time-average electric form, 113 
time-average magnetic form, 113 
Energy picture, 6 
Entire function, 705 
Equivalence principle, 121 
Equivalent 
circuit, 39, 395. 
sources, 121 
Evanescent 
field, 88, 89 
mode, 232 
Exterior derivative, 634 
curvilinear coordinates, 643 
transverse, 138, 365, 646 
Exterior differential form, 631 
p-form, 631 


one-form, 13, 20 
three-form, 23 
two-form, 17, 20. 
zero-form, 23 

Exterior product, 5, 17 


Factorial, 660 
Far-field, 522-524, 526, 527, 552, 553, 561, 563,572, 
ES 
antenna array, 575 
approximation, 105 
circular cylindric wave, 102 
dipole over ground, 538 
horn antenna, 583 
linear dipole antenna, 553, 565 
loop antenna, 563 
slot antenna, 590 
surface emitter, 581 
Faraday's law, 4, 26, 42, 44, 242, 287 
Faraday, Michael, 2, 26 
Field 
concept, 9, 12,116 
conservative, 62 
intensity, 18 
irrotational, 62 
line, 14 
macroscopic, 19 
magnetic, 10 
magnetic intensity, 15, 26 
quasistatic, 152 
static, 151 
transverse electric, 76 
transverse magnetic, 74 
Filter 
frequency transformation, 492 
low-pass prototype filter, 492 
Finite 
difference method, 604, 611 
element method, 604 
integration method, 611 
Floquet modes, 504 
Floquet’s theorem, 471 
Flux density, 18 
electric, 19 
Flux linkage, 166 
Force picture, 6 
Foster 
equivalent circuit, 395 
reactance theorem, 387, 388 


representation, 394 
Fourier series, 697 
Fractional expansion representation, 394 
Frequency, 34 
angular frequency, 34 
band, 1 
normalized, 482, 485 
transformation, 492, 493, 495 
Fresnel formula, 82, 85, 88, 89 
Fresnel lens, 589 
Friis transmission formula, 575 
Function 
complete set of, 145, 146 
inner product, 144, 691 
norm, 144 
orthonormal basis, 691 
space, 691 
square integrable, 144 
Fundamental mode polarization sheet, 451 


Gain, 569 
Gamma function, 660 
Gauge 
Coulomb, 106 
Lorenz, 63 
radiation, 106 
transformation, 62 
transverse, 106 
Gauss! law, 26 
Generalized. 
current, 408, 429 
voltage, 408, 428 
Generating function, 662, 664 
Generator impedance, 437 
Goos-Hanchen shift, 88 
Gradient, 643 


Gram-Schmidt orthogonalization method, 145, 


Grassmann, Hermann, 5 
Green's form. 
double form, 129 
double one-form, 161 
dyadic, 129, 440 
dyadic, admittance representation, 440 
dyadic, impedance representation, 440 
Green's function, 128, 129, 147 
dyadic, 161 
dyadic, transmission-line , 379, 380 
microstrip line, 264 
scalar, 154 
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Green's theorem, 128 
first scalar, 137 
first scalar two-dimensional form, 139 
first vector theorem, 140 
second scalar, 138 
second scalar two-dimensional form, 140 
second vector theorem, 141 
Group velocity, 233 
Guide wavelength, 278, 296 
circular waveguide, 296 
radial waveguide, 302 
rectangular waveguide, 278 
Gyration conductance, 436 
Gyrator, 435 


Hankel function, 99, 659, 660 
of the first kind, 99, 659 
of the second kind, 99, 659. 
spherical, 310, 665 
Hansen form, o6 
Harmonic function, 170 
Helmholtz equation, 65 
homogeneous, 67, 87 
inhomogeneous, 66 
scalar, 95 
spherical coordinates, scalar, 103 
two-dimensional scalar , 267, 270 
vector, 95 
Hermitian form, 678 
positive definite, 678 
positive semidefinite, 430, 678 
Hertz differential form 
electric, 63 
magnetic, 66 
retarded electric, 132 
retarded magnetic, 132 
Hertz vector, 519 
differential form phasor, 65 
electric, 63, 65, 66 
magnetic, 66 
Hertzian dipole, 519, 522-524, 527, 528 
receiving antenna, 563 
time domain, 524 
Hilbert space, 144, 683 
adjoint operator, 688 
basis, 691 
degenerate eigenvalue, 691 
eigenvalue, 690 
eigenvalue equation, 690 
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eigenvalue spectrum, 690 
eigenvector, 690 
hermitian conjugate, 688 
hermitian operator, 689 
inverse operator, 688 
norm of a vector, 685 
null operator, 687 
null vector, 685 
operator, 686 
orthonormal basis vectors, 686 
projection operator, 690 
scalar product, 684 
self-adjoint operator, 689 
spectral representation of an operator, 691 
subspace, 694 
unit operator, 687 
unitary operator, 689 
Hodge operator, 20, 632 
curvilinear coordinates, 47, 643 
Huygens’ principle, 2, 121, 143 
Huygens, Christian, 2 
Hybrid junction, 461 
Hybrid mode, 232 
Hyperbolic cosine-transformation, 181, 182 


Identity kernel, 129, 130, 142, 162 
Image line, 231 
Impedance 
matrix, 415 
normalized, 350 
per unit of length, 336 
representation, 415 
Impressed current, 371 
Impressed current density, 28 
Impressed voltage, 371 
Inductance, 163, 165-167 
mutual, 164, 165 
per unit of length, 167, 168, 181, 238 
self-inductance, 165 
Inductor, 4, 24, 152 
Inhomogeneous multiconductor transmission- 
line, 259 
Inner product, 678 
differential form, 692 
function space, 691 
Insertion loss, 481 
Integral 
equation, 135 
‘equation method, 603 


line, 13 
surface integral, 17 


Kernel, 654 
function, 144 
identity kernel, 656 
Richmond form, 557 
Kirchhoff’ laws, 11, 38-40 
Kronecker delta symbol, 628 
Kronecker tensor, 629 


Laplace equation, 169 
two-dimensional, 175, 235, 262 
Laplace expansion, 676 
Laplace operator, 63, 635 
one-form, 67, 636 
one-form, circular cylindric coordinates, 
649 
one-form, curvilinear coordinates, 550 
one-form, spherical coordinates, 5o, 652 
scalar, circular cylindric coordinates, 649 
scalar, curvilinear coordinates, 645 
scalar, spherical coordinates, 652 
transverse, 646 
two-dimensional, 267, 645 
Laurent series, 707 
Legendre differential equation, 667 
Legendre function 
associated, 667 
associated, first kind, 667 
associated, fractional degree, 309 
associated, second kind, 667 
ordinary, first kind, 667 
ordinary, second kind, 667 
Legendre polynomials, 667 
Lens, 587 
Loop antenna, 560 
far-field, 563 
radiated power, 563 
receiving antenna, 564, 565 
Lorentz, 
force, 10 
reciprocity theorem, 125, 126 
Lorenz 
condition, 62, 63 
gauge, 63 


Maclaurin series expansion, 682 
Magic T, 461 


Magnetic flux, 12, 20, 28, 29 
continuity law, 26 
density, 11, 19, 20, 26, 48, 61 
form, 20 
per unit of length, 181, 240 
two-dimensional density form, 180 
Magnetic force, i 
Magnetic induction form, 20 
Magnetic loss, 45 
‘Magnetic polarization 
impressed magnetic polarization, 66 
Magnetoquasistatic approximation, 152, 153 
Magnetostatic field, 151 
Magnitude, 678 
Main beam direction, 584, 586 
Material 
‘equations, 19 
left-handed, 508 
macroscopic parameter, 19 
Mathiew 
characteristic exponent, 474 
characteristic values, 473 
differential equation, 473 
Matrix, 673 
cofactor, 676 
‘commutator, 675 
complex conjugate, 677 
diagonal, 675 
exponential of a matrix, 682 
hermitian, 677 
hermitian conjugate, 430, 677 
matrix function, 682 
null matrix, 674 
orthogonal, 677 
orthogonally similar, 681 
power of a matrix, 681 
product, 674 
product with a scalar, 674 
real, 677 
singular, 676 
sum, 673 
symmetric, 677 
transpose, 677 
unit matrix, 675 
unitarily similar, 681 
unitary, 430, 678 
Maxwell's equations, 11, 28, 36 
differential form, 42 
integral form, 26 
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local form, 41 
phasor representation, 44 
Maxwell, James C, 2, 26 
Medium 
anisotropic, 21 
inhomogeneous isotropic, 467 
layered, 89 
Metamaterial, 507 
dispersion relation, 515 
Method of lines, 604 
Method of moments, 603, 605, 617 
Metric coefficient, 46, 642 
Microstripline, 230, 254, 260 
quasistatic approximation, 262 
Minor, 676 
leading principal minor, 430, 679 
Mirror, 587 
antenna, 587 
principle, 226, 227, 547 
Mittag-Leffler expansion, 393 
Mode, 172 
degeneration, 300 
electrostatic, 172 
Mode matching, 604, 617 
Moving frame, 642 
Multiconductor transmission-line, 249 
impedance matrix, 361 
inhomogeneous, 259 
mode current, 358 
mode voltage, 358 
power flow, 362 
reflection coefficient matrix, 360 
wave amplitude, 362 
Multiconductor transmission-line equations, 252 
first-order frequency domain, 357 
first-order time domain, 252, 357 
second-order frequency domain, 357 
second-order time domain, 252 
Multiport, 413 
linear, 413 
lossless, 430 
passive, 430 
port-number symmetric, 415 
reciprocal, 432 
source-free linear, 414 


Near field, 521 
Network concept, 11, 12, 116 
Network representation, 427 
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Neumann function, 99, 659, 660 
Neumann's boundary condition, 269 
Normalized frequency, 319 


Observation space, 154, 161, 654 
‘Ohms law, 28 
One-form. 
fundamental, 14 
twisted one-form, 51, 653 
unit one-form, 643 
One-port, 385 
linear, 385 
lossless, 430 
passive, 386 
reactive, 386 
source-free, 386 
Operator 
pseudoinverse, 695 
Operator equation, 606 
Optical fiber, 231 
Orthogonality, 286 
Orthogonality relation 
associated Legendre function, 670 
Bessel function, 662 
Legendre function, 671 
Orthonormal system of eigenfunctions, 145 
Orthonormality relations 
electric and magnetic structure forms, 
E 
waveguide structure forms, 367 


Parallel wire line, 186, 229 
symmetric, 186 

Parasitic network elements, 41 
parasitic capacitors, 41 
parasitic inductors, 41 

Parseval’s Theorem, 146 

Partial derivation, 36 

Partial wave synthesis method, 604 

Per-unit-length matrix 
admittance, 357 
conductance, 357 
impedance, 357 
resistance, 357 


Periodic signal, 697 
Permeability, 19 
complex, 45 


relative, 20, 45 
space-dependent, 467 


star operator, 21, 22 
tensor, 21 
Permittivity, 19 
complex, 44 
relative, 20, 45 
space-dependent, 467 
star operator, 21 
tensor, 21 
Permutation, 629 
Phase 
center, 585 
coefficient, 69 
velocity, 232 
Phase plane, 70 
Phasor, 43 
differential form phasor, 43 
vector phasor, 43 
Planar transmission-line, 260 
Plane of incidence, 77 
Plane wave, 28, 29 
time-harmonic, 67, 69 
Pocklington' integral equation, 556 
Poincaré’s lemma, 61, 635 
Poisson equation, 153 
vectorial, 161 
Poisson, Siméon, 2 
Polarization 
circular, 38 
direction, 34 
electric, 19, 133 
electric surface, 52 
elliptic, 38 
impressed electric, 125, 128, 129, 519 
impressed equivalent, 120 
impressed magnetic, 128, 129 
linear, 34 
linear polarization, 37 
losses, 44 
magnetic, 19, 133 
magnetic surface, 53, 121 
potential, 65, 66 
Port, 413 
Potential 
magnetic vector, 61 
scalar, 61 
vector, 61 
Power 
active, 385 
complex, 385 


loss density, 110 
reactive, 385 


time-average electric dissipation density, 


u3 
Poynting 
complex form, 112, 113 
complex vector, 112 
differential form, 10 
theorem, m1, 114 
time-dependent vector, 12 
vector, 110, 111 
Product 
cross, 629, 633 
inner, 628 
scalar, 628, 633 
iple scalar, 630, 633 
vector, 629 
Propagating mode, 231 
Propagation coefficient, 68, 75, 232, 336 
Propagation factor, 477 
Pseudoscalar, 630, 631 
Pseudovector, 630, 631 
Pullback 
method of, 653 


Quality factor 
external, 403 
loaded, 403 
resonator, 398 
unloaded, 403 
Quasi 
conductor, 45 
dielectric, 45 
Quasi-rEm mode, 254, 260, 357 


Radiation 
conductance, 591 
diagram, 522 
pattern, 547 


resistance, $24, 554, 563, 570, 571, 573 591 


Reactance 
multiport, 430 
one-port, 430 
Reaction, 126, 127 
Reciprocity, 125, 126 
Lorentz theorem, 125, 126 
theorem, 126, 127, 431, 
theorem, network form, 128 
theorem, source-free multiports, 431 


Index 


Reflection coefficient, 81, 346, 434 
Refractive index, 32, 79 
Residue, 708 
Residue theorem, 707 
Resistance 
per unit of length, 246 
Resonant circuit, 385 
damping, 392 
relative bandwidth, 392 
series, 389 
Resonant frequency, 407 
Resonator, 385, 395 
cavity, 395 
transmission-line, 392 
Return loss, 481 
Ring array, 577 


Saddle-point method, 708 
Scalar, 630, 631 
true scalar, 23 
Scattering matrix, 422 
Schwarz-Christoffel transformation, 191 
Secular equation, 680 
Signal flow graph, 436 
loop, 438 
path, 438 
Signal flow graph, 436 
Singular point, 706 
Singularity, 706 
Skin effect, 212 
penetration depth, 93, 212, 218 
surface impedance, 219, 220 
surface inductance, 220 
Smith chart, 347 
Snell law, 79 
Solenoid, 151, 165 
Solenoidal field, 61 
Sommerfeld pole, 536 
Sommerfeld radiation condition, 105, 142 
Source space, 154, 161, 654 
Space harmonics, so4 
Spectral domain method, 603 
Speed of light, 9, 28, 32 
Spherical Hankel function, 310 
fractional order, 310 
Spherical harmonic, 103, 670 
‘Spherical wave 
aperiodic, 524 
‘Spherical waveguide, 309 
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spherical waves 
transverse magnetic, 104 
Standing wave ratio, 350 
Star operator, 20, 23, 632 
curvilinear coordinates, 643 
Step function, 703 
Step wave, 32 
Stokes’ theorem, 42, 640 
two-dimensional, 139 
Stripline, us, 197 
Structure form 
biorthogonal, 426 
biorthonormal set, 275 
electric, 237, 408 
magnetic, 237, 408 
Structure function, 286 
biorthonormal, 426 
electric, 237 
magnetic, 237 
TE 338 
TEM, 237, 338 
1M, 338 
Sturm-Liouville differential equation, 143, 146 
Surface 
current density, 218 
emitter, 581, 585, 586 
impedance, 52, 220 
impedance operator, 222 
impedance plane, 501 
induced current, 224 
resistance, 220 
Wave, 207, 208, 214, 216, 220, 535, 540 
wave attenuation, 221 
Surface impedance. 
matrix, 94 
Symmetry, 456 
mirroring, 456 
rotation, 456 
symmetry operations, 456 


TE mode, 232 

propagation coefficient, 267 
Tellegen’ theorem, 425 

field form, 118 

field representation, 117 

general network form, 427 

network form, 425 

wave amplitude representation, 427 
Three-form, 23 


fundamental, 23 
TiM node 
symmetric condensed, 615 
TM mode, 232 
propagation coefficient, 270 
Transadmittance, 434 
Transformation 
linear fractional, 347 
logarithmic, 183 
orthogonal, 681 
‘Transformer, 164 
Transimpedance, 434 
Transmission. 
coefficient, 81 
factor, 574 
matrix, 424, 620 
representation, 424 
Transmission coefficient, 434 
Transmission-line, 229 
antenna mode, 244 
equation, 242, 246, 335 
first-order homogeneous equation, 374 
first-order inhomogeneous equation, 372 
generalized, 622 
inhomogeneous, 254, 356 
left-handed, 509 
multiconductor, 249 
radiation loss, 230 
second-order homogeneous equation, 374 
Transmission-line matrix method, 604, 611 
TaM cell, 611, 613 
TLM node, 613 
Transverse 
electric field, 76 
electric spherical waves, 104 
exterior derivative, 646 
field equations, 366 
magnetic field, 74 
wave formulation, 618 
Twist operator, 51, 653 
Twisted one-form, 51,179, 653 
Two-form, 13,17 
fundamental, 18 
tube representation, 18 
Two-port, 450 
reciprocal, 433 
symmetrical, 433, 451 
Two-port current-voltage source, 372, 434 


‘Uniform plane wave, 68 
Uniqueness theorem, 120 
Unit one-form, 46 

Unit operator 


biorthogonal, 694 


Unitary transformation, 681 


V-product, 693 
Vector, 627, 631 


axial vector, 630 

column vector, 673 
dyadic product, 678 
field, 10 

hermitian conjugate, 430 
inner product, 678 
magnitude, 628, 678 
norm, 678 

orthonormal basis vector, 629, 642 
polar vector, 628 
product, 11 

row vector, 673 

tangent vector, 642 
vector phasor, 43 


Vector space 


basis, 627 


Voltage, 13, 28 


electric, 28 
generalized, 335, 366 
magnetic, 28 
modal, 367 
open-circuit, 436 


Voltage standing wave ratio, 350 


‘Wave 


Wave 


Wave 


amplitude, 619 

circular cylindrical, 98 
complex, 72 

number, 34 

packet, 232 

spherical, 102 

transverse electric, 73, 76 
transverse electromagnetic, 72, 235 
transverse magnetic, 75 
amplitude 

generator, 437 

‘equation, 35, 36, 63 
one-form wave equation, 63 
scalar wave equation, 63 
vector, 95 


vector wave equation, 63 
Wave impedance, 32, 66, 71 
circular waveguide, 297 
evanescent field, 88, 89 
free-space, 32, 213 
quasi-conductor, 213 
radial waveguide, 302 
rectangular waveguide, 281, 284 
TE Wave, 77, 81, 91, 92, 268 
TEM wave, 76 
TM wave, 76, 84, 271 
Wave impedance operator, 619 
Wave vector, 67 
Waveguide, 229 
biconical, 309, 311, 313 
circular, 230 
conical, 309, 311 
coplanar, 254, 265 
dielectric, 230 
dielectric circular, 230 
dielectric loss, 244 
hollow, 230, 266 
inhomogeneous, 260 
junction, 457 
periodic rectangular, 467 
phase coefficient, 232 
planar dielectric, 316 
power flow, 284 
radial, 300 
radiation loss, 244 
rectangular, 230, 276 
skin effect losses, 244 
spherical, 309 
wedged radial, 307 
Wavelength, 34 
cutoff, 279 
guide wavelength, 278, 296 
Wedge product, 17 
Wronskian, 662 


Zenneck surface wave, 208, 535, 539 
Zero-form, 23 
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